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INTRODUCTION 

This  Appendix  contains  the  reprints  published  under  JSEP  in  the  time  September  1992 
to  September  1993. 

In  addition  to  the  10  reprints  contained  herein,  there  are  6  papers  already  accepted 
for  publication  during  the  next  contract  period,  11  papers  submitted  and  16  papers  in 
preparation. 
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JSEP  REFEREED  JOURNAL  PAPERS 
PUBLISHED  SEPTEMBER  1902  TO  SEPTEMBER  1993 

1.  M.  A.  Marin  and  P.H.  Pathak,  “An  Asymptotic  Closed-Form  Representation  for  the 
Grounded  Double-Layer  Surface  Green’s  Function,”  IEEE  TYansactions  on  Antennas 
and  Propagation ,  Vol.  40,  No.  11,  pp.  1357-1366,  November  1992. 

2.  J.  Ward  and  R.T.  Compton,  Jr.,  “High  Throughput  Slotted  ALOHA  Packet  Radio 
Networks  with  Adaptive  Arrays,”  IEEE  Trans,  on  Communications ,  Vol.  41,  No.  3, 
pp.  460-470,  March  1993. 

3.  P.H.  Pathak  and  R.J.  Burkholder,  “A  Reciprocity  Formulation  for  the  EM  Scattering 
by  an  Obstacle  Within  a  Large  Open  Cavity,”  IEEE  Transactions  on  Microwave  Theory 
and  Techniques ,  Vol.  41,  No.  4,  pp.  702-707,  April  1993. 

4.  H.C.  Ly,  R.G.  Rojas  and  P.H.  Pathak,  “EM  Plane  Wave  Diffraction  by  a  Planar 
Junction  of  Two  Thin  Material  Half-Planes  —  Oblique  Incidence,”  IEEE  Transactions 
on  Antennas  and  Propagation,  Vol.  41,  No.  4,  pp.  429-441,  April  1993. 

5.  N.  Wang  and  L.  Peters,  Jr.,  “Scattering  by  Thin  Wire  Loaded  with  a  Ferrite  Ring,” 
IEEE  TYansactions  on  Antennas  and  Propagation,  Vol.  41,  No.  5,  pp.  694-697,  May 
1993. 

6.  H.C.  Ly  and  R.G.  Rojas,  “Analysis  of  Diffraction  by  Material  Discontinuities  in  Thin 
Material  Coated  Planar  Surfaces  based  on  Maliuzhnets’  Method,”  Radio  Science, 
Vol.  28,  pp.  281-297,  May-June  1993. 

7.  J.  Li  and  R.T.  Compton,  Jr.,  “Angle  and  Polarization  Estimation  in  a  Coherent  Signal 
Environment,”  IEEE  Trans,  on  Aerospace  and  Electronic  Systems,  Vol.  29,  No.  3, 
pp.  706-716,  July  1993. 

8.  G.A.  Somers,  “A  Proof  of  the  Woodward-Lawson  Sampling  Method  for  a  Finite  Linear 
Array,”  Radio  Science,  pp.  481-485,  July-August  1993. 

9.  J.  Li  and  R.T.  Compton,  Jr.,  “Maximum  Likelihood  Angle  Estimation  for  Signals  with 
Known  Waveforms,”  IEEE  Trajis.  on  Signal  Proc.,  Vol.  41,  No.  9,  pp.  2850-2862, 
September  1993. 

10.  R.G.  Rojas  and  M.  Otero,  “Scattering  by  a  Resistive  Strip  Attached  to  an  Impedance 
Wedge,”  Journal  of  Electromagnetic  Waves  and  Applications  (JEWA),  Vol.  7,  No.  3, 
pp.  373-402,  1993. 
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ACCEPTED  FOR  PUBLICATION 
SEPTEMBER  1902  TO  SEPTEMBER  1993 

1.  J.L.  Blanchard,  E.H.  Newman  and  M.E.  Peters,  "Integral  Equation  Analysis  of  Artifi¬ 
cial  Media,”  IEEE  Transactions  on  Antennas  and  Propagation. 

2.  L.M.  Chou,  R.G.  Rojas  and  P.H.  Pathak,  “WH/GSMT  Based  Full- Wave  Analysis  of 
Planar  Transmission  Lines  Embedded  in  Multilayered  Dielectric  Substrates,”  IEEE 
Trans,  on  Microwave  Theory  and  Techniques. 

3.  R.  Lee  and  T.T.  Chia,  “Analysis  of  Electromagnetic  Scattering  from  a  Cavity  with  a 
Complex  Termination  by  Means  of  a  Hybrid  Ray-FDTD  Method,”  IEEE  Transactions 
on  Antennas  and  Propagation. 

4.  U.  Pekel  and  R.  Lee,  “An  A  Posteriori  Error  Reduction  Scheme  for  the  Three  Di¬ 
mensional  Finite  Element  Solution  of  Maxwell’s  Equations,”  IEEE  Trans.  Microwave 
Theory  and  Techniques. 

5.  G.A.  Somers  and  P.H.  Pathak,  “Efficient  Numerical  and  Closed  Form  Asymptotic 
Representations  of  the  Dyadic  Aperture  Green’s  Function  for  Material  Coated  Ground 
Planes,”  Radio  Science. 

6.  R.  Torres  and  E.H.  Newman,  “Integral  Equation  Analysis  of  a  Sheet  Impedance  Coated 
Window  Slot  Antenna,”  IEEE  Transactions  on  Antennas  and  Propagation. 


JSEP  RELATED  PAPERS 
SUBMITTED  FOR  PUBLICATION 
SEPTEMBER  1902  TO  SEPTEMBER  1993 

1.  H.T.  Anastassiu  and  P.H.  Pathak,  “High  Frequency  Analysis  of  Gaussisun  Beam  Scat¬ 
tering  by  a  Two-Dimensional  Parabolic  Contour  of  Finite  Width,  ”  Radio  Science. 

2.  T.T.  Chia,  R.  Lee  and  R-C.  Chou,  “Comparison  of  Waveguide  Fields  Obtained  via 
SBR  and  GRE,”  IEEE  Microwave  and  Guided  Wave  Letters. 

3.  L.M.  Chou  and  R.G.  Rojas,  “Dispersion  and  Lateral  Leakage  of  Conductor  Backed 
Coplanar  Waveguides  with  Layered  Substrate  and  Finite-Extent  Lateral  Ground 
Planes,”  IEEE  Transactions  on  Microwave  Theory  and  Techniques. 

4.  J.O.  Jevtic  and  R.  Lee,  “A  Theoretical  and  Numerical  Analysis  of  the  Measured  Equa¬ 
tion  of  Invariance,”  IEEE  Transactions  on  Antennas  and  Propagation. 

5.  R.  Lee  and  V.  Chupongstimun,  “A  Partitioning  Technique  for  the  Finite  Element 
Solution  of  Electromagnetic  Scattering  from  Electrically  Large  Dielectric  Cylinders,” 
IEEE  Transactions  on  Antennas  and  Propagation. 

6.  H.C.  Ly  and  R.G.  Rojas,  “EM  Plane  Wave  Diffraction  by  a  Material  Coated  Perfectly 
Conducting  Half-Plane — Oblique  Incidence,”  IEE  Proceedings-H. 

7.  P.  Munk  and  P.H.  Pathak,  “EM  Scattering  by  a  Dielectric  Filled  Rectangular  Antenna 
Cavity  Recessed  in  a  Ground  Plane  and  Backed  with  an  Array  of  Loaded  Dominant 
Mode  Waveguides,”  IEEE  Transactions  on  Antennas  and  Propagation. 

8.  P.  Munk  and  P.H.  Pathak,  “A  Useful  Approximate  Analysis  of  the  EM  Scattering 
by  a  Rectangular  Antenna  Cavity  containing  an  Array  of  Dominant  Mode  Waveguide 
Loaded  Slots,”  Journal  of  EM  Waves  and  Applications ,  (special  issue  on  EM  Scatter¬ 
ing). 

9.  M.E.  Peters  and  E.H.  Newman,  “Analysis  of  an  Artificial  Dielectric  Composed  of  Small 
Dielectric  Spheres,”  IEEE  Transactions  on  Antennas  and  Propagation. 

10.  W.P.  Pinello,  R.  Lee  and  A.C.  Cangellaris,  “Finite  Element  Modeling  of  Electromag¬ 
netic  Wave  Interactions  with  Periodic  Structures,”  IEEE  Trans.  Microwave  Theory 
and  Techniques. 

11.  R.G.  Rojas,  “Integral  Equations  for  the  EM  Scattering  by  Homogeneous/Inhomogeneous 
Two  Dimensional  Chiral  Bodies,”  IEE  Proceedings-H. 
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JSEP  RELATED  PAPERS 
IN  PREPARATION  FOR  PUBLICATION 
SEPTEMBER  1092  TO  SEPTEMBER  1903 

1.  T.L.  Barkdoll  and  R.  Lee,  "Application  of  the  Measured  Equation  of  Invariance  to 
Bodies  of  Revolution.” 

2.  R.J.  Burkholder  and  P.H.  Pathak,  "A  Generalized  Ray  Expansion  for  Computing  the 
EM  Fields  Radiated  by  an  Antenna  in  a  Complex  Environment.” 

3.  T.T.  Chia,  R.  Lee  and  R.J.  Burkholder,  UA  Three-Dimensional  Implementation  of  the 
Hybrid  Ray-FDTD  Method  for  Modeling  Electromagnetic  Scattering  from  Electrically 
Large  Cavities.” 

4.  Y.S.  Choi-Grogan,  R.  Lee,  K.  Eswar  and  P.  Sadayappan,  “A  Parallel  Implementation 
of  a  Partitioning  Technique  for  the  Finite  Element  Method.” 

5.  M.  Hsu,  P.H.  Pathak  and  C.W.  Chuang,  "Analysis  of  the  Asymptotic  HF  EM  Coupling 
Between  Sources  Anywhere  in  the  Vicinity  of  a  Circular  Cylinder.” 

6.  J.O.  Jevtic  and  R.  Lee,  "On  the  Choice  of  Metrons  for  the  Measured  Equation  of 
Invariance.” 

7.  M.R.  Kragalott  and  E.H.  Newman,  “Low  Frequency  Shielding  of  Electromagnetic 
Waves.” 

8.  M.F.  Otero  and  R.G.  Rojas,  “Synthesis  of  the  Frequency  Response  of  an  Inhomoge¬ 
neous  Resistive  Strip.” 

9.  P.H.  Pathak,  R.J.  Burkholder  and  P.  Rousseau,  “On  the  Question  of  Causality  Associ¬ 
ated  with  the  Inversion  into  Time  Domain  of  Ray  Fields  that  Pass  Through  Caustics.” 

10.  P.H.  Pathak,  H.T.  Chou  and  R.J.  Burkholder,  “Ray  Like  Gaussian  Basis  Functions  for 
Analyzing  Propagation  into  and  Scattering  from  Large  Open  Cavities  with  the  GRE.” 

11.  P.H.  Pathak,  A.  Nagamune  and  R.G.  Kouyoumjian,  “An  Analysis  of  Compact  Range 
Measurements .” 

12.  U.  Pekel  and  R.  Lee,  “A  Three-Dimensional  Finite  Element  Method  for  Electromag¬ 
netic  Scattering  from  Objects  in  an  Unbounded  Region.” 

13.  R.G.  Rojas,  “Generalized  Impedance/Resistive  Boundary  Conditions  for  a  Planar  Ho¬ 
mogeneous  Chiral  Slab.” 

14.  P.  Rousseau  and  R.J.  Burkholder,  “A  Hybrid  Approach  for  Calculating  the  Scattering 
from  Obstacles  within  Large  Open  Cavities.” 
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15.  P.  Rousseau  and  P.H.  Pathak,  “A  Time-Domain  UTD  for  a  Perfectly-Conducting  Edge 
in  a  Curved  Screen.” 

16.  G.  Zogbi,  R.J.  Burkholder  and  P.H.  Pathak,  “An  Efficient  Planar  Antenna  Near  and 
Far  Field  Analysis  using  Gaussian  Aperture  Elements.” 
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1.  SHORT  COURSE:  R.G.  Rojas,  “Prediction  of  Mounted  Antenna's  Radiation  Pattern 
using  the  GTD/UTD  Approach,”  invited  short  course  at  PT.  Industri  Peswat  Terbang 
Nusantara  (IPTN),  Banbung,  Indonesia,  November  1992. 

2.  P.H.  Pathak,  “A  Review  of  Some  Asymptotic  HF  Methods  with  Applications  to  Elec¬ 
tromagnetic  Radiation  and  Scattering,”  invited  IEEE  AP-S  distinguished  lecture,  IEEE 
AP-S/MTT  chapter  in  Atlanta,  Georgia,  January  27,  1993. 

3.  R.  Lee  and  T.T.  Chia,  “A  Hybrid  Ray/FDTD  Method  for  Computing  Electromag¬ 
netic  Scattering  from  an  Engine  Cavity  with  a  Complex  Termination,”  9th  Annual 
Review  of  Progress  in  Applied  Computational  Electromagnetics,  Monterey,  California, 
March  1993. 

4.  Y.S.  Choi-Grogan  and  R.  Lee,  “A  Sequential  and  Parallel  Implementation  of  a  Parti¬ 
tioning  Finite  Element  Technique  for  Electromagnetic  Scattering,”  International  IEEE 
AP-S  Symposium  and  URSI  Radio  Science  Meeting,  Ann  Arbor,  Michigan,  June  28- 
July  2,  1993. 

5.  T.L.  Barkdoll  and  R.  Lee,  “Finite  Element  Analysis  of  Bodies  of  Revolution  using  the 
Measured  Equation  of  Invariance,”  International  IEEE  AP-S  Symposium  and  URSI 
Radio  Science  Meeting,  Ann  Arbor,  Michigan,  June  28-July  2,  1993. 

6.  J.  Jevtic  and  R.  Lee,  “Higher  Order  Divergenceless  Edge  Elements,”  International 
IEEE  AP-S  Symposium  and  URSI  Radio  Science  Meeting,  Ann  Arbor,  Michigan,  June 
28-July  2,  1993. 

7.  J.  Jevtic  and  R.  Lee,  “An  Analysis  of  the  Measured  Equation  of  Invariance,”  Interna¬ 
tional  IEEE  AP-S  Symposium  and  URSI  Radio  Science  Meeting,  Ann  Arbor,  Michigan, 
June  28-July  2,  1993. 

8.  M.F.  Otero  and  R.G.  Rojas,  “Scattering  and  Radiation  in  the  Presence  of  a  Material 
Loaded  Impedance  Wedge,”  International  IEEE  AP-S  Symposium  and  URSI  Radio 
Science  Meeting,  Ann  Arbor,  Michigan,  June  28-July  2,  1993. 

9.  H.T.  Anastassiu  and  P.H.  Pathak,  “High  Frequency  Analysis  of  Gaussian  Beam  Scat¬ 
tering  by  a  Parabolic  Surface  Containing  an  Edge,”  International  IEEE  AP-S  and 
National  URSI  meeting  in  Ann  Arbor,  Michigan,  June  28-July  2,  1993. 

10.  G.A.  Somers  and  P.H.  Pathak,  “An  Asymptotic  Closed  Form  Aperture  Green’s  Func¬ 
tion  with  Applications  to  Radiation  and  Scattering  by  Slots  in  Material  Coated  Ground 
Planes,”  International  IEEE  AP-S  and  National  URSI  meeting  in  Ann  Arbor,  Michi¬ 
gan,  June  28-July  2,  1993. 
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11.  R.J.  Burkholder  and  P.H.  Pathak,  “A  Generalized  Ray  Expansion  for  Computing  the 
EM  Fields  Radiated  by  an  Antenna  in  a  Complex  Environment,”  International  IEEE 
AP-S  and  National  URSI  meeting  in  Ann  Arbor,  Michigan,  June  28-July  2,  1993. 

12.  H.T.  Anastassiu  and  P.H.  Pathak,  “A  Simple  Gaussian  Beam  Analysis  of  the  Fields 
Radiated  by  Two-Dimensional  Paraboloid  Reflector  Antennas  Illuminated  by  a  Feed 
Array,”  International  IEEE  AP-S  and  National  URSI  meeting  in  Ann  Arbor,  Michigan, 
June  28-July  2,  1993. 

13.  P.H.  Pathak,  “EM  Analysis  of  HF  Scattering  by  and  Coupling  into  Open  Cavities,” 
invited  lecture,  11th  Annual  IEEE  Benjamin  Franklin  Symposium  in  Philadelphia, 
Pennsylvania,  May  1,  1993. 

14.  P.H.  Pathak,  “Some  Recent  Accomplishments  and  Future  Directions  in  the  Area  of 
High  Frequency  Techniques,”  invited  lecture,  XXIVth  General  Assembly  of  URSI, 
Kyoto,  JAPAN,  August  25-September  3,  1993. 

15.  P.H.  Pathak,  “Asymptotic  HF  Techniques  for  EM  Antenna  and  Scattering  Analysis,” 
invited  lecture,  Symposium  on  Mathematical  Methods  in  Wave  Scattering  Theory, 
Faculty  of  Science  and  Engineering,  Cliuo  University,  Tokyo,  JAPAN,  September  3, 
1993. 

The  following  conference  paper  was  not  included  in  the  1992  Annual  Appendix. 

1.  S.  Ozeki  and  R.G.  Rojas,  “Symmetry  Analysis  of  Chiro-Dielectric  Waveguides,”  Con¬ 
ference  on  Microwave  Circuits  and  Devices,  Inst,  of  Electronic,  Information  and  Com¬ 
munication  Engineers,  Tokyo,  Japan,  June  1992. 
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Awards: 

1.  Dr.  Rojas  has  received  the  1993  Lumley  Research  Award  from  the  College  of  Engineer¬ 
ing  at  The  Ohio  State  University.  This  award  is  based  on  the  previous  four  years  of 
work. 

2.  H.T.  Anastassiu  received  the  second  IEEE  AP-S  student  prize  awarded  for  the  paper 
entitled  “A  Simple  Gaussian  Beam  Analysis  of  the  Fields  Radiated  by  Two  Dimensional 
Parabolic  Reflector  Antennas  Illuminated  by  a  Feed  Array,”  (co-author,  P.H.  Pathak), 
presented  at  the  International  IEEE  AP-S  and  National  URSI  meeting  in  Ann  Arbor, 
Michigan,  June  28-July  2,  1993. 

Dissertations: 

1.  Ling-Miao  Chou,  “A  Novel  Hybrid  Full- Wave  Analysis  Method  for  Planar  Transmission 
Lines  Embedded  in  Multilayered  Dielectrics  —  The  WH/GSMT,”  Ph.D.  dissertation, 
Department  of  Electrical  Engineering,  The  Ohio  State  University,  Columbus,  Ohio, 
December  1992. 

2.  Gary  A.  Somers,  “Efficient  Numerical  and  Asymptotic  Analyses  of  the  Dyadic  Aperture 
Green’s  Function  for  e  Grounded  Material  Slab  and  Its  Application  to  Slot  Arrays,” 
Ph.D.  dissertation,  Department  of  Electrical  Engineering,  The  Ohio  State  University, 
Columbus,  Ohio,  March  1993. 

Thesis: 

1.  H.T.  Chou,  “Development  of  Gaussian  Ray  Basis  Elements  for  Efficient  GRE  Anal¬ 
ysis  of  EM  Backscatter  from  Open  Cavities,”  M.Sc.  thesis,  Department  of  Electrical 
Engineering,  The  Ohio  State  University,  Columbus,  Ohio,  September  1993. 
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An  Asymptotic  Closed-Form  Representation 
for  the  Grounded  Double-Layer  Surface 

Green’s  Function 

M.  A  Marin,  Member,  IEEE,  and  Prabhakar  H.  Pathak,  Fellow,  IEEE 


Atotnct — 1b  tills  paper,  as  efficient  cfatsed-fona  asymptotic 
represeatatioD  for  the  grounded  double-layer  (sabstnte-eaper- 
strate)  Green’s  function  is  presented.  The  Inflation  is  valid 
tor  both  source  (a  horizontal  electric  dipole)  and  observation 
points  anywhere  inside  the  saperstrate  or  at  the  interfaces.  The 
asymptotic  expressions  are  developed  via  a  steepest  descent 
evaluation  of  the  original  Soaunerfeid-type  integral  representa¬ 
tion  of  the  Green’s  Auction,  and  the  large  f  «■■  ■***«*•  far  this 
asymptotic  development  is  proportional  to  the  lateral  separation 
between  source  and  observation  points.  The  asymptotic  solution 
is  shown  to  agree  with  the  exact  Green’s  Auction  tor  lateral 
distances  even  as  small  as  a  few  tenths  of  the  tore  rpace  wave¬ 
length,  thus  constituting  a  very  efficient  tool  for  analyzing  printed 
circuits /antennas.  Also,  since  the  asymptotic  approximation 
gives  separate  contributions  pertaining  to  the  different  wave 
phenomena,  it  thus  provides  physical  insight  into  the  field 
behavior,  as  shown  through  the  examples. 


I.  Introduction 

THE  grounded  double-layer  (substrate -superstrate ) 
configuration  is  of  increasing  interest  in  printed  cir¬ 
cuit  /antenna  technology.  It  has  been  demonstrated  in  [1] 
and  [2]  that,  by  properly  choosing  the  layer  thicknesses 
and  material  parameters,  significant  improvements  can  be 
achieved  in  the  performance  of  the  printed  antennas, 
including  the  reduction  or  elimination  of  surface  waves, 
which  is  a  subject  of  primary  concern  when  dealing  with 
large  arrays  of  printed  elements.  Also,  a  double-layer 
structure  allows  for  the  separation  of  active  circuitry  and 
radiating  patches  in  hybrid  or  monolithic  integrated  cir¬ 
cuit  technologies.  These  potential  advantages  lead  to  the 
need  for  accurate,  "full-wave”  analysis  of  such  structures. 

So  far,  the  most  commonly  used  approach  to  solve 
these  problems  (in  single  or  double  layers)  has  been  die 
solution  of  the  corresponding  electric  field  or  mixed  po¬ 
tential  integral  equation  (EFIE  or  MPIE),  via  the  method 
of  moments  [3H8J.  However,  two  different  techniques 
have  been  applied  to  evaluate  the  elements  of  the  mo- 
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ment  method  (MM)  mutual  impedance  matrices.  One  of 
these  is  die  spectral  domain  approach  [4],  [6],  [7J,  which 
has  the  advantage  of  using  simple  formulas  for  the  spec¬ 
tral  representation  of  the  Green's  function,  but  requires 
numerical  integration  over  the  entire  spectral  plane.  On 
die  other  hand,  for  die  spatial  domain  method  [32,  [51,  [8] 
the  range  of  integration  is  restricted  to  die  area  of  each 
subdomain  or  basis  function,  but  the  Green’s  function  is 
expressed  in  terms  of  Sommerfeld-type  integrals,  which 
must  be  numerically  evaluated  at  each  spatial  point  It  is 
dear  that  both  methods  require  a  fairly  large  amount  of 
computer  time.  Moreover,  since  both  spectral  and  spatial 
integrands  contain  terms  that  oscillate  faster  for  increas¬ 
ing  separation  between  subdomains,  the  numerical  inte¬ 
grations  become  very  inefficient  when  computing  the  MM 
mutual  coupling  between  widely  separated  basis  functions. 
Also,  if  the  spatial  size  of  the  basis  functions  is  small, 
their  transforms  extend  farther  in  the  spectral  domain, 
thus  adding  inefficiency  to  the  numerical  integration  when 
die  spectral  domain  approach  is  employed. 

To  overcome  these  limitations,  we  propose  the  use  of 
an  asymptotic  closed-form  representation  of  the  Green’s 
function,  which  makes  the  mutual  coupling  computation 
in  the  spatial  domain  extremely  efficient.  Such  an  asymp¬ 
totic  representation  has  already  been  obtained  for  the 
single-layer  case  [9]-[ll],  and  was  found  to  provide  excel¬ 
lent  results  even  for  very  small  distances  between  source 
and  observation  points  (usually  down  to  a  few  tenths  of 
the  free-space  wavelength).  As  an  extension  to  the  above 
work,  die  purpose  of  this  paper  is  to  develop  an  accurate 
asymptotic  dosed-form  representation  for  the  Green’s 
function  of  a  grounded  double  layer  planar  structure,  as 
well  as  to  show  some  of  its  advantages. 

A  further  extension  to  indude  multilayers  does  not 
appear  straightforward.  The  development  of  the  dosed 
form  asymptotic  result  requires  one  to  evaluate  certain 
derivatives  of  the  integrand  present  in  die  Green’s  func¬ 
tion  integral;  such  an  evaluation  becomes  complicated  for 
multilayers  because  in  this  case  die  integrand  itself  be¬ 
comes  rather  complicated.  It  is  for  this  reason  that  an 
asymptotic  treatment  of  the  more  general,  grounded  mul¬ 
tilayer  Green’s  function  has  not  been  attempted  here; 
only  the  special  double  layer  case,  which  is  of  sufficient 
practical  interest,  is  considered  in  this  paper. 

This  paper  is  organized  as  follows.  Section  II  presents 
the  formulation  of  the  substrate-superstrate  Green’s  func- 
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tk»  is  tens*  of  Sommerfeld-type  integrals  for  a  horizon¬ 
tal  Hertzian  dipole  embedded  is  foe  supentrate.  Section 
m  discusses  foe  number  and  location  of  foe  relevant 
poles  of  the  structure.  The  asymptotic  evaluation  of  foe 
original  Sommerfeld  integrals  is  carried  out  in  Section  IV. 
Finally,  Section  V  presents  numerical  results  showing  the 
accuracy  of  foe  new  asymptotic  representation.  It  will  be 
shown  bow  foe  asymptotic  formulas  provide  not  only 
computational  efficiency,'  but  also  physical  insight  into  the 
field  behavior.  An  e*im>  time  dependence  for  the  fields 
and  sources  is  assumed  and  suppressed  in  foe  following 
analysis. 


II.  Formulation 

Consider  an  infinitesimal  f -directed  electric  dipole  at 
(x\y\ z')  embedded  in  the  supentrate  of  a  planar 
grounded  double-layer  configuration,  as  shown  in  Fig.  1. 
We  are  interested  in  calculating  the  i-  and  y-direction 
electric  fields  at  any  observation  point  (x,y,z)  in  the 
supentrate  including  the  interfaces  (0  5  z,z' s  d2).  These 
fields  can  be  written  as  follows: 


(1) 

(2) 

where 

/V(M(Pf)<*£ 

Jo 

(3) 

W-  Cfw( £ ) /„( p{ ) d§ 

Jo 

(4) 

J0  being  the  zeroth-order  Bessel  function 

Fig.  1.  Grounded  double-layer  configuration  with  eowree  5  (a  horiaow- 
tal  deceit  dipole)  and  obaerrtaoo  point  P  embedded  In  the  eupentme. 


and 


r\±  .  .  1* 

DJi  -  —  ±/ — cot 
Mj  Mi 

[*.X*.] 

(10) 

*Ox/Mo 
“*  *2x/M* 

(11) 

0,  -  e-i»,M«-x’); 

«  -  Z1  z>z' 

\-l  z<z' 

(12) 

&  - 

03 -  e+J*iA*+n 

(13) 

*0x- 

ku-jkl-t2- 

*lx-  -f2; 

(14) 

It  is  noted  that  to  be  consistent  with  the  Sommerfeld 
radiation  condition  the  choice  of  the  branch  in  (14)  must 
be  such  that 


P-  ^(,-,')l  +  (y-/)2  (5) 

the  lateral  separation  between  source  and  field  points. 
The  wavenut  .oers  in  media  1  and  2  are  defined  as  ft,  * 
*ov^  and  -  *oyOs«,,»  «sp«*ively,  where  *0  is 
the  wavenumber  of  the  semiinfinite  medium  above  the 
supentrate  (this  semiinfinite  region  is  usually  free-space), 
and  p,„  are  the  relative  permeability  and  permittivity 
referred  to  that  medium  so  that  p,  -  MoMh  and  *f  “ 

The  functions  Fv,w  in  (3)  and  (4)  can  be  determined  by 
solving  the  boundary-value  problem  in  the  spectral  do¬ 
main,  yielding  (for  0  3  z,z'  3  d2)r. 

„  f  fTi'fii  +  TfPt  +  Tfp,) 

where  the  T*  terms  are  given  by: 

Tf  -  +  <*.)  “  *Vi(l  -  (7) 

Ti  -  D^l  +  a,  +  (1  -  (8) 

Ti  -  [D~  +  D*e~2i*u''}(l  -  a,)e~2Jku  d2  (9) 


lm{*0x)<0.  (15) 

Finally,  the  denominator  in  (6)  is  given  by 


Ira 

+  (“7  "  (i  +  e-2»>‘‘>).  (16) 

\  rO  Ml  / 


Similarly,  Fw  can  be  written  as 


Fw(  f) 


with 


*»x  I  Tfo  +  T&2  -  T& 3 

2(\  Dm 

Tffr  +  Tjfr  -l-  27 ft 

D, 


(17) 


Tr  - 1>;,(1  +  aj  -  D-,(l  -  am)e~2^  (18) 

T?  -X>*,[-(1  +  O  +  (1  -  «m)e-2W*-*>)  (19) 
77  "  [D:,  -  ](1  -  am)e-2^,  {20) 
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and 


“  ±  tan  [*„*,] 
*1  *1 

*0»/«0 

*2,/«2  * 


(21) 

(22) 


The  denominator  D„  in  (17)  is  now 


n  1/^2*  .  .*ox*u  ^  rt  j  (1  ~  * 


*2i/ *2 


{~  +  tan  [ Icl2  dt  ]J  (i  +  e~  J*^)-  (23) 


Hie  above  expressions  for  the  fields  have  been  checked  to 
reduce  to  the  single-layer  case  when  « 2  tend  to  Mo*  e0 

and/or  d2  tends  to  zero.  Also,  the  denominators  (16)  and 
(23)  agree  with  those  given  in  [2],  except  for  a  multiplica¬ 
tive  factor. 


m.  Pole  Structure 

The  zeros  of  Dt,  Dm  in  (6)  and  (17)  constitute  die  poles 
of  the  composite  (double)  layer.  Heir  number  and  loca¬ 
tion  depend  on  the  layer  thicknesses  and  material  con¬ 
stants,  as  well  as  the  wavenumber  k0.  Restricting  our 
attention  to  the  lossless  case,  it  is  well  known  that  D,,  Dm 
exhibit  a  certain  number  of  zeros  on  the  real  axis  of  the 
(•plane,  in  the  interval  [fc0,max(lk„fc2)].  These  poles  de¬ 
scribe  the  surface  waves  guided  by  the  structure,  and 
therefore  appear  on  the  proper  Riemmann  sheet  (con¬ 
sistent  with  the  radiation  condition)  of  the  (plane,  as 
defined  in  (IS).  But  there  are  also  poles  on  the  improper 
Riemmann  sheet  of  the  (-plane,  known  as  leaky  wave 
poles.  Although  there  are  in  general  an  infinite  number  of 
them  [12],  it  was  found  in  [10]  and  [13]  for  the  single-layer 
case  that  the  inclusion  of  only  a  particular  set  of  these 
poles  produced  a  significant  improvement  in  the  asymp¬ 
totic  solution,  for  nearby  source  and  observation  points  on 
the  surface  of  the  slab.  This  set  of  pole?  is  located  on  the 
real  axis  of  the  inproper  Riemmann  ^tae,  of  the  (plane 
for  the  lossless  case,  and  therefore  they  will  be  referred  to 
as  improper  surface  wave  poles.  It  was  also  found  that 
proper  and  inproper  surface  wave  poles  are  dose^  r  e¬ 
lated  In  fact,  surface  wave  poles  (except  for  the  first  TM 
surface  wave  pole,  which  is  always  above  cutoff)  are 
originally  inproper  poles  that  move  towards  the  branch 
cut  at  k0  along  die  real  axis  of  the  improper  Riemmann 
sheet  as  the  layer  thickness  increases,  and  finally  “jump” 
into  the  proper  plane,  then  moving  away  from  k0  along 
the  proper  real  axis.  In  the  same  way,  improper  surface 
wave  poles  are  originally  improper  complex  (or  leafy 
wave)  poles  that  move  onto  the  improper  real  a.;;. 
die  appropriate  conditions  are  met  In  this  section,  we  wQl 
investigate  the  number  of  TE  and  TM  poles  cm  the  real 
axes  of  both,  the  proper  and  improper  sheets  ( (plane)  for 
a  general  double  layer  structure,  as  a  function  of  its 
constitutive  parameters.  Also,  a  simple  procedure  to  lo¬ 


cate  the  first  TE  and  TM  proper  and/or  improper  surface 
wave  poles  will  be  outlined 

A.  Zeros  of  Dt 

As  mentioned  before,  a  new  TE  surface  wave  pole  will 
always  appear  initially  at  (  -  kQ  on  the  proper  Riemmann 
sheet,  so  the  following  condition  must  be  met 

0,U-*( o)-0  (24) 

which  can  be  written  using  (16)  as 

"" 2~—  *"»  [*o  diJn2  ~  1  ] 

Mr  2 

-  -  - 1  cot[k0d,v^T]  (25) 

Mrl 

where  r,  **  e,,  ^ "2  “  «r2  Mr 2-  Defining,  in  a  way  simi¬ 
lar  to  [12],  the  parameters  Lx  «  k0  dx^nx-  1 ,  L2  m  k0  d2 
y/n2  -  1 ,  (25)  can  be  expressed  more  compactly  as 

i/bj^T  Jn.  1 

— - tan  (L2)  -  -*-! - co t(Lx).  (26) 

Mr  2  Mrl 

It  is  noted  that  this  equation  was  already  given  by  Jackson 
and  AJexopoulos  [1,  eq.  (37)],  and  it  represents  die  condi¬ 
tion  for  any  TE  surface  wave  mode  to  turn  on.  For 
example,  for  a  given  e,2,  fir2,  d2  such  that  L2  <  tr/2,  (26) 
will  be  satisfied  at  infinite  points,  each  one  for  a  certain 
Lx  such  that  Nv  <  Lxzi2N  +  l)w  with  (AT  -  0, 1,2,  -  ). 
If  we  plot  the  condition  (26)  in  a  two-dimensional  LXL2 
plane  for  a  given  set  of  nrt,  we  get  a  plot  like  in  Fig. 
2(a).  In  the  regions  between  two  consecutive  curves,  the 
number  of  surface  waves  is  constant  However,  the  num¬ 
ber  of  improper  surface  wave  poles  Qwp  in  Fig.  2)  is  not 
As  discussed  before,  two  leafy  wave  pedes  move  onto  the 
improper  real  axis  when  the  point  defined  by  (L,,  L2)  in 
Fig.  2(a)  moves  dose  enough  to  the  curve  defining  the 
order  of  the  next  region.  As  Lx  or  L2  increases,  one  of 
these  poles  begins  moving  towards  the  branch  cut  and 
finally  “jumps”  onto  the  proper  Riemmann  sheet,  thus 
constituting  a  new  surface  wave  pole. 

Note  in  Fig.  2(a)  that,  if  e,2  -  m,2  -  1  (no  second  layer 
present),  L2  -  0  and  the  Lx,  L2  plane  reduces  to  the  L, 
axis,  yielding  the  results  already  reported  in  [12]  for  die 
single-layer  case.  It  is  also  noted  that  the  curved  segments 
between  dots  in  Fig.  2  can  be  convex  or  concave,  depend¬ 
ing  on  the  particular  values  of  ®  (26). 

In  most  practical  configurations,  there  is  only  one  proper 
or  improper  TE  surface  wave  pole,  and  it  can  be  easily 
found  as  follows.  The  pole  will  be  located  cm  the  real  axis 
of  die  proper  (improper)  sheet  if  die  left-hand  side  of  (26) 
is  greater  (smaller)  than  die  right-hand  side.  In  either 
case,  a  Newton-Raphson  searching  procedure  imple¬ 
mented  in  (16)  with  („  -  0.99 *oV"2  (for  *  *wp)  or  (u  m  ko 
(for  a  hvp)  as  initial  value  has  been  found  to  provide  the 
actual  location  of  die  pole  in  only  a  few  iterations.  Note 
that  the  subscript  is  on  (j,  above  refers  to  the  value  of 
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Fig.  2.  Number  of  proper  (swp)  and  improper  Owp)  surface  wave  poles 
for  given  materials  («*,  m*).  »  a  function  of  layer  thiclmmn-  (a)  TE 
case,  and  (b)TM  case  (L,  -  “  1.  L2  -  U 

The  number  of  hup  indicated  within  the  brackets  are  jm. 

proper  surface  wave  poles  that  can  exist  in  each  region. 

the  initial  guess  for  the  location  (in  the  f  plane)  of  the 
proper  surface  wave  pole,  and  likewise  the  subscript  il  on 
£„  refers  to  the  initial  value  of  £  pertaining  to  the 
improper  surface  wave  pole. 


improper  surface  wave  poles,  respectively.  When  L,  > 
w/2,  Dm  presents  a  singularity  at  dx^k\  -f,!  -  w/2.  In 
this  case  special  care  must  be  taken  with 
die  starting  value  of  the  searching  algorithm  in  both 
Riemmann  sheets,  because  the  searching  procedure  can¬ 
not  “cross”  a  singularity.  These  situations  can  be  easily 
handled  by  plotting  Dm  along  both  (proper  mid  improper) 
real  fazes  to  determine  appropriate  starting  values. 

IV.  Asymptotic  Evaluation  of  the 

SOMMERFELD  INTEGRALS 

Conventional  numerical  evaluation  of  the  Sommerfeld- 
type  integrals  (3),  (4)  presents  two  main  difficulties.  First, 
die  integrands  exhibit  a  certain  number  of  poles  that  have 
to  be  extracted  in  order  to  obtain  a  relatively  smooth 
function  suitable  for  numerical  integration.  Second,  the 
oscillatory,  slowly  decaying  behavior  of  the  Bessel  func¬ 
tion  results  in  a  poor  convergence  of  the  integrals,  partic¬ 
ularly  when  the  lateral  separation  between  source  and 
observation  points  is  large  in  terms  of  the  wavelength. 

To  overcome  these  limitations,  asymptotic  closed-form 
expressions  for  U  and  W  in  (3)  and  (4)  will  be  developed 
in  this  section.  To  carry  out  the  asymptotic  evaluation  we 
first  write  integrals  (3)  and  (4),  due  to  the  oddness  of  Fv,w 
with  respect  to  £,  as: 

U-\(  Fv(i)H?\pi)dt  (28) 

Wm\\  rw(t)mpi)«  (29) 

* 


B.  Zeros  of  Dm 

Similar  considerations  to  those  discussed  in  the  previ¬ 
ous  case  lead  now  to  the  following  condition,  foi  a  TM 
pole  to  arise  on  the  proper  Riemmann  sheet 

Jn2  —  1  —  1 

- tan  (L,)---^ - tan(Ll)  (27) 

We  can  again  plot  the  condition  (27)  in  an  Lv  L2  plane, 
as  we  did  for  D,.  The  result  for  a  given  set  of  pri  is 
shown  in  Fig.  2(b).  The  same  general  considerations  dis¬ 
cussed  above  for  D,  are  applicable  here.  It  is  also  seen 
that,  for  L2  -  0  (single  layer  case),  the  plane  in  Fig.  2(a) 
reduces  to  the  Lx  axis,  with  the  result  already  given  in 

m 

In  most  practical  double  layer  structures,  there  is  only 
one  TM  surface  wave  pole,  although  two  leafy  wave  poles 
may  also  exist  on  the  improper  real  f  axis.  Ibis  situation 
corresponds  to  the  first  region  in  Fig.  2(b).  The  surface 
wave  pole  can  be  found  by  implementing  a  Newton- 
Raphson  search  procedure  in  (23)  with  £„  -  0.99fcoV/n7 
as  a  starting  value.  The  improper  surface  wave  poles  (if 
any)  can  be  located  in  a  similar  manner,  now  starting  the 
search  at  both  £n  -  k0  and  (l2  -  0.99k0Jn^.  The  £n 
and  £n  dbovt  represent  the  values  of  the  initial  guesses 
for  the  location  in  the  £  plane  of  the  first  and  second 


where  C,  is  the  Sommerfeld  path,  as  shown  in  Fig.  3.  This 
path  can  be  deformed  to  give  the  sum  of  the  enclosed 
residues  plus  the  integral  around  the  branch  cut  (contour 
CB  in  Fig.  3): 

U- -^£2^ 

^  i 

+  r/  Fv{i)Ht\pi)di  (30) 
L  Jct 

w-  ~£2 wjFritoHfipe,) 

*  i 

+  jf  Fw(£)ffP)(pf)d(.  (31) 
z  JcB 

Here,  Rv  w  are  the  residues  of  Fu,w  at  £  -  £,  (proper 
surface  wave  poles),  and  can  be  calculated  as  follows: 


Nv(  £  ) 

Rv(  £,)  -  lim  (  £  -  (j)Fu(()  -  (32) 

(-1 1  ^V(Ci) 


-  lim  (  £  -  £<)Fr(  £  )  -  7Tr^7J\ 

f -ft  *’»(£)  **>«(«) 


(33) 


MARIN  AND  PATHAK:  CLOSED-FORM  ASYMPTOTIC  REPRESENTATION  OT  GREENS  FUNCTION 


1361 


<* 


Fig.  3.  Original  Somme rfeld  contour  (C,X  and  the  defamation  to  give 
the  mm  of  the  endoeed  reeiduee  piut  the  integral  anund  the  branch  cut 

<CtXHw*f-f  +  jf*. 

where  Nu-W  represent  the  numerators  of  Fu  and  Fw  in 
(6)  and  (17)  and  D„  D„,  stand  for  the  mngnfar  and  non- 
singular  denominators  in  (17).  The  minus  sign  of  the 
residues  in  (30)  and  (31)  comes  from  clockwise  integration 
around  the  poles. 

The  above  result,  (30),  (31),  allows  for  the  interpreta¬ 
tion  of  the  solution  in  terms  of  two  contributions:  a 
discrete  number  of  surface  waves,  whose  strengths  are 
given  by  the  corresponding  residues  at  the  poles,  plus  a 
continuous  spectrum  of  waves,  represented  by  the  integral 
around  the  branch  cut  The  purpose  of  die  asymptotic 
evaluation  is  to  obtain  the  dominant  terms  in  the  latter. 

With  the  above  view  in  mind,  die  following  changes  of 
variable  can  be  used  [9]— [1 1]: 


T-V*02-f2 

(34) 

T 

cosy-  — 

*0 

(35) 

siny  —  1  -  js2. 

(36) 

Fig.  4.  Original  and  deepest  descent  (SDP)  paths  of  integration  in  the 
(a)  itpiane;  (b)  rpiaae;  and  (c)  s-plane.  The  location  of  proper  (r)  and 
**T"T*r  0)  surface  wave  poles  is  also  shown. 

where  CB  is  the  contour  shown  in  Fig.  2,  one  gets 
I.~\f  F[k0(l -js2)}H?'[k0 p(  1  -js7)] ( -2 jk0s) ds 

(39) 


The  first  one  transforms  the  integral  around  the  branch 
cut  into  a  real-axis  integral  in  the  t  plane.  The  second 
performs  the  angular  spectrum  mapping,  and  the  third 
transforms  the  steepest  descent  path  (SDP)  in  the  y  plane 
onto  die  real  axis  of  the  s-plane.  The  three  planes,  as  well 
as  die  paths  of  integration  and  the  location  of  proper  and 
improper  surface  wave  poles  (lossless  case)  are  shown  in 
Fig.  4. 

Since  the  above  transformations  have  been  discussed  in 
more  detail  in  [9H111  it  will  thus  suffice  for  our  purposes 
to  consider  die  direct  transformation  from  dm  (-plane  to 
the  s-plane: 


f-  Ml  -**>•  (37) 

Introducing  the  above  transformation  in  a  general  inte¬ 
gral  of  the  form 


/r-t/  F(f)Hp(pf)d(  (38) 

L  Jct 


where  To  is  the  resulting  contour  of  integration  in  die 
s-plane,  as  shown  in  Fig.  4(c).  Now,  if  k0  p  is  assumed  to 
be  large,  we  can  use  the  large-argument  form  of  die 
Hankel  function  in  (39),  yielding 

Ig  ~  -'W  G(s)e~t'"1ds  (40) 

2  \  vp  Jri 

where 

C(s)  - F[k9(l  -is1)]  (41) 

V  * 


By  deforming  the  original  contour  I#  into  Hop.  extract¬ 
ing  die  singularities  and  approximating  the  resulting  regu¬ 
lar  function  by  the  first  two  nonvanishing  terms  of  its 
Taylor  series  expansion  around  s  -  0  [14],  [15],  one  gets 
the  following  result: 
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where  Rib,)  are  the  residues  of  (Ks)  at  s  -  bt  (singulari¬ 
ties  in  the  j-planeX  G*(0)  is  the  second-order  derivative 
of  (41)  evaluated  at  s  -  0  and  fix)  is  the  transition 
function  (as  defined  in  [UD. 

It  can  be  easily  shown  that  die  residues  of  G(s)  at 
s  ■*  hj  are  related  to  those  of  F(f )  at  f  -  £  by 

Ril) 

*“<>  -  (43) 

where  Ri  (,)  is  defined  in  (32)  and  (33X  and 

bt  -  eX'/4VfiAo  ~  1  (44) 

where  the  principal  branch  of  the  above  square  root 
(Re  (bj)  >  0)  corresponds  to  surface  wave  poles,  and  the 
other  branch  to  leaky  wave  poles. 

It  can  be  seen  that  the  solution  given  in  (42)  is  in  a  very 
amenable  format,  involving  only  simple  algebraic  opera¬ 
tions  and  the  well-known  transition  function  F,  which 
contains  simple  Fresnel  integrals  in  the  lossless  case  [11]. 
Also,  the  summations  in  (42)  involve  only  one  or  two  poles 
in  most  practical  cases  (which  typically  involve  only  mod¬ 
erately  thin  layers).  The  evaluation  of  the  second  deriva¬ 
tive  of  (41)  at  s  -  0  is  also  simplified  by  noting  that: 

G'(s  -  0)  -  -4 jF'(s  -  0)  (45) 

where  F  is  Fuw(()  in  (6)  or  (17)  evaluated  at  f  -  k0i  1  - 
js2).  Although  somewhat  cumbersome  due  to  the  rela¬ 
tively  functions  involved,  the  evaluation  of  F'is  -  0)  in 
(45)  is  straightforward,  and  the  results  for  three  different 
situations  (source  and  observation  points  both  along  the 
first  or  second  interface  and  along  different  interfaces) 
are  given  in  Appendix  A. 

It  must  be  mentioned  at  this  point  that  a  complex  leaky 
wave  pole  existing  on  the  improper  sheet  of  the  original 
(-plane  may  contribute  to  the  solution  if  it  is  captured  in 
the  path  deformation  (Iq  into  r^p),  or  it  may  still  influ¬ 
ence  the  solution  if  it  appears  dose  enough  to  the  saddle 
point  In  these  cases,  the  asymptotic  solution  induding 
only  the  real  (-axis  proper  and  improper  surface  wave 
poles  will  be  seen  to  lose  accuracy  in  the  neighborhood  of 
the  source.  However,  this  can  be  regarded  as  a  second- 
order  effect,  since  the  complex  leaky  wave  poles  cannot 
appear  arbitrarily  dose  to  the  saddle  point  while  real-axis 
poles  do.  Nevertheless,  these  situations  are  rarely  found 
in  practice. 

Finally,  when  the  observation  point  is  very  dose  to  the 
source,  the  asymptotic  solution  will  fail,  and  a  numerical 
integration  procedure  (see  e.g.,  [11])  or  alternative  inte¬ 
gral  representations  [16]  must  be  used. 

V.  Numerical  Results  and  Conclusions 

In  this  section  we  will  first  examine  the  accuracy  of  the 
asymptotic  approximation  in  the  three  cases  considered  in 
the  Appendix.  The  examples  have  been  selected  to  show 
die  validity  of  die  dosed-form  expressions  for  different 
combinations  of  low  and  high  dielectric  constants,  as  well 
as  thin  and  thick  dielectric  slabs  (lossless  case).  Although 


materials  wiD  not  be  used  throughout  these 
examples,  it  must  be  mentioned  dial  there  is  no  essential 
difference  in  the  treatment  oi  die  magnetic  material  and 
the  dielectric  material  from  a  purely  numerical  point  of 
view,  and  the  asymptotic  solution  is  equally  valid  for  both. 

In  the  examples  shown  below,  one  TM  surface  wave 
pole  (phis  two  improper  surface  wave  poles  when  neces¬ 
sary)  and  one  TE  proper  or  improper  surface  wave  pole 
have  been  included  in  the  asymptotic  solution.  Thus,  Fig. 
5  shows  a  comparison  between  the  numerical  evaluation 
of  the  exact  W  (4)  and  its  asymptotic  approximation  [(31) 
and  (42)],  versus  lateral  separation  between  source  and 
observation  points.  The  “exact”  value  of  the  function  U 
and  W  is  always  calculated  by  a  numerical  (Gaussian) 
integration  of  (3)  and  (4),  once  die  limiting  behavior  and 
singularities  of  die  integrand  have  been  extracted  [11].  In 
this  case,  the  source  and  observation  points  are  located  on 
the  interface  between  the  two  dielectric  layers.  As  can  be 
seen,  the  asymptotic  dosed-form  expression  remains  valid 
for  lateral  distances  as  small  as  two  tenths  of  the  free-space 
wavelength  Ag.  Also,  Table  I  shows  a  CPU  time  compari¬ 
son  between  the  calculation  based  on  the  numerical  inte¬ 
gration  procedure  and  the  asymptotic  dosed-form  expres¬ 
sions.  It  is  apparent  that  the  use  of  the  dosed-form  result 
in  conjunction  with  any  spatial-domain  formulation  will 
result  in  a  substantial  savings  of  computer  time.  It  must 
also  be  mentioned  that,  in  all  the  cases  studied  here,  the 
accuracy  of  the  asymptotic  approximation  for  U  is  at  least 
as  good  as  it  is  for  W. 

Another  example  is  shown  in  Fig.  6  in  which  a  thin,  low 
dielectric  constant  slab  is  placed  on  top  of  a  moderately 
thick,  high  dielectric  constant  layer.  In  this  case,  the 
source  and  observation  points  are  along  different  inter¬ 
faces.  Again,  the  asymptotic  solution  remains  valid  for 
lateral  distances  of  the  order  of  0.4 A,,,  although  probably 
0.2*4  could  be  used  for  most  practical  purposes.  In  this 
case,  there  is  no  singularity  when  p  -*  0,  because  the 
source  and  observation  points  are  at  least  separated  by 
the  thickness  of  the  second  (superstrate)  layer. 

One  more  representative  case  is  shown  in  Fig.  7,  where 
a  thick  layer  is  now  placed  on  top  of  a  thin  one,  both  with 
high  dielectric  constants.  Source  and  observation  points 
are  here  along  the  dielectric-air  interface.  As  can  be 
seen,  the  asymptotic  solution  can  be  used  in  this  case 
almost  down  to  one  tenth  of  the  free-space  wavelength. 

In  general  it  can  be  said  that  the  asymptotic  dosed-form 
expressions  for  U  and  W  can  be  used  down  to  a  few  tenths 
of  the  free-space  wavelength,  for  source  and  observation 
points  along  the  same  or  different  interfaces.  This  also 
applies  if  source  and/or  observation  points  are  embedded 
somewhere  inside  the  layers.  However,  as  it  was  men¬ 
tioned  before,  in  those  particular  situations  in  which  a 
complex  leaky  wave  pole  contributes  significantly  to  the 
asymptotic  solution,  the  above  expressions  for  U  and  W 
converge  at  large  lateral  distances  from  the  source,  of  the 
order  of  one  free-space  wavelength.  However,  this  restric¬ 
tion  in  the  asymptotic  solution  can  be  eliminated  even  in 
die  latter  case  if  the  effect  of  such  complex  leaky  wave 
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Fig.  S.  Comparison  between  the  exact  W  and  its  asymptotic  approxima¬ 
tion,  for  aource  and  observation  points  both  along  the  first  interface. 


Fig.  6.  Comparison  between  exact  and  asymptotic  W  in  another  exam* 
pie.  In  this  case,  aource  and  observation  punts  are  along  different 
interfaces. 


TABLE  I 

CPU  TIme  (Milliseconds  in  a  VAX  8530)  to  Calculaie  Both 
U  and  Wat  Several  Distances  non  the  Source  w  the 
Example  of  Fta.  S 


Lateral 

CPU  time 

CPU  time 

numerical 

asymptotic 

(p/V 

integration 

-i - -  -a  e  . 

uOKQ>Hmu 

05 

84 

4 

1  JO 

145 

4 

2J0 

176 

4 

poles  it  incorporated  into  the  solution  in  a  manner  similar 
to  that  done  for  the  improper  surface  wave  poles. 

On  the  other  hand,  computational  efficiency  is  not  the 
only  advantage  of  an  asymptotic  solution.  It  also  provides 
physical  insight  into  die  field  behavior,  giving  separate 
contributions  that  vividly  Highlight  the  different  wave  phe¬ 
nomena.  Thus,  the  interference  between  the  space  wave 
and  the  pole  wave  transition  effects  is  contained  in  (42), 
whereas  die  effect  of  proper  surface  wave  poles  is  explic¬ 
itly  represented  by  the  residue  terms  in  (30)  and  (31).  As 


Fig.  ?.  Exact  and  asymptotic  IF  for  a  case  in  which  both  amice  and 
obaervarioc  points  are  along  the  didecoic-air  interface. 

an  example,  it  is  known  that  a  TM  surface  wave  can  be 
eliminated  by  using  a  superstate  (cover)  under  certain 
conditions  [1).  It  turns  out  that  for  nonmagnetic  super¬ 
states,  the  surface  wave  elimination  is  only  possible  when 
the  substrate  is  very  thin,  whereas  the  use  of  a  magnetic 
second  layer  allows  for  much  thicker  substrates.  These 
facts  can  be  easily  shown  by  plotting  the  residue  (33)  at 
the  first  TM  surface  wave  pole.  This  residue  actually 
represents  the  “strength”  with  which  the  TM  surface  wave 
is  excited,  and  therefore  will  vanish  when  the  appropriate 
conditions  are  met.  Fig.  8  shows  an  example  in  which  the 
absolute  value  of  the  TM  residue  (case  1  of  the  Appendix) 
is  plotted  versus  superstate  thickness,  for  both  a  mag¬ 
netic  and  a  non-magnetic  superstate.  As  can  be  seen,  the 
surface  wave  residue  for  the  magnetic  superstate1  ex¬ 
hibits  a  zero  at  d2  —  0.02  while  in  the  nonmagnetic 
case  there  is  no  such  phenomena.  It  is  noted  that  both 
residues  reduce  to  the  single-layer  case  alien  d2  -*  0.  It 
must  also  be  mentioned  that,  for  die  nonmagnetic  super¬ 
state,  die  next  (TE)  surface  wave  arises  at  d2  -  0.033V 
while  for  the  magnetic  case  this  occurs  at  d2  -  0.07V 

Also,  by  using  the  asymptotic  dosed-fonn  expressions, 
we  can  easily  {dot  the  fields  produced  by  an  elementary 
aource.  Let  us  imagine  an  f -directed  elementary  electric 
dipole  in  a  double-layer  structure.  If  the  observation  point 
moves  around  the  source  in  a  circumference  of  radius  R 
(in  die  plane  of  die  source),  using  (1)  and  (2)  we  can 
calculate  the  Exx  and  Eyx  “planar”  radiation  patterns,  as 
a  function  of  the  aspect  angle  4>  with  die  i-axis.  Fig.  9 
shows  die  results  for  a  structure  that  supports  only  one 
TM  surface  wave,  which  produces  a  lobe  of  Exx  in  the 
endfire  direction  (note  that  in  free  space  such  a  lobe  will 
appear  in  the  broadside  direction).  However,  when  an¬ 
other  (now  TE)  surface  wave  is  present,  a  second  lobe 
appears  around  4>  —  90s,  as  shown  in  Fig.  10.  In  these 
examples  the  derivatives  in  (1)  and  (2)  were  evaluated 
numerically,  but  for  R  large  enough  to  where  only  die 

'Remits  for  the  mutual  impedance  between  mo  printed  dipoles  in  this 
particular  case  are  presented  in  [7],  Fig.  8. 
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Fig.  8.  Rezktue  at  the  TM  surface  wave  pole  for  a  magnetic  ( #1^  •  10, 
•,t  -  1)  and  a  son-magnetic  (*,2  -  10,  ^  -  i)  superstate,  versus 
^T^mrite  thiekuo 
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Fig.  9.  Normalized  surface  fields  £„,  E  produced  toy  an  elementary 
electric  dipole  at  a  distance  R,  versus  41R  -  5A«X  In  this  case,  only  a 
TM  surface  wave  exists. 


Fig  10.  Normalized  surface  fields  produced  by  an  elementary  electric 
dipole  at  an  observation  point  (R,  4)  versus  4(R  -  5 A,).  In  this  case 
both  a  TE  and  a  TM  surface  wave  exist 
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Fig  11.  Magnitude  of  the  E„  field  produced  by  an  elementary  electric 
dipole  at  ft-5A,g->0asa  function  of  both  supeismte  perinea  oility 
and  thickness.  The  solid  line  shows  the  locus  of  the  combinations 
that  eliminate  the  first  TM  surface  stave  («,s  -  1). 


surface  waves  [first  terms  in  (30)  and  (31)]  need  to  be 
considered.  It  can  be  done  analytically,  yielding  sin2  or 
cos2  <t>  type  patterns  corresponding  to  the  TE  or  TM 
surface  wave  poles,  respectively. 

Finally,  since  the  calculation  of  the  field  produced  by  an 
elementary  source  is  extremely  efficient  in  terms  of  com¬ 
puter  time,  it  allows  for  parametric  studies,  like  the  one 
shown  in  Fig.  11.  In  this  example,  the  £„  field  produced 
by  an  elementary  source  at  R  -  SAq,  4> »  0  is  plotted  as  a 
function  of  both  the  relative  permeability  and  thickness  of 
the  superstate.  The  line  shown  in  the  figure  represents 
the  locus  of  the  combinations  (  nr2,  d2 )  that  eliminate  the 
first  TM  surface  wave.  As  can  be  seen,  the  ‘  cut”  of  the 
above  figure  defined  by  nr2  -  10  is  the  one  already  shown 
in  Fig.  8. 


In  conclusion,  an  asymptotic  dosed-form  approximation 
for  the  Green’s  function  of  a  horizontal  electric  dipole  in 
a  grounded  double-layer  configuration  has  been  derived. 
This  representation  is  valid  for  source  and  observation 
points  anywhere  in  the  superstate  (including  interfaces), 
although  it  can  be  easily  extended  to  cases  in  which 
source  and/or  observation  points  are  in  the  substrate. 
The  large  parameter  in  the  asymptotic  approximation  is 
the  lateral  separation  between  source  and  observation 
points,  and  the  asymptotic  solution  has  been  checked  to 
agree  with  the  exact  Green’s  function  for  lateral  separa¬ 
tions  down  to  a  few  tenths  of  the  free-space  wavelength. 
Also,  the  usefulness  of  the  asymptotic  expressions  has 
been  demonstrated  with  illustrative  examples.  It  is  noted 
that  the  present  ttymptotic  procedure  can,  in  principle,  be 
generalized  to  n  layers;  however,  the  n  layer  case  would 
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require  one  to  perform  certain  differentiations  in  the  s 
plane  (as  in  the  Appendix  for  n  -  2  case),  which  can 
become  far  more  cumbersome  than  for  the  n  •  2  case,  if 
done  analytically.  At  present,  we  are  looking  at  efficient 
numerical  procedures  to  overcome  this  difficult  problem 
in  the  generalization  to  n  layers.  It  is  believed  that  these 
asymptotic  closed-form  expressions  can  greatly  improve 
the  efficiency  of  the  present  methods  of  analyzing  printed 
circuits/antennas,  as  well  as  contribute  to  a  better  under¬ 
standing  of  the  related  phenomena. 

Appendix. 

Derivatives  in  the  S-Piane 

The  calculation  of  derivatives  in  the  s -plane  can  be 
done  in  the  general  case  as  follows.  We  first  write  Fv- w  in 
(6)  and  (17)  using  (37)  as 

,,r  ,  ,  Nv(s) 

(A-l) 

<A* 

where  De(  i ),  Dm(  £ )  are  given  in  (16)  and  (23>,  and 
Nv,  N*m  are  simply  found  by  comparing  (A.1)  and  (A 2) 
with  (6)  and  (17).  Now  the  problem  has  been  reduced  to 
compute  derivatives  of  the  form: 

N'(s)  D(s)-N(s)D’(s) 

(S)  *  *s  D(s)  "  D2(s) 

(A3) 

Since  we  are  only  interested  in  the  derivatives  at  s  »  0 
(i.e.,  f  «■  k0),  the  above  formula  simplified  to: 

F’(s  -  0) 

N'(s  -  0  )D(t-k0)-N(j- k0)  D'(s  -  0) 
D2{i-k0) 

(A.4) 

Using  the  formulas  in  Section  II,  Nu,  N"m,  and  D,  m  at 
(  -  *0  are  easily  found.  The  only  remaining  quantities  to 
evaluate  in  (A4)  are  the  first  derivatives  of  N  ,  N*m,  and 
Dt  m  at  r  -  0.  These  are  given  by: 

Di(s  «  0)  -  (—k0j2e*w/4)) 

_J_  I  ~  1  \  Ma 

Ml  |tan(*0d,^n,  -  1  )j  rjn2  -  1 


M2 


.(J  —  1  )  +  1  + 
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ln-,-1 
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Note  that  D,,  Dm  do  not  depend  on  the  positioo  of  source 
and/or  observation  point,  so  their  values  at  £  »  40  and 
their  derivatives  at  s  -  0  do  not  need  to  be  changed  in 
the  cases  described  below. 

Case  1.  Source  and  Observation  Points  Both  Along  the 
First  Interface  (z'  «  o,  z  ■»  ok 

1  —  e~2>Mi 

Nv  (s  -  0)  -  -k^e*'^ - j  ■ -  (A.7a) 


'  '  "  V"2_1 

NJTO-O)  - 

(A.7b) 

N?(*  -  0)  -  -jk0j2e*'">fi^T  ~  tan  ) 

•[l  +  e-W^]  (A.7c) 

Case  2  Source  and  Observation  Points  Along  Different 
Interfaces  (z'  -0,2-  d2): 


Nv’(s  -  0)  -  0 
Nff  U  -  0)  *  0 

Nfffs  -  0)  -  -jkj 2e><'/4)— y^I^Ttan 

*i 


(A.8a) 

(A.8b) 


■(k0d1fi^T)le->k'*^  (A.8c) 

Case  3.  Source  and  Observation  Points  Both  Along  the 
Second  Interface  (z'  »  d2,  z  -  d2): 


Nv\s  -  0)  -  0 
Nfffs  -  0)  -  0 


(A.9a) 

(A.9b) 


Nfffs  -  0)  -  -kj2e*9/t)\^n2  -  1(1  -  g-WAifr*) 

+jV"i  ~  1  “  48,1  (*o  dJni  ~  1 ) 

•(1  +  e-2*'4"^^  (A.9c) 


(~k0j2e*w/4))  ~  {yfa,  -  1  tan  (MiVni  “  1 1 
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High  Throughput  Slotted  ALOHA  Packet 
Radio  Networks  with  Adaptive  Arrays 

James  Ward,  Member,  IEEE,  and  R.  Ted  Compton,  Jr. 


Abstract — We  consider  the  we  of  a  multiple  beam  adaptive 
array  (MBAA)  in  a  packet  radio  system.  In  a  multiple  beam 
adaptive  array,  a  given  set  of  antenna  elements  is  wed  to  form 
several  antenna  patterns  simultaneously.  When  wed  in  a  packet 
radio  system,  an  MBAA  can  successfully  received  two  or  more 
overlapping  packets  at  the  same  time.  Each  beam  captures  a 
different  packet  by  automatically  pointing  its  pattern  toward 
one  packet  while  nulling  other  contending  packets.  This  paper 
describes  how  an  MBAA  can  be  integrated  into  a  single- bop 
slotted  ALOHA  packet  radio  system  and  analyzes  the  resulting 
throughput  for  both  finite  and  infinite  user  populations. 


1.  Introduction 

IN  an  ALOHA  packet  radio  system,  radio  terminals  transmit 
packets  to  each  other  in  a  common  channel.  In  the  original 
ALOHA  system,  packet  collisions  limit  channel  throughput  to 
18%  for  unslotted  ALOHA  and  36%  for  slotted  ALOHA  [1], 
This  low  throughput  has  motivated  much  research  on  collision 
resolution  algorithms  and  better  protocols  to  obtain  higher 
throughputs  while  still  permitting  random  access  [2],  [3], 
Underlying  most  work  on  improved  protocols  is  the  as¬ 
sumption  that  a  packet  terminal  can  receive  only  one  packet 
successfully  at  a  time.  It  is  assumed  that  when  two  or  more 
packets  collide,  none  is  received  correctly.  In  some  systems 
a  capture  effect  [4]-[8]  may  allow  one  packet  to  be  received 
correctly  during  a  collision.  However,  even  with  capture,  it 
is  still  usually  assumed  that  a  terminal  can  receive  only  one 
packet  at  a  time. 

The  main  exception  to  this  assumption  occurs  in  spread 
spectrum  systems.  Spread  spectrum  packet  systems  allow 
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reception  of  more  than  one  packet  in  the  same  slot  [10], 
[11].  However,  spread  spectrum  systems  require  much  wider 
bandwidths  than  conventional  ALOHA  systems  for  the  same 
information  rate. 

Recently,  Ghez  et  aL  [12],  [13]  proposed  a  general  “Mul- 
tipacket  ALOHA”  model  in  which  multiple  packets  may  be 
successful  in  each  slot.  Their  work  mainly  addresses  the 
stability  and  optimal  control  of  a  genera)  multiple  capture 
system,  with  the  emphasis  on  spread-spectrum  slotted  ALOHA 
systems. 

In  this  paper  we  present  a  new  method  for  achieving 
multiple  captures  in  a  slot:  the  use  of  an  adaptive  array  [14]  as 
the  receiving  antenna  at  a  packet  radio  terminal.  We  propose 
a  system  where  the  signals  from  a  set  of  array  elements 
are  combined  with  more  than  one  set  of  weights  to  form 
several  simultaneous  receiving  patterns.  We  call  such  an  array 
a  multiple-beam  adaptive  array  (MBAA).  Each  beam  has  its 
maximum  response  in  the  direction  of  one  of  the  arriving 
packets  and  has  nulls  on  the  other  packets.  Such  an  MBAA 
allows  a  terminal  to  receive  several  packets  successfully  in 
each  slot.  Moreover,  it  provides  this  capability  without  any 
need  for  additional  bandwidth  as  in  a  spread  spectrum  system. 

In  a  previous  paper  [13],  the  authors  showed  bow  a  single¬ 
beam  adaptive  array  could  be  used  in  a  slotted  ALOHA  system 
to  receive  one  packet  correctly  in  the  presence  of  interfering 
packets.  The. performance  improvement  obtained  with  a  single 
beam  adaptive  array  is  similar  to  that  obtained  with  Carrier 
Sense  Multiple  access  (CSMA)  [16].  However,  the  adaptive 
array  technique  has  the  advantage  over  CSMA  that  it  does  not 
require  all  terminals  in  the  network  be  able  to  hear  each  other. 

With  an  MBAA  however,  a  much  more  substantial  im¬ 
provement  can  be  obtained  than  with  a  single-beam  adaptive 
array.  In  this  paper,  we  describe  bow  an  MBAA  can  be  used 
in  a  slotted  packet  system,  and  we  evaluate  the  performance 
of  a  single-bop  ALOHA  network  with  an  MBAA  We  obtain 
results  for  a  finite  population  system  by  using  a  Markov  chain 
model  for  the  system  backlog  similar  to  that  in  [12].  We  also 
obtain  results  for  an  infinite  population  system  by  applying  a 
theorem  due  to  Ghez  et  aL  [13].  Our  results  show  that  a  very 
significant  improvement  in  both  throughput  and  delay  can  be 
achieved  with  only  modest  MBAA  capabilities. 
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The  MBAA  technique  described  here  should  not  be  coo- 
fused  with  the  use  of  multiple  beam  antennas  in  satellite 
communications.  Satellite  multiple  beam  antennas  consist  of 
a  number  of  fixed  beams,  which  divide  the  coverage  area 
into  spatially  disjoint  geographical  regions.  Several  authors 
[17]— [20]  have  considered  systems  where  users  in  a  particular 
region  (beam)  access  the  satellite  according  to  an  ALOHA 
protocol.  In  this  case,  each  beam  represents  an  independent 
ALOHA  process.  The  use  of  multiple  uplink  beams  reduces 
the  overall  contention  by  allowing  users  from  different  regions 
simultaneous  access  to  the  satellite.  However,  collisions  still 
result  for  users  within  the  same  region.  Satellite  systems  with 
scanned  beams  have  also  been  proposed  (21].  In  these  systems, 
users  in  a  given  region  can  access  the  satellite  only  during  the 
time  when  their  region  is  covered  by  the  satellite  beam. 

For  the  MBAA  concept  presented  here,  however,  any  beam 
can  receive  a  packet  from  any  user.  Each  beam  responds 
adaptively  to  all  the  packets  transmitted  in  each  slot.  Each 
packet  is  captured  by  a  separate  beam  that  nulls  other  con¬ 
tending  packets.  This  technique  allows  multiple  packets  to 
be  received  successfully  in  the  same  slot  without  requiring 
any  scheduling  or  reservation-based  protocols.  Such  a  system 
appears  to  be  equally  applicable  to  terrestrial  or  satellite  packet 
radio  systems. 

The  organization  of  the  paper  is  as  follows.  Section  II 
provides  a  short  discussion  of  multiple-beam  adaptive  arrays 
and  describes  certain  of  their  characteristics  that  are  important 
for  packet  radio  applications.  Section  HI  describes  how  an 
MBAA  can  be  used  in  a  packet  radio  system.  In  Section  IV  the 
throughput  and  delay  performance  of  a  slotted  ALOHA  system 
with  an  MBAA  is  calculated.  Section  V  presents  numerical 
results,  and  Section  VI  contains  our  conclusions. 

II.  Multiple-Beam  Adaptive  Arrays 

An  adaptive  array  is  an  antenna  that  controls  its  own  pattern, 
by  means  of  feedback,  while  it  operates  [14],  [22].  Fig.  1 
shows  an  adaptive  array  with  Ne  elements.  The  complex  signal 
Xj(t)  from  element  j  is  multiplied  by  a  complex  weight  w7 
and  then  summed  to  produce  the  array  output  signal  s(t).  The 
weights  are  controlled  by  a  feedback  system  that  maximizes 
the  signal-to-interference-plus-noise  ratio  (SINR)  at  the  array 
output.  Maximizing  the  output  SINR  typically  causes  the  array 
to  steer  a  beam  toward  the  desired  signal  and  to  null  other 
incident  signals. 

In  an  adaptive  array,  the  optimal  array  weights,  which 
maximize  the  output  SINR,  are  given  by  [14] 

W  =  *~lS,  (1) 

where  W  is  the  weight  vector, 

W  as  [t»i,tU2,-*-,l»JV,]T,  (2) 

*  is  the  covariance  matrix, 

#  =  E[X*Xt]  ,  (3) 

and  S  is  the  steering  vector, 

S  =  £[X*f(t)] .  (4) 


In  these  equations,  X  is  the  signal  vector, 

X  =  [Xl(t),x2(t),---,xN.(t))T,  (5) 

and  f(t)  is  a  locally  generated  reference  signal,  usually  derived 
from  the  array  output  [14].  (T  denotes  transpose  and  *  complex 
conjugate.) 

Several  algorithms  can  be  used  to  control  the  weights  in 
an  adaptive  array  to  make  them  approach  the  optimal  weights 
in  (1)  [14].  The  Sample  Matrix  Inverse  (SMI)  algorithm  of 
Reed  et  al  [23],  for  example,  is  a  popular  technique.  In  the 
SMI  algorithm,  the  array  signals  are  sampled,  the  covariance 
matrix  and  steering  vector  are  estimated  from  these  samples, 
and  the  weights  are  obtained  by  solving  a  linear  system  of 
equations.  The  sample  covariance  matrix  is  calculated  from 

*  =  ^-TtX‘(k)XT(k),  (6) 

and  the  sample  steering  vector  from 
1  s‘ 

13- H  **(*)'(*),  (7) 

1  * 

where  X{k)  and  f(k)  denote  the  fcth  samples  of  the  signal 
vector  X  and  the  reference  signal  f(t),  and  N,  is  the  number 
of  samples.  The  array  weights  are  then  obtained  by  solving 

*W  =  S  (8) 

for  W.  Reed  et  aL  [23]  have  shown  that  approximately  N,  = 
2Ne  samples  are  needed  to  achieve  an  average  SINR  within 
3  dB  of  the  optimal  SINR.  For  the  system  described  below, 
we  assume  the  SMI  algorithm  is  used. 

The  simple  adaptive  array  shown  in  Fig.  1  has  a  single 
output  signal.  However,  an  adaptive  array  need  not  be  limited 
to  one  output  signal.  One  can  obtain  multiple  output  signals 
from  the  same  set  of  elements  by  applying  multiple  sets  of 
weights  to  the  same  element  signals.  Each  set  of  weights  yields 
a  different  array  output,  representing  a  different  array  pattern, 
or  beam.  It  is  possible  to  choose  the  weights  so  each  pattern 


462 

has  its  maximum  on  a  different  incoming  packet  and  also  has 
nulls  on  all  the  other  packets.  We  shall  call  such  an  adaptive 
array  with  multiple  sets  of  weights  a  multiple-beam  adaptive 
array  (MBAA).  By  using  an  MBAA  as  the  receiving  antenna 
at  a  packet  radio  terminal,  it  is  possible  for  that  terminal  to 
receive  more  than  one  packet  successfully  at  a  time. 

An  MBAA  with  K  beams  is  essentially  K  simple  adaptive 
arrays  operating  in  parallel  with  the  same  antenna  elements. 
Each  beam  requires  a  steering  vector  chosen  for  a  different 
incoming  packet.  (The  next  section  explains  how  the  required 
steering  vectors  may  be  obtained.) 

TWo  factors  limit  the  performance  of  an  adaptive  array:  the 
number  of  degrees  of  freedom  it  has  and  its  angular  resolution. 
An  adaptive  array  with  Nt  elements  has  only  Nt  -  1  degrees 
of  freedom  in  its  pattern  (14].  Each  null  or  beam  maximum 
formed  by  the  array  requires  one  degree  of  freedom.  For 
this  application,  each  MBAA  beam  must  use  one  degree  of 
freedom  to  form  a  pattern  maximum  on  one  of  the  packets. 
Thus,  each  beam  can  null  up  to  N  =  Nt  —  2  interfering  pack¬ 
ets.  If  there  are  more  than  N  interfering  packets,  the  output 
SINK  from  the  array  will  usually  be  too  low  for  successful 
reception. 

The  resolution  capability  of  an  array  depends  primarily  on 
the  array  aperture  size  but  also  to  a  lesser  extent  on  the 
element  patterns  and  the  number  of  elements.  Array  resolution 
is  important  in  a  packet  system  because  if  the  arrival  angles 
of  an  interfering  packet  and  the  desired  packet  are  too  dose, 
the  array  cannot  simultaneously  null  the  interference  and  form 
a  pattern  maximum  on  the  desired  packet.  In  this  case,  the 
output  SINK  from  the  array  will  again  be  too  low  for  the  re¬ 
ception  of  the  desired  packet.  We  shall  characterize  the  resolu¬ 
tion  capability  of  an  adaptive  antenna  by  its  resolution  width 
0r-  We  define  0,  to  be  the  minimum  angular  separation 
between  a  desired  and  interfering  packet  at  which  the  array 
can  maintain  an  output  SINR  as  large  as  the  output  SNR  for 
a  packet  received  by  an  omnidirectional  antenna.  In  general, 
0r  is  much  less  than  the  beamwidth  between  first  nulls  of 
the  array,  because  of  the  array  gain.  Since  each  beam  in  an 
MBAA  uses  the  same  antenna  elements,  the  resolution  width 
and  the  number  of  available  adaptive  array  nulls  are  the  same 
for  each  beam. 

With  thisfrackground,  we  now  describe  the  use  of  an  MBAA 
in  a  packet  radio  network. 

III.  A  Packet  Radio- MBAA  System 

Consider  a  packet  radio  system  in  which  multiple  terminals 
aend  packets  to  a  base  station,  as  shown  in  Figs.  2  and  3. 
Assume  the  network  uses  a  slotted  ALOHA  protocol.  Each 
packet  received  at  the  base  station  is  demodulated  and  checked 
for  errors  using  an  error  detection  code  on  the  packet  If  no 
errors  are  detected,  the  packet  is  successful.  If  errors  are  found, 
the  packet  is  unsuccessful  and  is  simply  discarded.  For  each 
successful  packet,  an  acknowledgment  is  sent  from  the  base 
station  back  to  the  network.  Acknowledgments  are  done  on  a 
different  frequency  than  incoming  packets,  so  the  base  station 
and  the  terminals  can  transmit  and  receive  at  the  same  time. 
Unacknowledged  packets  are  retransmitted  after  a  delay. 
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Fig.  2.  A  single -Rap  packet  radio  network  with  a  central  base  station. 


Fig.  3.  Block  diagram  of  the  acquisition  circuitry  tor  a  single-beam  adaptive 

array. 


To  improve  the  throughput  into  the  base  station,  an  MBAA 
is  used  as  the  receiving  antenna  at  the  base  station.  The  patterns 
of  the  MBAA  beams  will  be  adapted  to  the  incoming  packets 
in  each  slot. 

The  main  problem  in  using  an  MBAA  in  a  packet  radio 
network  is  the  acquisition  problem,  i.e.,  the  problem  of  locking 
each  beam  onto  a  different  packet  while  nulling  all  other 
packets  in  the  slot.  We  use  the  following  technique  for 
acquisition. 

First,  we  add  a  special  preamble  to  the  beginning  of  each 
packet.  This  preamble  consists  of  three  periods  of  a  known 
pseudonoise  (PN)  sequence  [25].  Second,  we  make  the  width 
of  the  slot  slightly  larger  than  the  packet  width  by  an  uncer¬ 
tainty  interval  Packet  transmission  times  form  each  user  are 
then  randomized  over  this  interval  in  each  slot,  so  each  packet 
arrives  at  a  slightly  different  time. 

Packets  are  then  acquired  as  follows.  Suppose  first  that  only 
one  beam  is  to  be  formed.  The  goal  is  to  point  the  beam 
toward  the  first  packet  to  arrive  in  each  slot  with  nulls  on  any 
other  packets  in  that  slot.  For  packet  acquisition,  a  single  array 
element  with  an  omnidirectional  pattern  will  be  used  as  the 
receiving  antenna,  so  any  packet  can  access  the  system.  The 
omnidirectional  element  output  is  passed  through  a  matched 
filter,  as  shown  in  Fig.  4.  This  filter  is  matched  to  one  period 
of  the  preamble  PN  code.  At  the  filter  output,  a  timing  spike 
occurs  after  each  period  of  the  preamble  code  for  each  packet. 
The  filter  output  is  compared  to  a  threshold,  and  the  first 
threshold  crossing  in  the  riot  triggers  calculation  of  the  array 
weights  for  that  packet.  The  weights  are  calculated  over  one 
period  of  the  PN  code.  The  element  signals  x<(<)  in  Fig.  1 
are  smnpled  in  baseband  I  and  Q  samples  during  the  entire 
riot.  ♦  in  (6)  and  S  in  (7)  are  computed  over  one  period  of 
the  preamble  code  by  using  the  received  samples  and  a  stored 
replica  of  the  preamble  PN  code.  The  threshold  crossing  is 
used  to  determine  the  correct  timing  of  the  N,  samples  used 
in  (6)  and  (7).  The  weights  are  then  obtained  by  solving  (8). 
These  weights  are  used  for  the  rest  of  the  riot. 
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Fig.  4.  Block  diagram  of  a  multiple-beam  adaptive  array  and  the  acquiation 
aignal  processing. 

If  a  second  packet  arrives  in  the  same  slot,  the  first  packet 
will  still  be  received  successfully  as  long  as  the  second  packet 
arrives  at  least  one  bit  later  than  the  first  There  are  three 
reasons  why  this  is  so. 

First,  the  threshold  detection  logic  will  be  designed  so  that 
the  weight  calculation  process  begins  only  once  per  slot.1  Even 
though  later  packets  in  the  same  slot  cause  additional  timing 
spikes  at  the  matched  filter  output,  the  threshold  detector  will 
not  respond  to  these  later  spikes. 

Second,  the  length  of  the  uncertainty  interval  will  be  chosen 
just  less  than  one  period  of  the  preamble  PN  sequence. 
Consequently,  all  interfering  packets  in  a  given  slot  will  be 
present  during  the  second  period  of  the  first  packet  preamble, 
when  the  weights  are  calculated.  Thus  the  interfering  packets 
will  be  included  in  the  calculation  of  ♦.  The  presence  of 
interfering  packets  in  4  causes  the  arTay  to  null  the  interfering 
packets. 

Finally,  when  the  second  packet  is  at  least  one  bit  later  than 
the  first,  it  will  be  essentially  uncorrelated  with  the  stored 
ode  replica  r(f).  (The  cross-correlation  of  two  PN  codes  is 
small  as  long  as  they  are  displaced  at  least  one  bit  from  one 
another.)  Hence  the  second  packet  will  have  little  effect  on 
the  computed  value  of  S. 

However,  if  a  second  packet  arrives  less  than  one  bit  after 
the  first  packet,  the  calculated  value  of  S  will  be  in  error 
because  of  the  correlation  between  the  two  packets.  In  this 
case  it  is  assumed  the  array  will  lose  both  packets. 

Now  consider  packet  acquisition  for  an  MBAA  that  can 
receive  multiple  packets  per  slot  To  acquire  multiple  packets, 
the  signal  processing  in  Fig.  4  will  be  used.  Each  adaptive 
array  beam  will  have  a  separate  threshold  detector  and  weight 
calculation  module.  Hie  first  packet  in  a  slot  will  trigger 
threshold  detector  1  (TD1).  When  TD1  is  triggered,  it  will 
enable  TD2,  whose  function  is  to  acquire  the  next  packet  if 
another  one  arrives.  (TD2  will  not  operate  until  after  TD1 
has  been  triggered.)  Similarly,  TD3,  whose  job  is  to  acquire 
a  third  packet  will  be  enabled  once  TD2  is  triggered,  and  so 
on.  When  the  threshold  detector  for  each  beam  is  triggered,  a 

1  la  this  discussion  we  are  still  considering  the  esse  of  s  single-beam  array. 


separate  weight  calculation  will  be  done  to  obtain  the  weights 
for  that  beam,  in  the  same  manner  as  described  above. 

In  the  next  section,  we  analyze  the  performance  of  a  packet 
radio  system  using  this  technique. 

IV.  Performance  Analsis  for  a  K-Beam  MBAA 

In  this  section  we  model  the  operation  of  a  single-hop  slotted 
ALOHA  system  using  an  MBAA  at  the  base  station.  For  a 
finite  population  system,  we  extend  the  Markov  chain  model 
of  Namislo  [5]  to  include  the  effect  of  the  MBAA.  For  an 
infinite  population  system,  we  make  use  of  a  theorem  due  to 
Ghez  et  al  [13].  In  both  cases  the  effect  of  the  MBAA  appears 
only  through  the  success  probabilities  P,(i\j,K),  where 
P,(i  |  j,  K)  is  the  probability  that  t  packets  are  successful  in 
a  slot,  given  that  j  packets  were  transmitted  in  the  slot  and 
given  that  the  base  station  MBAA  has  K  beams.  We  begin  by 
obtaining  these  success  probabilities. 

A.  MBAA  Success  Probabilities 

To  understand  how  the  adaptive  array  affects  performance, 
it  is  necessary  to  distinguish  between  acquired  packets  and 
successful  packets.  An  acquired  packet  is  one  that  trips  the 
threshold  detector  and  causes  weight  calculations  to  begin  for 
that  packet.  Acquisition  depends  on  the  relative  arrival  times 
of  the  incoming  packets,  the  length  of  the  PN  code  in  the 
acquisition  preamble,  and  the  threshold  level.  However,  packet 
acquisition  does  not  by  itself  guarantee  successful  reception. 
For  success,  the  t  Japtive  array  must  also  be  able  to  null  other 
packets  that  arrive  in  the  same  slot.  After  a  packet  is  acquired, 
success  still  depends  on:  1)  the  arrival  angles  of  any  interfering 
packets  in  that  slot  (because  of  array  resolution),  2)  the  number 
of  available  beams  (because  a  packet  can  be  acquired  only 
when  a  beam  is  available),  and  3)  the  total  number  of  packets 
in  the  slot  (because  of  the  finite  number  of  nulls  available  in 
the  array).  Only  successful  packets  contribute  to  the  system 
throughput. 

We  assume  that  each  beam  of  the  if -beam  MBAA  can 
form  N  nulls  and  has  a  resolution  width  of  9r.  In  a  given 
slot,  we  characterize  each  packet  by  an  arrival  time  and  an 
arrival  angle.  We  assume  that  packet  arrival  times  are  random 
variables  uniformly  distributed  on  the  interval  [0,  Tu]  within 
each  slot,  where  Tu  is  length  of  the  uncertainty  interval  in 
each  slot.  We  set  Tu  =  (r  —  l)Tb,  where  r  is  the  period  of  the 
preamble  PN  code  in  bits  and  7i  is  the  bit  duration.  We  assume 
packet  arrival  angles  are  random  variables  independent  of  the 
arrival  times  and  uniformly  distributed  in  azimuth  [0, 2x]  about 
the  MBAA. 

For  the  acquisition  scheme  described  in  Section  m,  a  packet 
arriving  at  time  t\  is  acquired  if  one  of  the  beams  begins 
weight  calculation  for  that  packet  and  no  interfering  packets 
arrive  within  ±Tb  of  time  tx.  We  define  P0(l  |  j,  K)  to  be  the 
probability  that  l  packets  are  acquired  given  that  j  packets 
are  transmitted  in  the  slot  and  there  are  K  beams.  We  also 
define  P,|0(t  |/,j,  if)  to  be  the  probability  that  i  packets  are 
successful  given  that  l  packets  are  acquired,  j  packets  ate 
transmitted,  and  there  are  K  beams.  Because  each  beam  has 
N  nulls,  we  assume  that  no  acquired  packets  are  successful 
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if  j  >  N  +  1.  For  j  <  N  +  1,  an  acquired  packet  will  be 
successful  as  long  as  no  interfering  packet  arrives  from  an 
angle  within  9r  of  the  acquired  packet  arrival  angle. 

Let  P(l,  t  \j,K)  be  the  joint  probability  that  /  packets  are 
acquired  and  t  of  them  are  successful,  given  that  j  packets  are 
transmitted  in  the  slot.  Then 


P(l,i\j,K)  =  P.(l\j,K)P.[a(i\l,j,K).  (9) 


P(l,i\j,K)  is  nonzero  only  for  i  <  I,  because  a  packet  must 
first  be  acquired  before  it  can  be  successful,  and  for  l  <  K, 
since  we  can  acquire  at  most  one  packet  for  each  beam. 
Finally,  the  success  probabilities  P,(i  |  j,  K)  are  given  by 

min(>,JV) 

P„(i|;,/f)=  £  P(l,i\j,K) 

Imi 

min  (j,K) 

=  £  Pa(l\j,K)P.w{i\l,j,K),  (10) 

Imi 


since  there  cannot  be  more  acquired  or  successful  packets  than 
the  number  of  packets  transmitted.  Under  the  above  assump¬ 
tions,  the  success  probabilities  for  a  single-beam  adaptive  array 
were  found  in  [26]  to  be 


(£ 


o, 


and 


J  —  0 
2  =  1 

2<j<N  +  l 
j  >  N  +  1 


P >(0 1  j,  1)  =  1  -  P,(l  |  j,  1) . 


(11) 


(12) 


For  a  two  beam  MBAA,  the  derivation  of  the  success 
probabilities  is  straightforward  but  tedious.  Obtaining  general 
expressions  for  both  P0(l|j,2)  and  P,|0(t  |i,  j,  2)  involves 
an  induction  process  with  iterated  integrals.  Because  of  space 
limitations,  we  shall  simply  state  the  results  here.  The  complete 
derivations  of  these  results  may  be  found  in  [24].  First,  the 
two-beam  acquisition  probabilities  are  given  by 

P »(0|i, 2)  =  1  -  Pe(l  \j, 2)  -  P.(2|  j,2), 

j  =  0,1,2,-.,  (13) 


P».(l  |j,2)  = 

f°’ 

I' 


2  =  0,2 
2  =  1 


(l-^i)  ~(i~^t)  +  £Q(*l2»2),  2>  2 


(14) 


0,  3  j  <2 

P.(2|i,2)=<  j  =  2  (15) 

.  (J  "  A)'*  3  >  2 


where 


*  =  3, ...  —  1 , 


(16) 


and 


kmO 

2  >3. 


(17) 


The  P,|a(*|i,i,  2)  are  found  [24]  to  be 


^1.(1 1 1,2.2)  = 


2>1 


(18) 


P.\aV  12,2,2)  = 

fO, 


2  <2 

2  >2 

0, 

2  <2 

(1-*). 

2  =  2 

2  E  (JIa)Fr(fc, j), 

fc»l 

2  >2 

(19) 


(20) 


where  the  Fr(k,j)  are  given  by 
2  ,20, 


/Hr 

Fr(k,j)  =  /  (2^r  -  28r  -  ty-3~k<t>k  d* 


(2  *)’ 
+ 


for  k  =  1,  -  •  • ,  j  -  2.  The  two-beam  success  probabilities  can 
now  be  found  from  (10). 

In  the  numerical  results  below,  die  success  probabilities  for 
the  one  and  two-beam  cases  were  obtained  from  the  above 
expressions.  For  K  >  2,  however,  deriving  general  expres¬ 
sions  for  Pa(!  |  j,  K)  and  P,|«(»  1 1,  j,  K)  becomes  intractable. 
Instead,  we  obtained  the  success  probabilities  for  K  >  2 
from  Monte  Carlo  simulations.  For  example,  Fig.  5  shows 
the  results  of  a  Monte-Carlo  simulation  to  find  the  success 
nrobabilities  P,(i\j,2)  for  the  case  N  =  8,  9r  —  5°. 
The  figure  shows  the  estimated  success  probabilities  obtained 
from  the  Monte  Carlo  simulation  and  the  actual  success 
probabilities  computed  from  (15)— (21).  Note  the  excellent 
agreement  between  the  two. 
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Fig.  5.  Comparison  of  P,(i|  j<  2)  obtained  analytically  with  those  estimated 
from  a  Monte-Carlo  simulation.  The  MBAA  parameters  are  r  s  63, 9r  as  5°, 
A'  =  8.  The  simulation  consists  of  25  000  trails.  (Solid  line:  theory;  flashed 
line:  simulation  results.) 

B.  Finite  Population 

We  assume  a  finite  population  of  M  terminals  that  send 
packets  to  the  MBAA.  At  the  beginning  of  each  time  slot, 
each  terminal  is  either  unblocked  or  blocked,  depending  on 
whether  its  last  transmitted  packet  was  successful  or  not.  We 
assume  that  at  the  end  of  each  slot,  all  terminals  receive 
immediate  feedback  as  to  the  fate  of  their  packets.  We  also 
make  the  single  packet  buffer  assumption,  where  blocked 
terminals  are  prevented  from  generating  new  packets  until  their 
backlogged  packet  is  successfully  retransmitted.  Unblocked 
terminals  transmit  a  new  packet  with  a  probability  p„  in  each 
slot.  A  blocked  terminal  retransmits  its  backlogged  packet  with 
probability  pr  in  each  slot  until  successful,  at  which  time  it 
becomes  unblocked  again.  We  assume  that  pr  is  constant  and 
that  pr  >  pn  so  backlogged  packets  are  quickly  cleared. 

Given  the  above  assumptions,  a  sufficient  state  description 
for  the  system  at  slot  k  is  the  number  of  blocked  terminals 
Xk  at  the  beginning  of  slot  k.  Since  the  number  of  blocked 
terminals  at  the  beginning  of  slot  k  +  1  depends  only  on  the 
number  blocked  at  slot  k  and  the  number  of  successful  packets 
during  slot  k,  the  process  Xk  is  a  Markov  chain.  The  state 
space  of  this  Markov  chain  is  Ex  =  {0,  -  -  - ,  Af} ,  where  M 
is  the  number  of  terminals  in  the  network. 

Let  rit  =  itn  +  tv  be  the  number  of  packets  transmitted 
in  a  given  slot,  where  n„  is  the  number  of  new  packets 
and  nr  the  number  of  backlogged  packet,  transmitted.  Given 
that  the  system  is  in  state  i  €  Ex,  tL  number  of  blocked 
terminals  retransmitting  backlogged  packets  is  a  Bernoulli 
random  variable  with  distribution 

Qr(l  1 1)  -  Pf{nr  =  Z I  Xk  =  t)  =  ( j)p«  (1  -  Pr)*~ ‘ .  (22) 

Similarly,  n„  has  distribution 

Qn(l  I  *)  =  Pr{«n  =  f  |  A*  =  *} 

=(Mr*)p"(i"pn)M<1'  (23) 


Thus  the  total  number  of  packets  is  distributed  according  to 

t 

Qt(l  I  i)  =  Pr{m  .  i  |  X„  =  i}  =  £  Qn(,  |  i)Qr{l  -  *  |  a) 


To  find  the  transition  probabilities  of  the  Markov  chain, 
we  consider  the  operation  of  the  MBAA  and  enumerate  the 
ways  that  each  possible  transition  can  occur.  For  an  MBAA 
with  K  beams,  at  most  K  packets  can  be  successful  in  a 
slot,  so  the  state  can  decrease  by  at  most  K  terminals  in  a 
slot.  Given  that  the  system  is  in  state  t  at  the  beginning  of 
a  slot,  the  possible  system  transitions  during  the  slot  are  to 
states  j  =  *  —  min(»,  K),' •  M.  Listed  below  are  the 

ways  that  each  possible  transition  may  occur. 

•  j  <i  —  K  :  Not  possible,  since  at  most  K  packets  can 

be  successful  in  a  given  slot. 

•  j  =  i-t,  t  =  0, 1,  •  •  • ,  min(i,  K) : 

1)  n„  =  0,  nr  >  t,  and  t  packets  are  successful. 

2)  tin  =  1,  nr  >  f,  and  t  +  1  packets  are  successful. 

3)  n„  —  2,  nr  >  t ,  and  t  +  2  packets  are  successful 


4)  n„  =  K  —  t,  nr  >  t,  and  K  packets  are  successful. 

•  j  =  *  + 1,  t  =  0, 1,  •  •  • ,  M  -  »  : 

1)  n„  =  t,  fir  >  0,  and  no  packets  are  successful;  all 
new  arrivals  become  backlogged. 

2)  n„  =  t  +  1,  nr  >  0,  and  1  packet  is  successful. 

3)  rin  =  t  +  2,  rtr  >  0,  end  2  packets  are  successful. 


4)  nn  =  t  +  K,  nr>0,  and  K  packets  are  successful. 

From  the  information  above  and  the  success  probabilities, 
the  transition  probabilities  Pij  =  Pr{Xk+i  —  j  |  Xk  =  *}  can 
be  written  as 

*,;  =  <);  i  =  K  +  Af,  j  <i-  K ,  (25) 


K-t  i 

=  Y,  <?»(”*  I O  E  QrV  I  +  t\l  +  m,K ); 

m»0  1st 

t  =  !,•••,  M,  t  =  l,-",min(i,K),  (26) 


K+t  i 

Pi.i+t  =  Y  I *)  E  Qr(l  I  -t\l  +  m,K); 

mzl  1x0 

i  =  0,  --.M,  t  =  -  (27) 

We  denote  the  transition  probability  matrix  as  P  —  [/»,>]• 
This  Markov  chain  is  irreducible,  aperiodic,  and  eigodk, 
since  the  number  of  states  is  finite.  Consequently,  there  exists 
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a  limiting  probability  distribution  *  =  (x(0),w(l),  ■  •  •  ,»(M)] 
given  by  the  solution  to  the  linear  system  of  equations  [27] 

*  =  wP  (28) 

subject  to  the  constraint 

M 

(») 

imO 

Once  the  *•(*)  are  found,  we  can  determine  the  average  (long 
run)  throughput,  delay,  and  backlog  of  the  system. 

In  any  slot,  the  throughput  can  be  from  0  to  A"  packets. 
We  define  the  conditional  throughput  S(i)  to  be  the  average 
number  of  successful  packets  in  a  slot  given  that  t  terminals 
are  blocked  at  the  beginning  of  the  slot. 

K 

S(i)  =  ^  m  Pr(m  packets  are  successful  |  A-*  =  t) 

m*  1 

K  M 

=  (»> 
m=l  ism 

The  average  throughput  is  then 

M 

S  =  £>«*(»).  (31) 

i=0 

The  average  backlog  B  is  the  average  number  of  blocked 
terminals, 

M 

S  =  £«r(t).  (32) 

i»0 

The  new  packet  input  rate  in  state  i  is 

Sin(t)  =  {M  —  t)pn  .  (33) 

In  the  steady  state,  the  average  input  rate  equals  the  average 
throughput,  so 

Sin  =  Sin(5)  =5.  (34) 

We  use  Little’s  theorem  [28]  to  express  the  average  delay  D 
experienced  by  a  new  packet  as 

^  =  ^  =  (35) 

Due  to  the  single  packet  buffer  assumption,  the  delay  results 
obtained  here  are  a  lower  bound  on  the  delay  in  any  system 
with  queues  at  the  terminals.  The  quantities  S ,  B,  and  D 
will  be  used  to  compare  the  performance  of  the  system  with 
different  MBAA  capabilities. 


C.  Infinite  Population 

Ghez  et  al  [12],  [13]  have  recently  studied  the  stability  and 
control  of  a  general  multiple  capture  slotted  ALOHA  system 
with  an  infinite  population  of  users.  An  infinite  population 
slotted  ALOHA  system  is  said  to  be  stable  if  the  backlog 
Markov  chain  is  ergodic;  it  is  unstable  otherwise  [29],  [30]. 
Without  dynamic  control  of  Pr,  the  infinite  population  system 
with  an  MBAA  is  always  unstable  unless  the  number  of  nulls 
is  infinite.  However,  slotted  ALOHA  with  an  MBAA  can  be 
stabilized  in  the  same  manner  as  other  ALOHA  systems  [2]. 
Ghez  et  al.  [13]  have  proven  a  useful  theorem  that  gives  the 
maximum  achievable  throughput  under  optimal  control  of  jv 
for  a  general  multiple  capture  system.  We  state  the  theorem 
below  and  apply  it  to  our  MBAA  system.  The  resulting  curves 
(described  in  Section  V)  provide  insight  as  to  die  effects  of  the 
MBAA  parameters.  The  reader  is  referred  to  [13]  for  the  proof 
and  for  details  cm  the  control  scheme. 

Theorem  1  ([13]):  If  new  packet  arrivals  are  Poisson  dis¬ 
tributed,  the  maximum  throughput  S0  achievable  in  a  multiple 
capture  channel  with  optimal  control  is 

S0  =  sup  t(x) ,  (36) 

«>o 

where 

t(x)  =  e-‘f;  ~Cn,  (37) 

n*l 

and 

C„  =  £>P.(*|n).  (38) 

*«t 

C„  is  the  average  number  of  successes  given  that  n  packets 
are  transmitted. 

To  apply  the  above  theorem  to  the  case  of  a  A -beam 
MBAA,  we  replace  the  P,(k  |  n)  in  (38)  with  our  A -beam 
success  probabilities  P,(L  |n,  A)  from  (10).  Recall  that 
P#(k|n,A)  =  0  for  n  >  A  +  1,  so  that 

*+*  x" 

t(x)  =  e-*£  ~Cn.  (39) 

n«l 

Since  t(x)  is  nonnegative  and  continuous  with  t(0)  =  t(oc)  = 
0, 

sup  t  (x)  =  max  t(x) .  (40) 

*>o  *2° 

Thus  S„  is  given  as  the  maximum  of  (39). 

V.  Numerical  Results 

In  this  Section  we  present  typical  performance  results  for 
a  network  equipped  with  an  MBAA.  First  we  examine  a 
finite  population  of  M  =  50  terminals  using  the  results  of 
Section  IV-B. 

Fig.  6  shows  the  conditional  throughput  S(t)  as  a  function 
of  die  number  of  blocked  users  for  several  cases  when  jv  = 
0.2  and  pn  s  0.02  so  that,  on  avenge,  more  than  one  packet 
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Fig.  6.  S(i)  and  Sia(i)  tor  as  M  as  50  terminal  system  at  the  number  of 
MBAA  beams  is  increased.  p„  =  0.02,  pr  a  0.2,  AT  s  8 ,9,  =  5°,  r  s  63. 

per  slot  is  arriving  at  the  base  station.  S(i)  and  5jn(t)  (the 
load  line)  are  plotted  for  MBAA’s  with  K  =  1  to  6  beams. 
These  curves  are  for  N  ==  8  nulls  and  9r  =  5°,  corresponding 
to  a  10-element  antenna  array.  The  period  of  the  preamble 
PN  code  is  r  =  63.  Fig.  6  also  shows  the  S(t)  that  results 
for  slotted  ALOHA  without  an  adaptive  array.  It  may  be  seen 
that  the  conditional  tfc  oughput  increases  significantly  as  the 
adaptive  array  is  added  and  the  number  of  beams  is  increased. 
Conditional  throughput  levels  of  nearly  4  packets  per  slot  are 
possible  with  a  6-beam  MBAA. 

Fig.  6  also  provides  insight  into  the  stability  and  average 
performance  of  the  system.  Although  the  Markov  chain  de¬ 
scribing  the  finite  population  slotted  ALOHA  system  is  always 
ergodic,  we  can  discuss  the  stability  in  the  sense  of  [1],  [31]. 
The  finite  population  ALOHA  model  is  said  to  be  stable  if 
there  is  a  single  intersection  point  of  the  5(i)  and  Sia(i) 
curves.  Ideally,  this  intersection  point  should  occur  in  a  region 
of  high  throughput  and  low  delay.  If  there  is  one  intersection 
point  in  a  region  of  very  low  throughput  and  high  delay,  the 
system  is  said  to  be  saturated,  and  if  more  than  one  intersection 
point  exists,  the  system  operates  in  a  bistable  mode,  in  which 
case  the  average  performance  is  typically  poor.  When  there 
is  only  one  intersection  point,  the  average  performance  is 
approximated  by  the  performance  level  at  die  intersection 
point  We  see  that  without  an  adaptive  array,  performance  is 
very  poor,  with  essentially  zero  throughput  and  all  terminals 
blocked.  This  is  to  be  expected,  since  the  total  traffic  is  more 
than  one  packet  per  slot  All  the  MBAA  cases  are  'stable. 
In  general,  increasing  any  of  the  MBAA  capabilities  has  a 
stabilizing  effect  on  the  system.  As  K  is  increased  the  average 
throughput  increases  from  0.83  packets/slot  with  K  =  1  to 
0.994  packets/slot  for  K  >  3  beams. 

For  larger  K,  the  input  traffic  (Pn  and  M)  or  the  retrans¬ 
mission  probability  (pr)  can  also  be  increased  substantially 
while  still  maintaining  “stability.”  In  Fig.  6,  near  optimal 
throughput  of  Mpn  =  1.0  packets  per  slot  is  achieved  with 
only  2  beams,  and  the  performance  for  3  or  more  beams  is 
essentially  the  same  as  for  the  2-beam  case.  For  K  >  2,  we 
could  improve  the  delay  performance  slighUy  by  increasing  pr, 
but  the  average  throughput  will  not  increase  noticeably  since 


the  2-beam  throughput  is  already  very  dose  to  the  maximum. 
However,  for  K  >  2,  A/p*  is  much  less  than  the  maximum 
value  of  the  conditional  throughput,  so  there  is  room  for  the 
average  throughput  to  be  significandy  increased  by  increasing 
the  input  traffic. 

Fig.  7  shows  the  average  performance  as  a  function  of  p*. 
The  retransmission  probability  is  0.2  for  all  cases.  Fig.  7(a) 
shows  the  average  throughput.  For  low  traffic,  the  rise  in 
average  throughput  is  approximately  linear  with  p*.  In  this 
region  there  is  essentially  no  backlog  and  the  maximum 
average  throughput  of  S  =  Mpn  is  very  nearly  attained.  The 
length  of  this  linear  region  increases  with  the  number  of  beams 
until  the  total  traffic  on  average  exceeds  the  adaptive  array 
capabilities.  As  p„  increases,  more  collisions  are  destructive 
(no  captures)  due  to  either  poor  acquisition  (a  collision  in 
time),  insufficient  array  resolution  (a  collision  in  angle),  or 
not  enough  nulls  per  beam.  Thus,  the  average  throughput 
peaks  and  begins  to  decrease.  Increasing  p„  further  drives 
the  system  toward  saturation  where  nearly  all  terminals  are 
blocked. 

Fig.  7(b)  shows  D  versus  $  for  the  same  cases.  These 
curves  exhibit  the  typical  bistable  ALOHA  behavior.  Any 
throughput  less  than  the  maximum  can  be  achieved  at  a 
desirable  low  delay  point  or  at  an  undesirable  high  delay  point. 
Fig.  7(c)  shows  the  average  delay  versus  p„.  When  the  input 
traffic  is  high,  the  delay  improvement  provided  by  additional 
beams  can  be  quite  large.  The  increased  capacity  provided 
by  the  multiple  beams  reduces  the  delay  experienced  when 
the  system  is  highly  backlogged.  Fig.  7(d)  shows  the  average 
backlog. 

We  now  show  results  for  an  infinite  population  form 
Section  IV-C.  For  a  particular  choice  of  MBAA  parameters, 
we  compute  t(x)  from  (39)  and  find  its  maximum  numerically. 
This  maximum  value  is  S0.  Fig.  8  shows  S„  as  the  number 
of  beams  and  nulls  per  beam  are  increased.  Note  that  when 
N  -  0,  we  get  the  standard  stoned  ALOHA  (no  MBAA) 
maximum  throughput2  of  e-1.  Several  important  points  are 
evident.  For  a  given  number  of  beams  there  is  a  minimum 
number  of  nulls  above  which  no  further  improvement  in 
throughput  is  obtained.  As  the  number  of  beams  increases, 
one  needs  more  nulls/beam  in  order  to  attain  the  maximum  SB 
(for  that  K).  Also,  the  improvement  gained  by  adding  beams 
becomes  larger  as  the  number  of  nulls  increases,  until  the 
maximum  S0  is  attained.  However,  this  increase  in  throughput 
becomes  smaller  with  each  additional  beam. 

Fig.  9  shows  how  S0  depends  on  the  resolution  width  6r 
for  a  3-beam  adaptive  array.  As  expected,  the  maximum 
S0  increases  as  the  resolution  of  the  array  improves  (as 
Br  decreases).  More  nulls/beam  are  required  to  achieve  the 
maximum  S0  for  an  array  with  good  resolution  than  for  one 
with  poor  resolution. 

Fig.  10  shows  how  Sa  decreases  for  a  3-beam  array  as  the 
period  r  of  the  preamble  code,  and  thus  the  length  of  the 
uncertainty  interval  Tu,  decreases.  The  reduction  in  Sa  is  due 
to  the  reduced  probability  of  acquiring  packets.  In  general. 
So  drops  less  as  r  is  reduced  from  the  ideal  case  of  r  =  oo 

2  Actually,  one  should  oot  choose  N  <  K  —  1  because  then  some  beams 
will  sever  successfully  receive  a  packet 
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Fig.  8.  Maximum  throughput  5,  with  optimal  control  at  a  function  of  the 
■umber  of  nulls /beam  N  and  the  number  of  beams  K.  rs{3,frs  5°. 


Ftp.  9.  Maximum  throughput  5,  with  optimal  cootrol  at  a  function  of  the 
■umber  of  aollt/hcam  N  and  the  woohaioa  width  #r.  r  =  63,  A’  =  3  beams. 


than  when  9r  is  increased  from  the  ideal  case  of  6r  =  0°. 
Furthermore,  the  drop  in  Sa  with  either  0T  or  r  becomes  more 
severe  as  the  number  of  beams  is  increased.  In  other  words, 
very  good  acquisition  and  resolution  performance  is  necessary 
to  obtain  the  full  benefit  of  a  large  multiple  beam  capability. 
In  the  ideal  case  of  6r  =  0,  r  =  oo,  the  maximum  throughput 


approaches  if  as  AT  is  increased  for  a  if -beam  MBAA. 

It  should  also  be  noted  that  foe  maximum  throughput  in  an 
infinite  population  model  is  always  less  than  that  of  any  finite 
population  model.  However,  we  have  observed  that  foe  infinite 
population  results  closely  match  those  for  finite  population 
systems  of  M  >  20  terminals. 


r 


VI.  Conclusions 

In  this  paper  we  have  proposed  the  use  of  a  multiple- 
beam  adaptive  array  to  improve  the  performance  of  a  slotted 
ALOHA  packet  radio  network.  Each  beam  captures  a  different 
packet  by  automatically  pointing  its  maximum  at  one  packet 
in  each  slot  and  adaptively  nulling  other  packets  in  that 
slot.  We  presented  a  procedure  for  packet  acquisition  and 
analyzed  the  performance  of  a  packet  system  with  an  MBAA. 
It  was  shown  that  throughput  levels  between  2  and  4  packets 
per  slot  ate  possible  with  only  modest  MBAA  capabilities. 
Even  higher  throughputs  are  possible  with  increased  MBAA 
capabilities.  Because  this  MBAA  technique  can  be  used  with 
narrowband  packets,  it  is  an  attractive  alternative  to  spread- 
spectrum  multiple  access  techniques. 


Acknowledgment 

The  authors  gratefully  acknowledge  the  helpful  suggestions 
of  Dr.  R.L.  Hamilton. 


References 

(1]  A.  B.  Carkial  and  M.E  Heilman,  Bistable  behavior  of  ALOHA-type 
systems,”  IEEE  Traits.  Comm no.,  vo L  COM-23,  pp.  410-140,  Apr. 
1075. 

(2]  D.  Bertsckas  and  E  Gallager,  Dam  Networks,  Englewood  Cliffs,  NJ: 
Prentice- Hall,  1987. 

(3]  A.  S.  Thnenbautn,  Computer  Networks.  Englewood  Cliffs,  NJ:  Prentice- 
Hall.  1981. 

(4]  N.  Abramson,  The  throughput  of  packet  bnodcastiag  channels,"  IEEE 
Trams.  Commas.,  vol.  COM-25,  pp.  117-128,  Jin.  1977. 

(5]  C.  Naaislo,  "Analysis  of  mobile  radio  slotted  ALOHA  networks,”  ££££ 
Trams.  Vthic.  TedmoL,  vol.  VT-33,  pp.  199-204,  Aug.  1984. 

(6]  G  C.  Lee,  "Random  signal  levels  for  channel  access  in  pocket  broadcast 
networks."  IEEEJ.  Select.  Arras  Can— a,  vol.  SAC-3,  pp.  1026-1034, 
July  1987. 

(7]  B.  Raaamurthi,  A.  Saleh,  and  D.  J.  Goodman,  "Perfect-capture  ALOHA 
for  local  radio  communicaticms,"  IEEE  J.  Select  Ansae  Commute, 
vol.  SAC-5,  pp.  806-813,  June  1987. 

(8]  D.  O.  Goodman  and  A  Saleh,  “The  near/far  effect  io  local  ALOHA  radio 
communications,"  IEEE  Than a  Vtkic.  TedmoL,  vol  VT-36,  pp.  19-27, 
Feb.  1987. 

(9]  DA  Orris  sad  S.  A  Oronemeycr,  "  Performance  of  dotted  ALOHA 
raadom  access  with  delay  capture  and  randomized  tnae  of  arrival,'  IEEE 
Trams.  Comma*,  vol  COM-28,  pp.  703-710,  May  1980. 

(10)  M.B.  husky,  “The  rak  of  spread  ^ectraa  fat  packet  radio  networks,” 
hoc.  IEEE,  vol  75,  pp.  116-134,  Jen.  1987. 


(11]  J.S.  Storey  aad  F.A  Tobagi,  ‘Throughput  performance  of  an  ansiooed 
dmcueguace  SSMA  packet  radio  network,''  IEEE  Trams.  Comma*, 
vol.  37,  pp.  814-823,  Aug.  1989. 

(12]  S.  Chez,  S.  Verdu,  and  S.  C  Schwartz.  “Stability  properties  of  slotted 
ALOHA  with  multipacfcet  reception  capability,'  IEEE  Trams.  Aiutuaar. 
Comsr.,  vol.  33.  pp.  640-649,  July  1988. 

(13]  _ ,  "Optimal  decentralized  control  in  the  random  access  multipacket 

rbiaarl,"  IEEE  Trams.  Automat.  Corner.,  vol.  34,  pp.  1153-1163,  Nov. 

1989. 

(14]  ET.  Compton,  Jr.,  Adoptive  Antennas— Concepts  and  Performance. 
Englewood  Clift,  NJ:  Prcutice-Hall,  1988. 

(15]  J.  Wsrd  sad  ET.  Compton,  Jr.,  “Improving  the  performance  of  a  skated 
ALOHA  packet  radio  network  with  an  adaptive  array."  IEEE  Trans. 
Common.,  voL  40,  pp.  292-300,  Feb.  1992. 

(16]  L.  Kk  inrock.  Queueing  Systems,  voL  II:  Computer  Applications.  New 
York:  Wifcy,  1976. 

(17]  J.K.  DeRosa.  LH.  Oreww.  aad  LN.  Weiner.  “ Efficient  packet 
satellite  communications,"  IEEE  Trams.  Common.,  voL  COM-27, 
pp.  1416-1422,  Oct  1979. 

(18]  J.  Chang,  “Packet  satellite  system  with  multiuplinks  sad  priority  dis¬ 
cipline,"  IEEE  Trans.  Common.,  vol.  COM-30,  pp.  1143-1152.  May 
1962. 

(19]  — .  “A  multibeam  packet  satellite  using  random  secern  techniques.* 
IEEE  Trams.  Common.,  voL  COM-31,  pp.  1143-1152,  Oct.  1963. 

(20]  I.  Chlamtaac  and  O.  Ganz,  "Performance  of  multibeam  packet  satel¬ 
lite  systems  with  conflict  free  scheduling,”  IEEE  Trans.  Common, 
voL  COM-34,  pp.  1016-1023,  Oct.  1986. 

(21]  W.W.  Wu,  Elements  of  Digital  Satellite  Caammmicmtimt,  vol.  1. 
Rockville,  MD:  Computer  Science  Press,  1984. 

(22]  E  A.  Monziitgo  sad  T.W.  Miller,  Introdnction  of  Adoptive  Arrays. 
New  York:  Wiley.  1980. 

(23]  LS.  Reed,  J.D.  Malktt,  aad  LE  Brennan,  “Rapid  convergence  rate 
in  adaptive  arrays,"  IEEE  Trans.  Aerosp.  Electron.  SysL,  vol  AES-10, 
p.  853,  Nov.  1974. 

(24]  J.  Wud,  “Improving  the  performance  of  packet  radio  networks  with 
adaptive  arrays,”  Ph  D.  dissertation,  Ohio  State  Unk.,  Columbus,  OH, 

1990. 

(25]  EE  Zkmer  aad  EL  Peterson,  Digits!  Communications  and  Spread 
Spectrum  Systems.  New  York:  Macmillan,  1965. 

(26]  J.  Ward  aad  ET.  Compton,  Jr„  “Sidelobe  level  performance  of  adaptive 
side  lobe  canceller  arrays  with  element  reuse,”  IEEE  Ttans.  Antennas 
Pmpagat,  voL  38,  pp.  1684-1693,  Oct  1990. 

(27]  Ckiar,  Introdnction  of  Stochastic  Processes.  Englewood  Cliffs,  NJ: 
Prentice- HaU,  1975. 

(28]  J.D.G  Link,  “A  proof  for  the  t******"!  formula  l  =  Aw,”  Oper.  Ho, 
vol.  9,  pp.  383-387,  May  1961. 

(29]  G.  FayoUe,  E  Geknbe,  aad  J.  I^hetouk,  “Stability  aad  optimal  flow 
control  of  the  packet  switching  broadcast  channel."  J,  ACM,  vol.  24, 
pp.  375-386,  July  1977. 

(30]  M.  Kaplan,  “A  sufficient  condition  tot  the  aouergodocity  of  a  Markov 
chant,”  IEEE  Thoms.  Inform.  Theory,  vol  IT-25,  pp.  470-471,  July 
1979. 

(31]  L  Kkinrock  and  S.  S.  Lam,  "Packet  switching  in  a  multiaccess  broadcast 
channel:  Performance  evaluation,"  IEEE  Thant  Common,  vol.  COM- 
23.  pp.  410-422,  Apr.  1975. 


BEE  TRANSACTIONS  ON  COMMUNICATIONS.  VOL  41.  NO.  3.  MARCH  IM3 


—  Juki  Ward  (S‘M-M'91)  «u  born  is  BcUevilk. 
NJ.  oo  July  1 1. 1964.  He  received  the  BE-E  degree 
from  the  Univcnity  of  Dayton,  Dayton,  OH,  la 
1985,  and  the  M.S.E.E.  and  Ph.D.  degrees  in  elec¬ 
trical  engineering  from  The  Ohio  State  University, 
Columbus,  in  1967  and  1990,  respectively. 

From  1985  to  1990  he  worked  as  a  Graduate 
Research  Associate  at  The  Ohio  State  University 
ElectroScieoce  Laboratory.  He  is  now  a  Staff  Mem¬ 
ber  of  the  Radar  Systems  Group  at  M.l.T.  Lincoln 
Laboratory,  Lexington,  MA.  His  current  research 
interests  include  radar  signal  processing,  adaptive  antenna  systems,  and  packet 
radio  networks. 

Dr.  Ward  is  a  member  of  Tau  Beta  Pi,  Sigma  Xi,  and  Phi  Kappa  Phi. 


1  ltd  Camptaa,  Jr,  was  bom  in  St.  Louis,  MO, 
in  1935.  He  received  the  S3,  degree  from  the 
Massachusetts  Institute  of  Technology,  Cambridge, 
in  1958  and  the  M.Sc.  and  Ph.D  degrees  from  The 
Ohio  State  University,  Columbus,  m  1961  and  1964, 
respectively,  all  in  electrical  engineering. 

From  1958  to  1959  he  worked  at  DECO  Electron¬ 
ics,  Inc.  Leesburg.  VA.  and  from  1959  to  1962  he 
was  with  Battellc  Memorial  Institute  in  Columbus, 
OH.  During  1962-1965,  he  was  a  tuff  member  at 
the  Antenna  Laboratory  (now  the  Electro- Science 
Laboratory)  at  The  Ohio  State  University.  From  1965  to  1967,  he  was  an 
Assistant  Professor  of  Engineering  at  Case  Institute  of  Technology  Cleveland, 
OH.  He  spent  the  academic  year  1967-1968  as  a  Guest  Professor  at 
the  Technische  Hochschule,  Munich,  German,  la  1968  he  returned  to  the 
Department  of  Electrical  Engineering  at  Ohio  State  University,  where  he  was 
Associate  Professor  from  1968  to  1980,  Professor  from  1960  to  1991,  and 
a  member  of  the  staff  at  the  ElectroScience  Laboratory.  Since  1992.  he  has 
been  a  private  consultant.  He  has  worked  in  a  number  of  areas,  including 
antennas,  radar  communications,  signal  processing,  and  adaptive  antennas. 
He  is  the  author  o(  Adaptive  Amennas— Concepts  and  Performance  (Prentice- 
Hall,  1988).  His  recent  work  has  been  in  high  resolution  angle  and  polarization 
estimation  techniques  and  in  high  throughput  packet  radio  networks 
Dr.  Compton  is  a  member  of  Sigma  Xi  and  Pi  Mu  Epsilon.  He  has 
been  a  Battellc  Memorial  Institute  Graduate  Fellow  and  a  National  Science 
Foundation  Postdoctoral  Fellow.  He  received  the  M.  Barry  Carlton  award  from 
the  IEEE  Aerospace  and  Electronic  Systems  Society  for  best  paper  in  1983. 


IQS 


TRANSACTIONS  ON  MCROWAVE  THEORY  AND  TECHNIQUES.  VOL.4I.  NO.  A  APRIL  IMS 


A  Reciprocity  Formulation  for  the  EM  Scattering 
by  an  Obstacle  Within  a  Large  Open  Cavity 

Prabhakar  H.  Pathak,  Fellow,  IEEE,  and  Robert  J.  Burkholder,  Member,  IEEE 


Abstract — A  formulation  based  on  a  generalized  reciprocity 
theorem  b  developed  for  analyzing  the  external  high  frequency 
EM  scattering  by  a  complex  obstacle  inside  a  relatively  arbitrary 
open-ended  waveguide  cavity  when  it  is  illuminated  by  an  ex¬ 
ternal  source.  This  formulation  is  also  extended  to  include  EM 
•elds  whose  time  dependence  may  be  non-periodic.  A  significant 
advantage  of  this  formulation  is  that  it  allows  one  to  break  up  the 
analysis  into  two  independent  parts;  one  deals  with  the  waveguide 
cavity  shape  alone  and  the  other  with  the  obstacle  alone.  Thus, 
it  is  useful  for  independently  estimating  the  scattering  effects 
due  to  modifications  in  the  waveguide  cavity  shape  for  a  given 
type  of  large  complex  obstacle,  and  due  to  different  types  of 
complex  obstacles  for  a  given  type  of  large  open  waveguide  cavity 
shape,  respectively,  without  requiring  one  to  treat  the  entire 
configuration  each  time  one  of  these  is  changed.  The  external 
scattered  field  produced  by  the  obstacle  (in  the  presence  of  the 
waveguide  cavity  structure)  is  given  in  terms  of  a  generalized 
reciprocity  integral  over  a  surface  St  corresponding  to  the 
interior  waveguide  cavity  cross-section  located  conven'enUy  but 
sufficiently  dose  to  the  obstacle.  Furthermore,  the  nelds  coupled 
into  the  cavity  from  the  source  in  the  exterior  region  generally 
need  to  propagate  only  one-way  via  the  open  frjnt  end  (which  is 
directly  illuminated)  to  the  interior  surface  St  in  this  approach, 
and  not  back,  in  order  to  find  the  external  field  scattered  by  the 
obstacle. 


I.  Introduction 

A  FORMULATION  based  on  a  generalized  reciprocity 
theorem  is  developed  for  analyzing  the  high  frequency 
electromagnetic  (EM)  scattering  by  relatively  arbitrary  open- 
ended  waveguide  cavities  containing  a  large  complex  interior 
obstacle  or  termination.  An  extension  of  this  formulation 
to  include. EM  fields  with  non-periodic  or  arbitrary  time 
dependence  is  also  presented.  These  results  are  of  significant 
interest  in  scattered  field  and  EM  coupling  predictions.  An 
important  advantage  of  die  formulation  developed  here  is 
that  it  allows  one  to  independently  estimate  die  effects  on 
the  overall  cavity-obstacle  scattering  due  to  modifications  in 
the  waveguide  cavity  shape  for  a  given  interior  obstacle, 
and  due  to  different  obstacles  for  a  given  open  waveguide 
cavity  shape,  respectively,  without  having  to  analyze  the  entire 
cavity -obstacle  configuration  each  time  one  of  them  (ix.,  the 
cavity  shape  or  the  obstacle)  is  changed.  The  latter  aspect  will 
be  discussed  in  more  detail  in  a  separate  paper. 
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Fig.  1.  Original  problem  configuration. 


A  typical  geometry  of  die  general  problem  under  consid¬ 
eration  is  depicted  in  Fig.  1.  The  geometry  is  illuminated  by 
an  external  current  source  (at  P'),  and  the  observer  is  also 
assumed  to  be  in  die  external  region  (at  P).  It  is  primarily 
of  interest  in  this  study  to  be  able  to  analyze  the  external 
scattering  from  a  geometry  of  the  type  in  Fig.  1  for  cases 
where  the  open  from  end  of  the  cavity  is  directly  illuminated 
by  the  source,  and  for  observation  points  which  are  also  in 
direct  view  of  the  open  front  end,  as  shown  in  die  figure. 
Furthermore,  die  medium  surrounding  die  cavity  structure  is 
taken  to  be  free  space  and  die  external  surface  as  well  as 
the  interior  cavity  walls  are  assumed  to  be  impenetrable  (e.g. 
perfectly  conducting  walls  with  or  without  material  coating). 
St  is  an  arbitrary  surface  which  either  encloses  die  interior 
obstacle  or  partitions  die  obstade/terminarion  region  from  the 
rest  of  the  open-ended  waveguide  region  (as  in  Fig.  1),  and 
Se  is  die  surface  defined  by  the  open  back  end  of  the  cavity 
beyond  the  obstacle.  It  is  noted  that  as  a  special  case,  die  back 
end  of  the  cavity  (at  Se)  could  be  closed,  or  the  obstacle 
itself  could  form  a  termination  which  completely  closes  the 
back  mid  of  the  cavity.  Furthermore,  die  waveguide  region 
beyond  die  obstacle  could  also,  as  a  special  case,  be  made 
semi-infinite.  These  latter  special  cases  of  the  more  general 
situation  depicted  in  Kg.  1  are  discussed  in  Section  II. 

The  formulation  for  the  field  scattered  into  die  exterior 
region  by  just  die  interior  obstacle  is  based  on  a  generalized 
reciprocity  integral  which  requires  a  knowledge  of  the  fields 
on  die  surfaces  Sy  and  Se  due  to  die  illumination  from  die 
original  current  source  (at  P1)  with  die  obstacle  present,  and  it 
also  requires  a  knowledge  of  the  fields  on  Sy  and  Se  due  to  a 
conveniently  chosen  impressed  test  current  source  placed  at  the 
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observer  location  (at  P)  but  in  the  absence  of  the  obstacle  and 
with  the  original  source  turned  off.  This  reciprocity  integral 
which  exists  over  Sr  and  Se  is  shown  in  the  next  section  to 
furnish  the  held  scattered  into  the  exterior  by  die  obstacle 
in  the  presence  of  the  waveguide  cavity  structure.  Such  a 
formulation  has  the  additional  advantage  that,  in  most  cases 
of  practical  interest,  the  fields  coupled  into  the  cavity  from  the 
sources  in  the  exterior  region  need  to  propagate  only  one-way 
(in  the  forward  direction)  via  the  open  front  end  to  the  interior 
surface  Sr,  and  not  back  (in  the  reverse  direction),  in  order 
to  find  the  external  field  scattered  by  the  obstacle.  More  will 
be  said  about  this  property  later. 

The  development  of  the  generalized  reciprocity  integral  is 
given  in  Section  D,  and  Section  in  discusses  some  methods  for 
finding  the  relevant  field  quantities  which  appear  within  this 
integral.  Section  IV  presents  some  numerical  results  based  on 
this  development,  and  compares  them  with  the  corresponding 
solutions  obtained  without  the  use  of  die  generalized  reci¬ 
procity  integral  for  the  sake  of  establishing  an  independent 
check.  An  eJut  time  convention  for  the  fields  and  sources  is 
assumed  and  suppressed  for  the  periodic  or  time  harmonic 
case.  Also,  the  cavity-obstacle  configuration  is  assumed  to  be 
embedded  in  free  space. 

II.  Generalized  Reciprocity  integral  for  Time 

Harmonic  Interior  Obstacle  Scattered  fields 

Consider  the  open-ended  waveguide  cavity  configuration 
illustrated  in  Fig.  1  which  is  illuminated  by  an  external  im¬ 
pressed  electric  current  source  7(P')  and  a  magnetic  current 
source  It T(P')  at  P'.  Let  (E<.,E'C)  denote  the  (electric, 
magnetic)  fields  which  are  produced  by  these  sinusoidally 
time  varying  impressed  sources  T  (P/)  and  JT  (P1)  when  the 
cavity  structure  is  present  but  with  the  interior  obstacle  absent. 
The  T  (P')  and  M™  (P')  radiating  in  the  presence  of  the  cavity 
structure  and  the  obstacle  produce  the  fields  (E,  E)  where 


E=Ei+re 

(1) 

n=irc+irc 

(2) 

and  {El,  El)  therefore  denote  the  fields  scattered  by  just  the 
interior  obstacle  but  in  the  presence  of  the  cavity  walls.  Note 
that  the  above  fields  satisfy  the  following  Maxwell’s  Curl 

equations: 

{ v  x  E  —  -jun0E  —  7T  {P')  1 

1 V  x  E  =  T  (P') + jwe0E  ) 

(3) 

r  V  X  El  =  -jujuJf'  -  Tty*)  1 
i  v  x  E*e = 7(p/)  +ju>t^Pc  y 

(4) 

and  hence. 

(  V  x  E[  =  -jufijil  \ 

\  V  x  77c  =  jutoEl  y 

(5) 

It  is  of  primary  interest  to  find  (E?e,El)  at  any  external 
point  P  when  P  is  on  the  same  side  of  the  cavity  as  the  original 
source  at  P'.  The  fields  (E?e,E*e)  can  be  found  in  terms  of  a 
set  of  equivalent  sources  on  Sr  and  Se  (of  Fig.  1)  along  with 
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a  set  of  test  fields,  (Et,Et),  which  are  produced  by  an  electric 
current  test  source  7t(P)  at  P  that  has  the  same  frequency  as 
(T,JT)  when  it  radiates  with  the  cavity  structure  present 
but  with  the  interior  obstacle  absent,  as  illustrated  in  Fig. 
2.  The  fields  {Et,Et)  satisfy  the  following  Maxwell’s  Curl 
equations: 


f  V  x  Et  =  -junJSt  __ 
jVxff,  =  Jt(P)  +  jue0Et 


(6) 


The  fields  (7*,77‘)  can  be  related  to  the  fields  (E^/Et)  via 
the  divergence  theorem  applied  to  the  quantity  E*exHt -Et  x 
77’  within  the  volume  Vt  which  is  bounded  by  the  surfaces 
(Sr  +  Se  +  Se  +  Sg  +  E]  as  shown  in  Figs.  1  and  2.  Thus, 


J  V{TcxEt-EtxEl)dv 
v. 


/ 


(E*  xEt-Etx  E*c)  hda 


£+S,+Sf  +Sr+S* 


(7) 


where  fi  is  the  unit  normal  vector  which  points  into  the 
region  Ve.  Using  (5)  and  (6),  the  L.H.S.  of  (7)  reduces,  via  the 
radiation  and  boundary  conditions  together  with  some  vector 
algebra,  to 

J  lt{P)  ■  E*c  dv"  =  J  {El  xHt  -  Et  xjfc)  hds. 

v.  Sr+S* 

(8) 

It  is  noted  that  die  fields  satisfy  die  radiation  condition  on 
E  as  E  — ►  oo,  hence  die  integral  on  E  vanishes  in  (7).  For 
perfectly  conducting  walls,  both  n  x  E*e  as  well  asnxE, 
vanish  on  S*  +  Sa,  so  that  die  integrals  on  those  boundaries 
also  vanish  in  (7);  on  the  other  hand  if  these  walls  are  coated 
with  absorbing  layers,  then  Se  +  Sa  is  taken  to  be  on  die 
conducting  walls,  whereas,  if  die  walls  are  impenetrable  then 
Se  and  Sg  can  be  made  to  lie  just  within  die  impenetrable 
wall  of  some  thickness  (however  small),  so  dial  the  integrals 
on  St  and  5,  can  be  made  to  vanish  again  in  (7).  This  leaves 
one  with  integrals  only  over  Sj-  and  Se  on  die  R.H.S.  of 
(7),  thereby  leading  directly  to  the  expression  on  die  R.H.S. 
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of  (8).  The  result  in  (8)  constitutes  a  generalized  reciprocity 
relationship  because  (E*c,TJ*e)  and  (Et,Et)  are  evaluated 
in  different  environments,  i.e.,  (E'c,He)  are  found  with  the 
interior  obstacle  present  while  (Et,Et)  are  found  with  the 
interior  obstacle  absent.  In  contrast,  the  standard  reciprocity 
theorem  [1]  relates  a  pair  of  fields  (due  to  a  pair  of  sources) 
in  the  same  environment 

Let  the  test  current  7 t(P)  be  a  point  source  of  strength  7t; 
thus, 

7«(P)  =  7,6(f"  -  f)  (9) 

where  f  is  the  position  vector  of  the  observation  point  at  P 
and  f"  is  the  variable  of  integration  (in  Vt)  on  the  L.H.S.  of 
(8).  Now,  from  (8)  and  (9)  one  obtains, 

7t  ■  71(7)  =  f  (El  x  77t  -  Et  x  77*)  •  **  ds.  (10) 

JSt+Sc 

When  the  source  and  observer  are  in  direct  view  of  the 
open  front  end,  as  in  the  case  shown  in  Fig.  1,  then  the 
contribution  to  Ec(f)  at  P  from  the  integration  over  Se  in 
(10)  is,  in  general,  sufficiently  small  in  comparison  to  that 
from  the  integration  over  St  for  a  relatively  large  obstacle, 
as  is  assumed  to  be  the  case  here.  Therefore,  (10)  can  be 
approximated  in  this  case  by: 

7,  E*(r)at  f  (ElxEt-EtxEl)nds.  (11) 
JsT 

It  is  noted  that  (11)  is  obtained  exactly  if  the  cavity  is  closed 
at  the  end  Sjr.  or  if  the  obstacle  is  assumed  to  totally  block 
Se  from  St  One  can  also  arrive  at  (1 1)  exactly  if  the  surface 
Se  is  allowed  to  recede  to  infinity  so  that  the  open-ended 
cavity  configuration  in  Fig.  1  becomes  semi-infinite  (as  Se 
recedes  to  oc).  In  the  latter  case,  one  must  impose  a  physical 
requirement  that  there  are  only  outgoing  waves  crossing  Se 
and  no  waves  incoming  (or  reflected  back)  into  the  cavity 
from  Se  as  Se  — *  oc.  This  in  turn  implies  that  the  waveguide 
cavity  region  near  and  at  St  must  be  assumed  to  be  uniform 
(i.e.,  with  a  constant  cross  section)  if  Se  — *  oc;  one  can 
then  define  an  orthogonal  set  of  waveguide  modes  at  Se 
and  express  (Ec, Ee)  as  well  as  (Et,Tit)  in  terms  of  these 
inodes  within  the  uniform  waveguide  region.  It  follows  from 
modal  orthogonality  that  die  integral  over  Se  (as  Se  — *  oc) 
vanishes  in  (10)  for  the  latter  case  thereby  leading  to  die 
desired  result  in  (11).  On  the  other  hand,  if  the  waveguide 
cavity  is  made  lossy  (or  even  slightly  lossy)  as  Se  — ►  oc, 
then  die  integral  over  Se  in  (10)  vanishes  once  more  thereby 
leading  again  to  (11).  Furthermore,  if  it  is  assumed  that  die 
interior  reflection  of  the  waves  back  into  the  cavity  from  the 
electrically  large  open  front  aid  is  small,  then  at 

St  may  be  approximated  simply  by  the  fields  denoted  by 
(Ee,  H0)  within  the  cavity  which  are  scattered  by  the  obstacle, 
but  which  exclude  the  effects  of  all  multiple  wave  interactions 
between  the  obstacle  and  the  open  front  end.  Likewise,  one 
may  approximate  (Et,Et)  at  Sr  in  (1 1)  by  the  fields  denoted 
as  (Et9,TTt9)  which  arrive  direedy  at  St  from  7 *(P)  via  the 
open  front  end,  but  which  exclude  any  contributions  arriving 
from  7 t(P)  via  die  open  end  at  Se  in  Fig.  2  and  which  also 
exclude  any  effects  of  multiple  wave  interactions  between  the 


open  from  end  and  the  back  end  Se\  therefore,  (IT)*, 77/) 
me  found  by  tracking  the  fields  one  way  from  7»(P)  at 
P  to  5r  via  the  open  from  end.  Finally,  under  the  above 
approximations  which  are  assumed  to  hold  true,  (11)  leads  to 
the  following  desired  result  for  die  field  7‘C(P)  scattered  at  P 
by  the  interim  obstacle  when  the  cavity-obstacle  configuration 
of  Fig.  1  is  illuminated  externally  by  T (P/);  namely, 

E'C(P)  7,  *  [  (El  x  Ttt9  -  E9  x  El)  -  n  dS.  (12) 

JSt 

It  is  noted  that  the  E*(P)  on  the  L.H.S.  of  (12)  can  be  found 
via  the  R.H.S.  of  (12)  in  terms  of  (E0,E'0)  and  ( Et9,Tf, /), 
both  of  which  need  to  be  evaluated  only  over  the  interior 
surface  Sj  near  die  obstacle.  An  alternative  form  of  (12)  can 
be  expressed  as: 

Fe(P)  ■  7,  *  £  (El  x  TTt9  -  Et9  x  El)  n  dS  (13) 

where  the  integration  is  over  a  closed  surface  S0  which 
encapsulates  the  obstacle. 

HI.  On  the  Evaluation  of  (E9,Tt,9)  and 

(El,TTl)  at  ST  for  the  Time-  Harmonic  Case 

For  relatively  arbitrary  cavities  and  for  high  frequencies, 
(Et9,TEt9)  in  (12)  can  be  evaluated,  for  example,  by  the 
shooting  and  bouncing  ray  (SBR)  technique  (2)— 15),  the  Gauss¬ 
ian  beam  (GB)  shooting  method  [4],  [S]  or  the  generalized 
ray  expansion  (GRE)  technique  [5],  (6).  As  mentioned  in  the 
introduction,  the  use  of  (12)  requires  that  the  fields  from  die 
exterior  sources  at  P  and  P'  need  to  propagate  only  one-way 
via  die  open  front  end  to  Sj  and  not  back.  Furthermore,  the 
GB/GRE  methods  require  shooting  a  set  of  beams/rays  only 
once  from  the  open  front  end  since  die  launching  directions 
of  these  beams/rays  and  hence  the  propagation  paths  within 
the  cavity  are  independent  of  the  source  location  (i.e.,  whether 
die  excitation  be  at  the  original  source  at  P'  or  be  at  die 
observation  point  P  for  generating  (Et9 ,77/ ));  only  die  initial 
beam/ray  amplitudes  depend  on  the  excitation.  The  fields 
(El, El)  can  be  found  by  first  obtaining  (E9,Tt9)  at  St, 
which  are  die  fields  incident  from  die  original  source  7,(P') 
at  P'  in  the  absence  of  the  interior  cavity  obstacle:  (E9,Tt9) 
are  found  in  exactly  the  same  manner  as  (Et9,Ttt9)  and  are 
thus  based  on  the  same  assumptions  and  approximations  as 
those  required  to  find  (Et9,E\9).  It  may  be  possible  that 
the  interior  reflection  from  some  types  of  obstacles  can  be 
analyzed  using  ray  methods,  in  which  case  the  ray  fields 
(E9,  It9)  enter  the  cavity  after  being  excited  by  die  original 
source  7 j(P')  and  continue  beyond  Sj  into  the  obstacle- 
cavity  region  to  subsequently  reflect  back  from  die  obstacle 
to  St  ts  (E0.El).  In  die  event  that  an  analytical  approach 
based  on  ray  methods  either  cannot  be  used  or  does  not 
easily  lend  itself  to  find  (El, El),  it  may  be  possible  to 
employ  a  numerical  approach  to  accomplish  this  task.  Such 
a  numerical  approach  may  be  based  on  a  partial  differential 
equation  solution  of  die  wave  problem  using  the  finite  element 
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or  finite  difference  methods,  or  the  integral  equation  solution 
based  on  the  method  of  moments,  or  a  hybrid  combination  of 
both  methods  to  provide  (E*,77*)  once  (Eii,JTa)  is  given. 
In  these  numerical  methods,  it  would  be  worth  employing  the 
“Green's  function"  for  the  cavity  without  the  obstacle  in  the 
irgion  beyond  Sy  which  would  otherwise  contain  the  obstacle, 
so  that  only  the  fields  (or  currents)  induced  in/on  the  obstacle 
would  need  be  found,  because  the  presence  of  the  cavity 
wails  is  automatically  accounted  for  by  this  Green’s  function. 
Furthermore,  the  Green's  function  for  the  cavity  without 
the  obstacle  can  be  represented  locally  by  an  eigenfunction 
expansion  for  waveguide  cavities  with,  for  example,  a  circular 
cross  section  in  the  region  where  the  obstacle  would  otherwise 
be  present,  or  be  approximated  via  ray  methods  in  the  case 
of  arbitrary  cavities  for  which  modes  cannot  be  defined  in 
the  usual  manner.  If  neither  the  analytical  nor  the  numerical 
methods  can  be  employed  effectively  to  find  (E*0, 77*),  as 
may  be  the  case  for  highly  complex  and  electrically  large 
obstacles,  then  alternative  (e.g.  experimental)  methods  must 
be  employed. 

It  is  noted  that  the  (E*.7T*)  can  also  be  found,  in  principle, 
via  a  different  approach  which  employs  any  of  the  aforemen¬ 
tioned  techniques  such  as  the  ray  methods,  numerical  methods 
or  other  alternative  (e.g.  experimental)  techniques  to  develop  a 
local  Green’s  function  for  the  obstacle-cavity  region  contained 
between  St  and  Se  with  the  obstacle  present.  This  local 
obstacle-cavity  Green’s  function  would  provide  the  response 
at  St.  due  to  a  point  source  also  located  in  the  same  plane  St 
and  with  the  obstacle  present.  Such  a  Green’s  function  can 
be  constructed  approximately,  but  with  sufficient  accuracy, 
to  emphasize  only  the  local  cavity-obstacle  region  between 
St  and  Se\  it  would  then  also  furnish  the  obstacle  response 
(E’0,  //*)  at  St  due  to  an  excitation  (E*9 ,  7T9)  at  St  due  to 
the  original  source  7,  at  P' .  ’the  evaluation  of  (E,9,Tr9)  and 
(SMC)  on  St  are  totally  dependent  on  the  long  waveguide 
cavity  shape  from  the  open  front  end  (directly  illuminated  by 
7 i(P')  and  7 t(P).  respectively)  to  the  fictitious  plane  Sy; 
whereas,  the  local  cavity-obstacle  Green’s  function  alluded 
to  above  (and  which  plays  a  role  in  furnishing  (is*, 7?’)) 
depends  primarily  on  the  short  cavity  section  between  St 
and  Se  containing  the  obstacle.  Thus,  one  can  separate  the 
effects  of  the  short  obstacle  region  of  the  cavity  from  the 
rest  of  the  cavity,  and  indeed  very  effectively  ascertain  how 
a  given  obstacle  affects  a  variety  of  long  waveguide  cavity 
shapes  connected  to  the  short  part  of  the  cavity  containing 
the  obstacle,  and  vice  versa.  Yet  another  different,  but  related, 
approach  which  separates  the  analysis  of  the  shape  dependent 
cavity  region  from  the  obstacle  region  is  described  in  [7}-[9]- 


IV.  Generalized  Reciprocity  Integral  for 
Interior  Obstacle  Scattered  Fields  for 
Arbitrary  Time  Dependent  Excitation 

The  general  result  obtained  in  (8)  of  Section  II  for  sinu¬ 
soidally  time  varying  (or  time  harmonic)  fields  can  be  extended 
directly  to  fields  whose  time  dependence  is  arbitrary,  as  will  be 
shown  below.  Indeed,  a  procedure  for  extending  the  frequency 


domain  (or  time  harmonic)  form  of  a  reciprocity  theorem  as 
originally  developed  by  Lorentz  into  a  form  valid  for  fields 
with  non-periodic  time  dependence  has  been  presented  by 
Goubau  [10].  The  present  procedure  for  the  development  of 
the  time  dependent  form  of  (8)  follows  essentially  from  [10]. 
Since  (8)  represents  a  result  which  is  valid  for  all  frequencies 
(w),  it  can  be  converted  as  usual  into  the  time  domain  via  the 
inverse  Fourier  transform  defined  by 

*  f(t)  =  ±J°eF(u>)e>“tdL,  (14a) 

where  /(f)  is  an  arbitrary  time  dependent  function  synthesized 
from  the  frequency  domain  spectrum  function  F(u).  The 
F{uj)  can  be  found  from  the  direct  Fourier  transform  of  f(t) 

F(u)  =  r°  f{T)e~’uT  dT.  (14b) 

J  —  OO 

The  relationship  in  (14a)  and  (14b),  between  the  transform 
pair  /(£)  and  F{u),  is  commonly  denoted  by: 

f{t)  ~  F{u).  (14c) 

Next,  employing  the  spectral  inversion  of  (14a)  to  (8)  yields 

OO 

^ J  dv"  J  due}~,t^*(f”;u)  ■  lt(r.r"\u) 

V,  -oc 

OO 

=  Jj  ds  j  du^h-  [r‘(f;w)  x77t(r;w) 
St+Se  —  oo 

+  ^(r;W)x£t(r;W)l  ?on  (15) 
J  St+Se 

The  orders  of  integration  have  been  interchanged  in  (15).  Fol¬ 
lowing  the  notation  in  (14c).  one  may  introduce  the  necessary 
time  domain  field  quantities  via  the  relations: 


(Ida) 

h‘c(r:t)  «-.77*(r;w); 

(16b) 

et(f;t)  «-*•  £f(r;ui); 

(17a) 

ht(r:t)  *-*Jft(r,u). 

(17b) 

«7,(r,r";«). 

(18) 

At  this  juncture,  it  is  useful  to  represent  the  (E’c,Tf’c)  spectral 
(frequency  domain)  values  in  (15)  by  the  arbitrary  time  domain 
functions  (?*,  h[)  which  they  synthesize; 

OO  OO 

J  dv”  J  due iut  J  dr  e~iijrVc(r"T)  t{T  ,r"  \u) 

V«  — oo  — oo 

OO  oo 

ds  J  due?ut  J  dre~iu!Tn 

St+Se  ~oo  — oo 

•  [?*(r;r)  x  Ht(r:u) 

+  h,c{f;r)x-Et(f:u)]  7on  (19a) 

St+Ss 
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Performing  die  integration  on  w  in  (19a)  yields 

Jv  dv  J  dTVc(f  \r)  —  r) 

00 

~  If  ds  I drii  x^*(f;t-r) 

St+Ss  — oo 

+  A'(F;T)xe«(F;t-T)]  (19b) 

Sr-fS£ 

If  one  assumes  an  impulsive  behavior  for  jt  in  both  space  and 
time,  then: 

3t(f,r";  t)  =  TtS(r  -  T")  6(t).  (20) 

It  follows  from  (20)  that  jt(r,  =  Tt6(f-r)  6(t  -  t); 

incorporating  this  information  into  (19b)  yields 

OO 

0  Pi  =  JJ  ds  J  dr  h 

Sr+Sf  — oo 

•  [e*(r;r)  xSt(r;t-r) 

+  h*(r;r)  x5t(r;t-r)l  _on  (21) 
J  Sr+S£ 

The  above  result  in  (21),  which  is  in  the  time  domain,  is  the 
counterpart  of  (8)  for  the  frequency  domain.  The  L.H.S.  of 
(21)  can  be  found  via  a  time  convolution  of  the  fields  of  die 
original  arbitrarily  time  varying  source  located  at  P',  in  the 
presence  of  the  cavity  and  obstacle,  with  the  fields  of  a  time 
impulsive  point  test  source  at  P,  in  die  presence  of  the  cavity 
but  in  the  absence  of  the  obstacle.  It  is  noted  that  the  time 
convolutions  are  performed  at  each  point  in  Sj  +  Se;  these 
are  then  superposed  as  evident  from  the  integral  over  5j  +  Se 
on  the  R.H.S.  of  (21). 

If  one  makes  the  approximations  leading  from  (8)  to  (12), 
then  one  can  likewise  obtain  a  time-dependent  form  of  (12) 
using  the  same  procedure  as  above;  thus: 

OO 

(r;  t)  •  as  JJds  J  drh  •  [^(f;  r)  x  VtS(f;  t-r) 

St  — oo 

+  t  t)  x  e?(r;  t  -  t)1  (22a) 

JFonSr 
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Fig.  3.  Echo  width  versus  aspect  angle  for  a  2-D  S -shaped  open-ended  cavity 
with  a  planar  termination  found  using  the  reciprocity  integral  (RI)  with  the 
GRE  and  SBR  methods. 


V.  Numerical  Results 


Figs.  3  and  4  show  the  EM  echo  width  vs.  aspect  angle 
patterns  of  a  perfectly  conducting  2-D  S-shaped  open-ended 
waveguide  cavity  with  a  planar  interior  termination.  The  2-D 
echo  width  a  is  defined  by 


a 


lim  2tr p 
^-♦ao 


lff(70l2 
flfP  ’ 


(23) 


where 

K(*; t)  ~  T0(f; u>);  7£(F; t )  ~  H’e(r;w)  (22b) 

t)  v*  27  (r;  u);  t)  <-*  u)  (22c) 

Since  the  result  in  (12)  is  obtained  from  (8)  after  using  high 
frequency  approximations,  it  is  thus  reasonable  to  expect  that 
die  time  domain  result  for  7j(F,t)  in  (22a)  (obtained  from 
(12))  will  provide  a  useful  approximation  to  the  time  domain 
result  for  t)  in  (21)  (obtained  from  (8))  only  during  the 
early  to  intermediate  times  of  arrival  of  the  signal  ?J(F,t) 
which  is  observed  at  the  point  P.  The  quantities  on  the  right 
side  of  (22a)  may  be  found  by  transforming  the  corresponding 
frequency  domain  fields  (see  (22b)  and  (22c))  into  die  time 
domain;  alternatively,  they  could  be  found  directly  in  the  time 
domain.  The  latter  aspect  will  be  discussed  in  more  detail  in 
a  separate  paper. 


where  p  is  the  vector  to  die  far  field  observer  (at  P),2*(p)  is 
the  field  at  p  scattered  by  the  interim  termination  of  die  cavity, 
as  given  by  (12),  and  12*1  is  the  magnitude  of  die  plane  wave 
field  incident  on  die  open  front  end  (P'  is  located  at  infinity  to 
create  an  incident  plane  wave).  In  Figs.  3  and  4,  the  echo  width 
is  given  in  decibels  relative  to  a  wavelength  (DBW)  (i.e.,  as 
10  log  a  with  a  in  free  space  wavelengths),  and  the  incident 
electric  field  is  polarized  perpendicular  to  die  plane  of  die 
geometry.  It  is  noted  that  only  the  first  order  scattering  from 
the  interior  of  the  cavity  is  shown  in  these  figures.  No  external 
scattering  or  multiple  wave  interaction  effects  are  included. 

The  solid  line  in  the  plots  of  Figs.  3  and  4  is  calculated  using 
die  hybrid  asymptotic-modal  method  [4],  [5]  and  is  used  as  a 
reference  solution.  The  dashed  lines  are  solutions  based  on  the 
SBR  [2H5]  and  GRE  [5],  [6]  methods;  in  Fig.  3.  the  one-way 
tracking  procedure  of  die  generalized  reciprocity  integral  of 
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Fig.  4.  Echo  width  versus  aspect  angle  for  a  2-D  S-shaped  open-ended  cavity 
with  a  planar  termination  found  using  aperture  integration  (Al)  with  the  GRE 
and  SBR  methods. 

(12)  is  used,  and  in  Fig.  4,  the  two-way  tracking  procedure  of 
the  aperture  integration  method  is  used.  The  numerical  results 
in  Fig.  3  which  are  based  on  the  one  way  ray  tracking  that 
makes  use  of  the  reciprocity  integral  can  be  obtained  almost 
twice  as  fast  as  the  ones  in  Fig.  4  that  require  a  two-way 
tracking.  To  compute  the  generalized  reciprocity  results  of 
Fig.  3,  die  ray  fields  at  the  termination  plane  are  converted  into 
parallel  plate  waveguide  modes  and  the  orthogonality  property 
of  the  modes  is  used  to  easily  evaluate  (12).  Generally,  the  type 
of  results  in  Fig.  3  can  be  obtained  in  less  than  a  couple  of 
minutes  on,  for  example,  a  VAX  83S0  computer. 

This  method  can  also  be  employed  with  the  same  degree  of 
success  for  3-D  problems  which  are  currently  under  study;  the 
solutions  to  these  will  be  reported  later  along  with  results  for 
fields  with  non-periodic  or  arbitrary  time  dependence. 
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EM  Plane  Wave  Diffraction  by  a  Planar  Junction  of 
Two  Thin  Material  Half-Planes  -  Oblique  Incidence 
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Abetrmet — A  uniform  geometrical  theory  o t  dMfrnrtkm  (UTD) 
aotatioo  b  developed  for  analyzing  the  phenomenon  o t  high* 
frequency  diffraction  of  an  obliquely  incident  plane  wave  by  a 
two-part  thin,  planar  transparent  material  dab.  The  solution 
Is  obtained  by  appropriately  combining  two  solutions  for  the 
two  related  configurations  involving  perfectly  conducting  electric 
and  magnetic  ground  plane  bisections  of  the  original  slab.  The 
analysis  is  based  on  the  Wiener-Hopf  technique,  and  each  of  the 
grounded  material  half-planes  is  essoined  to  be  electrically  thin 
so  that  it  can  be  modeled  by  a  generalized  impedance  boundary 
condition  of  0(t),  where  t  is  the  corresponding  slab  thickness.  It 
is  shown  that  to  solve  the  boundary  value  problem  completely,  an 
additional  condition  related  to  the  field  behavior  at  the  junction 
of  the  two  material  half-planes  needs  to  be  imposed  besides  the 
boundary  and  radiation  conditions  as  well  as  the  usual  edge 
condition.  This  junction  condition  is  determined  by  matching 
an  approximate  quasi -static  solution,  which  is  developed  in  the 
proximity  of  the  discontinuity,  with  the  corresponding  external 
Wiener-Hopf  solution  in  the  common  region  of  overlap.  The 
solution  thus  obtained  automatically  satisfies  reciprocity  .  It  is 
shown  that  the  new  UTD  solution  obtained  here  reduces  to  known 
results  and  the  numerical  results  based  on  It  agree  very  well  with 
a  corresponding  independent  moment  method  solution. 


I.  Introduction 

THE  canonical  problem  to  be  studied  in  this  paper  is 
the  analysis  of  the  high-frequency  electromagnetic  (EM) 
diffraction  at  a  planar  junction  formed  by  connecting  two  thin 
dielectric/magnetic  half-planes.  The  geometrical  configuration 
pertaining  to  this  canonical  problem  is  depicted  in  Fig.  1. 
The  incident  field  is  assumed  to  be  a  plane  wave  of  arbitrary 
polarization  obliquely  incident  to  die  z  axis  with  an  angle  O' 
(0  <  O'  <  it)  as  shown  in  Fig.  1.  The  two-part  planar  material 
slab  is  composed  of  two  dissimilar,  semi-infinite  homogeneous 
and  isotropic  thin  dielectricfrnagnetic  half-planes.  One  half- 
plane  is  characterized  by  relative  permittivity  er,,  relative 
permeability  pr,,  and  thickness  f,  for  x  >  0,  and  is  connected 
to  the  other  materia]  half-plane  characterized  by 
in  the  region  x  <  0.  The  present  study  is  an  extension  of 
a  previous  investigation  [1]  for  a  normally  incident  (0*  = 
90°)  plane  wave.  Note  that  the  uniform  geometrical  theory 
of  diffraction  (UTD)  solution  for  the  two-part  transparent  slab 
problem  can  be  obtained  by  superposing  the  UTD  solutions  to 
the  two  related  problems  of  diffraction  by  perfectly  electric 
conducting  (PEC)  and  magnetic  conducting  (PMC)  ground 
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Kg.  1.  TVo-pan  dielectricrtnagnetic  slab  geometry  with  obliquely  incident 
plane  wave  eiriwtirei 

plane  bisections  of  the  original  slab.  Fig.  2  shows  the  ge¬ 
ometries  of  these  two  bisection  problems  and  bow  they  are 
equivalent  to  the  original  problem.  It  is  important  to  note  that 
in  contrast  to  the  case  of  normal  incidence  considered  in  [1], 
the  fields  Ea  and  H,  are  coupled  in  the  present  case  tod  obey 
the  symmetry  relations  depicted  in  Fig.  2. 

The  material  half-planes  in  Rigs.  1  and  2  are  assumed  to 
be  electrically  thin;  in  other  words,  the  parameters  (e, ,/tr,t) 
characterizing  each  of  die  material  half-planes  are  restricted 
so  that  one  can  approximately  replace  die  grounded  material 
half-planes  by  generalized  impedance  boundary  conditions 
(GIBC)  of  0(f)  [2]  in  a  sufficiently  accurate  manner.  By 
numerical  experimentation,  it  can  be  shown  that  when  the 
thickness,  t,  of  a  dun  dielectric/magnetic  slab  satisfies  die 
condition  Re  (y/j m£)</2  <  0.1A,  where  A  is  the  free-space 
wavelength,  the  use  of  die  GIBC  of  0{f)  to  represent  the  effect 
of  the  material  half-planes  is  quite  adequate.  The  PEC/PMC 
bisection  problems  modeled  by  the  GIBC  of  0(f)  can  be 
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plane. 


solved  by  the  Wiener-Hopf  technique  [3],  [4],  Nevertheless, 
it  is  noted  that  for  these  problems,  the  Wiener-Hopf  analysis 
alone  does  not  yield  unique  solutions  because  the  Wiener- 
Hopf-based  solution  contains  unknown  constants  even  after 
the  radiation  and  the  usual  edge  conditions  have  been  applied. 
This  nonuniqueness  arises  because  the  GIBC  does  not  model 
the  material  discontinuity  in  the  transverse  direction.  There¬ 
fore,  to  completely  solve  the  boundary  value  problems,  an 
additional  condition  is  obtained  at  the  junction  of  the  two 
material  half-planes.  This  junction  condition  is  developed  if 
the  field  in  close  proximity  to  the  junction  is  modeled  by  a 
quasi-static  solution,  which  is  matched  with  the  corresponding 
Wiener-Hopf-based  solution  expanded  in  the  common  region 
of  overlap.  The  approximate  quasi-static  analysis  was  first 
introduced  by  Leppington  [5]  and  then  used  by  Rojas  etal.  [1]. 
Unfortunately,  it  appears  that  there  are  some  errors  in  [3],  as 
discussed  in  [1].  Both  works  deal  with  the  case  of  a  normally 
incident  field.  In  this  analysis,  a  similar  quasi-static  approxi¬ 
mation  is  extended  to  cover  the  case  of  oblique  incidence.  In 
contrast  to  certain  solutions  found  in  the  literature,  where  the 
reciprocity  condition  must  be  imposed  explicitly,  the  additional 
junction  condition  developed  here  yields  a  unique  solution 
which  automatically  satisfies  reciprocity.  The  term  uniqueness 
is  used  in  this  paper  to  state  die  fact  that  the  solution  for  the 
slab  geometry  obtained  here  contains  no  unknown  constants 
provided  the  following  conditions  are  satisfied:  (1)  the  GIBC 
of  0(t)  is  an  accurate  model  for  the  thin  grounded  slabs;  (2) 
the  quasi-static  solution  is  valid  near  the  junction. 

The  high-frequency  EM  scattering  by  nonmetallic  objects 
has  been  studied  in  a  more  limited  sense  than  the  EM  scattering 
by  metallic  or  PEC  objects.  Most  earlier  studies  on  the  scatter¬ 


ing  by  nonconducting  objects  employed  impedance/tesisrive 
boundary  conditions  to  model  a  thin  dielectric  slab.  For 
instance.  Anderson  [6]  solved  the  diffraction  problem  of  a 
thin  dielectric  half-plane  by  replacing  it  with  an  equivalent 
current  sheet  (resistive  boundary  condition).  However,  in  re¬ 
cent  years,  the  GIBC  has  been  used  frequently  to  treat  material 
scatterers  such  as  a  dielectric/magnetic  half-plane  [7H 10]  and 
a  dielectric-coated  metallic  wedge  [11]  ami  half-plane  [12], 
[13].  In  particular,  boundary  conditions  similar  to  the  GIBC 
of  0(t)  developed  by  Weinstein  were  used  by  Chakrabarti 
[9]  and  Volakis  and  Senior  [10]  to  study  the  scattering  by 
a  dielectric  half-plane  for  the  case  of  normal  incidence.  Rojas 
et  aL  [7],  [8]  employed  the  GIBC  of  infinite  order  [14],  [13] 
to  investigate  the  EM  scattering  by  a  dielectric/magnetic  half¬ 
plane.  A  special  case  of  die  boundary  condition  used  in  [7], 
[8]  is  the  one  of  0(t)  originally  developed  by  Weinstein  [2]. 
Both  TM,  and  TE,  plane  wave  excitations  were  included  in 
[7],  [8]  as  well  as  the  case  of  oblique  incidence  with  respect 
to  the  axis  of  the  half-plane  [8];  however,  their  solutions 
were  obtained  by  enforcing  reciprocity  without  considering  the 
problem  of  uniqueness.  The  approach  of  imposing  reciprocity 
was  also  used  in  [13]  to  yield  the  solution  for  a  coated  half- 
plane.  Bernard  [11]  applied  a  GIBC  of  0(tn),  where  n  is 
arbitrarily  large,  to  treat  a  dielectric-coated  metallic  wedge; 
but  it  is  noted  by  Senior  [12]  that  Bernard’s  solution  violates 
reciprocity.  In  his  study  on  a  coated  half-plane  [12],  Senior 
also  explicitly  enforces  reciprocity,  and  his  final  solution 
contains  an  unknown  constant  related  to  the  value  of  the  field 
at  the  edge.  A  diffraction  problem  similar  to  the  two-part 
slab  problem  with  oblique  incidence  given  in  this  study  was 
discussed  by  Buyukaksoy  et  al.  [16];  but  their  solution,  like 
the  one  in  [10],  was  limited  to  a  pure  dielectric  where  Hr  =  1. 
A  special  case  of  the  two-part  problem  in  [16]  is  considered 
in  [17],  namely,  a  dielectric  half-plane. 

Since  the  two-part  slab  configurations  shown  in  Figs.  1  and 
2  are  two-dimensional  geometries,  all  the  fields  have  die  same 
z  dependence  as  the  incident  field.  Therefore,  all  the  field 
components  can  be  expressed  in  terms  of  E,  and  H,.  As 
mentioned  before,  instead  of  solving  the  original  boundary 
value  problem  depicted  in  Fig.  1,  the  solutions  to  the  PEC  and 
PMC  bisection  problems  depicted  in  Fig.  2  are  obtained  first 
The  configuration  with  PEC  bisection  gives  rise  to  the  field 
(EJ,  H‘)  in  the  upper  half-space  y  >  0,  while  the  one  with 
PMC  bisection  yields  the  field  (E|,  H°)  for  y  >  0,  where 

=  h-m  =  "-Mr 

(la) 

m+Mn,  h-m , 

(lb) 


Note  that  E?  and  HI  are  odd  functions  of  y,  with  E°(y  = 
0)  =  H°(y  =  0)  =  0,  whereas  EJ  and  Zf*  are  even 
functions  of  y,  with  dE%/dy |y=o  =  dH\/dy |v*o  =  0.  In 
the  following  analysis,  the  PMC  bisection  problem  involving 
( E H°x)  is  modeled  by  the  GIBC  of  0(f)  [2]  and  then 
solved  by  means  of  the  Wiener-Hopf  method  to  derive  the 
scattered  field  in  the  form  of  an  integral,  where  the  Wiener- 
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Hopf  factors  in  die  integrand  an  expressed  in  a  relatively 
simple  form  based  on  Weinstein’s  procedure  [2].  Next,  an 
additional  junction  condition  which  is  used  to  completely 
solve  the  problem  is  developed  by  matching  an  approximate 
quasi-static  solution  with  the  corresponding  external  Wiener- 
Hopf  solution.  The  complete  unique  solution  for  (£J,  H°) 
in  integral  form  is  asymptotically  evaluated  by  the  steepest 
descent  method  to  obtain  expressions  in  the  format  of  UTD. 
The  solution  to  the  field  (£J,  #*)  is  then  obtained  from  the 
result  for  (Ef,  H°)  by  employing  the  concept  of  duality. 
A  superposition  of  these  even  and  odd  fields  produces  the 
result  for  the  original  problem.  Finally,  several .  numerical 
examples  based  on  this  solution  are  presented  and  compared 
with  corresponding  moment  method  (MM)  results  [18].  It 
is  noted  that  an  e-*"*  time  dependence  for  all  the  fields  is 
assumed  and  suppressed  in  the  following  discussion. 

n.  Analysis 

The  canonical  problem  to  be  considered  is  the  PMC  bi¬ 
section  configuration  depicted  in  Fig.  2.  The  field  (Ez,  H°) 
satisfies  the  Helmholtz  differential  equation,  the  radiation  and 
edge  conditions,  and  the  GIBC  of  0(t),  which  can  be  expressed 
as  follows: 

-  cos*' J-  +  iff  of)  =  0,  *<0;  (2a) 


{a  „  sincr / d 

—  +  iff  sin  cr  -  COS2  O' — j-2-  (  ^-  +  iffaf 
oy  3  a\  \oy  a 

(sin  C  \  dEe 

0. 


where 


can  be  set  equal  to  zero.  Also,  it  is  convenient  to  express  the 
solution  for  (J5£,  Hz)  as 

v>o,  lu=[z%\<  w 

where  which  is  referred  to  as  the  unperturbed  field,  is  the 
field  that  would  exist  if  the  whole  plane  {y  =  0}  in  Fig.  2  were 
occupied  by  a  grounded  homogeneous  thin  material  slab  with 
parameters  (tr, » Pr, ,  f , /2).  Hence,  represents  the  effect 
of  the  material  discontinuity  resulting  from  the  fact  that  the 
actual  material  layer  for  {y  =  0,x  <  0}  is  characterized  by 
(«„ ,  Hr2 ,  t a  /2)  instead  of  (er, ,  Pr, ,  t ,  /2). 

Since  all  the  field  components  of  E*  and  H°  can  be 
determined  from  fllt  the  obliquely  incident  plane  wave  field 
can  be  completely  defined  in  terms  of  fjx,  namely, 

Jt  __  e~iK (z  cot  4' +y  tin  4,J)-ikx  cot  t' 


*<0;  (2b) 


K  —  K\ -{■  iKi  =  k sin 8' ,  ffi,ff2>0,  K2  ffi ; 

(3a) 

8inCi  =  ff(er,  -  ip’  (3b) 

■»  * 


a:  =  11 =  (3c) 

a  3 

•{-*<*<-^(5^-1).  (M) 


!  =  ~K’’  <3e) 

Note  that  k  is  the  free-space  wave  number,  and  K  is  tem¬ 
porarily  allowed  to  have  a  small  imaginary  part  for  purposes 
of  analysis.  Once  the  analysis  is  completed,  the  imaginary  part 


where  Eqz  and  Hqz  are  the  magnitudes  of  the  incident  fields 
£*•  and  ff®*,  respectively,  at  the  origin  (x,y,z)  =  (0,0,0); 
that  is,  Eox  -  5 Ei (0,0,0),  H0z  -  \Hlz (0,0,0),  where  E\ 
and  H’  are  incident  plane  wave  fields  in  the  original  problem 
shown  in  Fig.  1.  It  follows  from  the  definition  of  ffz  that 

ft  =  ru  +  +  t')t0x 

.  e~iK (z  cox  4' -yin  4' )-ikx  cat  I' .  (6a). 

where 

i.,  .  1  F  -cos w  sin w cos 8' 

'W' —  A(ti>)  [sinti>co6*'  cosw  ’ 

A“=[':'  K.l 

A(w)  =  cos*  8'  +  co6*  to  sin*  8\  (6c) 

«e  (sin  «/>’  -  sin  )(sin  </>'  -  sin  i/g, ) 
e*  (sin0,  +  sini>j1)(sin^'  +  sint£1)’ 

(sin  4>  —  sin  Q ) 
hl  (sin^)'  +  sinCf) 

The  next  step  is  to  solve  for  the  field  ft  by  means  of 
the  Wiener-Hopf  technique.  At  this  stage  of  analysis,  the 
factor  e~'ktctmt  is  dropped  to  simplify  the  notation,  and 
it  will  be  reintroduced  after  the  analysis  is  completed.  Note 
that  the  boundary  conditions  satisfied  by  the  field  ft  can 
be  obtained  easily  by  substituting  the  definition  of  ft  in  (4) 
and  the  solution  of  die  unperturbed  field  ft  given  in  (6a) 
into  the  GIBC  of  0(f)  given  in  (2).  Taking  the  one-sided 
Fourier  transforms,  which  were  defined  and  discussed  in  [1], 
of  the  new  set  of  boundary  conditions  fen:  ft.  one  obtains  the 
boundary  conditions  in  the  spectral  »  domain  which  couple 
£$>, 0)  and  H&(8, 0).  Here,  £&(a,y)  and  H?±(s,y)  are 
the  one-sided  Fourier  transforms  of  Ef'(x,p)  and  Hz*(x,y), 
respectively,  with  the  subscript  4-  denoting  a  function  regular 
in  the  upper  half  a  plane  defined  by  Im  a  =  r  >  r_  =  —K», 
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and  the  subscript  -  denoting  a  fuoctioo  regular  in  the  lower 
half  a  plane  r  <  r+  =  if,  cos  <j>'.  It  is  noted  that  the  GEBC  of 
0(t)  in  die  spatial  domain  becomes  uncoupled  if  it  is  expressed 
in  terms  of  die  normal  components  (y  components  in  this 
case)  of  the  fields.  Thus,  one  may  also  decouple  the  boundary 
conditions  for  die  spectral  fields  in  the  a  domain  by  introducing 
the  following  auxiliary  functions: 

=  [sZo£;i(a,y)  +  tcoad/^£^(s,y)j ,  (7a) 


Z±(a,y) 

and 


1 

/fsin^ 


icose’^ZoHZfrv) 


(7b) 


X(s,  y)  as  *+(a,y)  +  X.(a,  y) , 

Z(a,y)  as  Z+(a,y )  +  Z-(a,y) .  (7c) 

The  boundary  conditions  in  the  a  domain  can  now  be  expressed 
via  (7a)  and  (7b)  in  terms  of  the  unknown  functions  <¥±(a,0) 
and  Z±(a, 0)  instead  of  £f±(a,0)  and  ff%(a,0).  Following 
the  Wiener-Hopf  procedure  (Jones’s  method)  as  in  [1],  one 
finally  obtains  two  Wiener-Hopf  equations  which  hold  in  the 
strip  r_  <  t  <  r+  for  the  unknown  functions  X±(s,0)  and 
£±(4,0)  as  follows: 

=  iffef)^+(a,0)"D+(a)>  t-<t<t+' 


r\e  /  \  G.(r,^)G.(4,<),  , 

0«  G+(a,r^)G+(a,r£) 

-  ?Gt(,,^,)G4*.-*)Z+<*'0)  D+W ' 


r_  <  r  <  t+; 


in  which 


K 


G(a,v)  s=  G+(a,v)G_(a,t>)  =  , 


(8b) 


(9a) 


0  =  VK*  -  a* ,  Im  (/3)  >  0 ;  (9b) 

the  functions  are  defined  in  Appendix  I,  and  the  ex¬ 
pressions  for  G±(a,t>),  which  are  obtained  using  Weinstein’s 
procedure  [2],  are  summarized  in  [7]  and  are  not  repeated 
here.  The  intermediate  steps  that  lead  to  the  Wiener-Hopf 
equations  in  (8)  were  discussed  in  detail  in  [19].  Note  that 
the  functional  forms  of  D±°  are  known;  however,  it  is  seen 
from  the  expressions  of  D±°  in  Appendix  I  that  they  contain 
some  unknown  constants  related  to  the  surface  values  of  the 
fields  at  the  junction,  namely,  ££•(()*,  0),  llj"(0*t0),  and 
//"(O^O).  These  constants  arise  from  the  one-sided  Fourier 
transforms  of  die  terms  involving  derivatives  with  respect  to 
x  in  the  original  boundary  conditions. 


Equations  (8a)  and  (8b)  have  a  common  overlapping  region 
t_  <  r  <  r+  in  which  the  functions  oo  the  left-  and  right- 
hand  sides  are  regular.  Hence,  by  analytic  continuation  [3], 
[4]  the  two  sides  of  (8a)  define  an  entire  function  denoted  by 
P°(a),  and  the  two  sides  of  (8b)  define  another  entire  function, 
P*(a).  Since  the  edge  condition  allows  only  algebraic  growth 
of  the  fields  in  the  neighborhood  of  singularities  [3],  it  follows 
from  the  extended  form  of  Liouville's  theorem  [3],  [4]  that 
P°(a)  and  P*(a)  can  be  expressed  as  polynomials  determined 
from  the  behavior  rtf  (8a)  and  (8b)  as  |a|  — *  oo.  Applying 
the  edge  condition,  which  is  related  to  finite  energy  near  the 
discontinuity  and  thus  implies  that  the  components  of  the 
fields  parallel  to  the  edge  are  bounded,  one  can  expand  both 
sides  of  (8)  in  series  up  to  the  terms  of  0(a~‘)  as  |a|  — *  oo. 
Note  that  the  asymptotic  expansions  of  the  ratios  involving 
the  G±  functions  presented  in  (8)  were  given  in  [1].  Thus, 
comparing  the  coefficients  of  the  corresponding  terms  in  die 
expansions  of  both  sides  of  (8),  one  obtains  three  independent 
equations  for  die  unknown  constants  0),  #“•(()*, 0), 

and  H“(0±,0)  as  follows: 

H°/(0+,Q)  =  JC(0',0),  (10a) 


£T(0V))  =  £r(0-,0),  (10b) 


z„i/"(o-,0) = + 4) 

v  “f-“f  V  of/ 

KEf(0\0)  F,  ^  affi  -of*?  J 

of -of  J 


o*  sin  9'  l 
+  iV2x 


-  C€n 

AIT+{K  cos  <j>')  +  ~~7  , 


(10c) 


where  C*.  T+(a),  a,  and  6  are  defined  in  Appendix  I. 
The  y  components  of  the  fields  are  given  by 

Kb[E«-+-r54  m) 

Furthermore,  it  follows  from  die  asymptotic  expansions  of  (8) 
as  |a|  — »  oo  that  the  polynomial  P°(a)  is  a  constant  given  by 


P°(a) 


coeVZo  f  ff»(0+,0)  1) 

>/2x(sin Q  -sinQ)  [l  +  6f  sin2 9'  r+^rinTFj/’ 

(Ua) 


where  is  given  in  (40b);  and  P*(a)  is  a  linear  function 
of  a,  namely. 


Pe(a)  =  ms  +  n,  (lib) 


m 


(lie) 


WMIMMACT10N 


05 


75 


6E?( 0,0)  ,  aZ0{oJ/f"(0*,0)  -  aj£«( 0",0)} 


af/fainfl' 


a* (a*  -  a«) 


(lid) 


conditions  which  state  that  the  tangential  fields  are  continuous 
across  the  free  space  material  and  material-milrrial  inter¬ 
faces.  Note  that  the  a- dependent  Actor  has  bees 

•oppressed  to  simplify  the 

Following  the  same  discussion  as  in  [5]  and  [1J,  the  quasi- 
static  held  £Jt  t  j  within  the  regioo  of  interest  t,  <  p  <  if-1 
may  be  expressed  as 


Since  the  three  independent  equations  in  (10)  are  not  enough 
to  determine  the  six  unknown  constants,  some  other  con¬ 
siderations  are  needed  to  determine  the  final  three  pieces 
of  information  so  that  a  unique  solution  is  obtained  for  the 
problem  at  hand.  It  is  noted  that  the  fields  E*/  and  H°‘,  which 
are  solutions  to  the  Helmholtz  differential  equation  together 
with  the  radiation  condition  in  the  a  domain,  are  given  by 

0)e*», 

A?(s,y)  =  0)e**\  y>  0.  (12) 


Hence,  it  follows  from  (7)  and  (12)  that 

E**(s  y)  =  Ma-2(*.°)  ±  ifiy  >Q 

aa  +  ifcW*'  e  ’  V-0, 


(13a) 


o-  a*./.  ...  ....  *I-«*(a,O)  +  /Jco60'.Z(a,O))  _iBv 
Z’H-  M - - *  • 

y>0.  (13b) 


The  expressions  above  determine  the  spectral  z -component 
fields  from  X(a,  0)  and  Z(a,  0).  However,  in  both  of  (13a)  and 
(13b),  there  are  two  poles  at  a  —  ±ikco*6'  whose  residues 
introduce  nonphysical  (exponentially  growing)  fields  in  the 
spatial  domain  [20].  Therefore,  these  two  nonphysical  poles 
must  be  suppressed  by  setting  the  residues  of  £**  and  H°’  to 
zero  at  a  =  ±ik  cos  6'\  in  other  words,  two  more  independent 
equations  are  obtained  as  follows: 

±iZ(±ik  cos  81 ,0)  +  X(±ikcos9,>0)  =  0.  (14) 

At  this  point,  it  remains  to  impose  one  more  constraint 
to  completely  determine  all  the  unknown  constants  in  the 
expressions  for  A±(a,0)  and  2±(«,0);  this  in  turn  will  lead 
to  unique  solutions  for  E\‘  and  H°‘  by  means  of  (7c)  and 
(13).  The  additional  constraint,  which  may  be  called  a  junction 
condition,  is  found  in  this  study  by  following  a  procedure 
similar  to  those  used  in  [3]  and  [1],  where  an  approximate 
quasi-static  solution  for  the  total  even  field,  E\(x,y),  is 
obtained  in  the  neighborhood  of  the  junction.  Note  that  this 
quasi-static  solution  is  valid  outside  and  inside  the  material 
layers  of  the  material  coated  PMC  ground  plane  (refer  to  Fig. 
2). 


+  (15a) 


♦f  ~  £tx  +  Ctlnp,  asp/ti-*oo,  (15b) 

where  A,,  £,,  and  C,  are  constants  independent  of  *  and 
y.  In  other  words,  £J#  t  J  exhibits  logarithmic  as  well  as 
algebraic  growth  as  p/U  — *  oo.  The  key  step  in  this  section  is 
to  determine  the  relationship  between  the  logarithmic  growth 
and  the  algebraic  growth  (or  the  relationship  between  Cf  and 
£,),  which  can  be  accomplished  by  using  the  integral  form  of 
Laplace's  equation,  namely. 


where  n  is  the  outer  normal  of  a  closed  contour  L.  Applying 
(16)  inside  material  medium  1  with  the  contour  of  integration 
as  follows: 

<*  -  0,  »  =  0)  =!  (*.,  0)  (x..  \ )  “=S-  (0,  0) , 

where  x„/t,  — *  oo  and  die  labels  above  the  arrows  denote  the 
paths  of  integration,  one  obtains 


B±+  Urn 

*  2  «./t, 


r(  o.o) 

im  / 

1,-00  7  .  , 


jntirfarcg 


dE^ 

dn 


di  =  0. 


(17a) 


Integrating  along  a  similar  contour,  but  in  dielectric  medium 
2  yields  (as  xQ/t,  oo) 


+  lim 

»./«a 


im  / 
tj— »oo  J 

(0.0) 


dE*_ 


dn 


dl  =  0. 


(17b) 


Likewise,  integrating  (16)  along  the  following  contour  in  free 
space  (assuming  t j  >  t j): 


f  >“=*-(*.. 

one  obtains  (as  xe/t,  — »  oo) 

a 


u  - 1,  /<*•.«,/»)  dEi 

B,^—1L+C,X+  lim  /  -£*-dl  =  0.  (17c) 

2  «./‘,-oo  /  _  On 


(—*•.** /2) 


m.  Determination  of  Junction  Condition 

Let  Eqtm{x,y)  denote  the  total  even  z -component  quasi¬ 
static  field  outside  the  material  region.  Also,  let  E\i  (x,  y) 
and  f?J3(x,  y)  be  the  total  z -component  fields  inside  material 
medium  1  {x  >  0}  and  material  medium  2  {x  <  0}, 
respectively.  Note  that  the  superscript  q  is  used  to  denote  a 
quasi-static  field.  The  fields  A  3  satisfy  Laplace’s  equation 
in  the  region  Kp  —  K^/x2  +  y2  <  1  along  with  the  boundary 


Note  that  the  same  equation  as  in  (17c)  is  obtained  if  it  is 
assumed  that  t,  >  f,.  Tb  find  die  relationship  between  C(  and 
Bq  from  (17),  one  must  first  find  the  relationship  among  the 
derivatives  dE*ml3/dn.  It  is  noted  that  9Ejt  i  3  fdn  can  be 
expressed  in  terms  of  the  tangential  H  field  as 

^  -  Z0[-iMH  +  co.«'(^  •Mico.WIj)], 

(18a) 
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dEt 

«i  ]  _ 


L  *•*».» 


dn 


(EL* 

A  di 


+  ik  cob  O' 


•)]' 


(18b) 


where  ffj  =  I  -  a  and  I  is  the  direction  of  die 
integration  paths  along  the  interfaces.  Thus,  substituting  (18) 
into  (17)  and  applying  the  boundary  conditions  which  require 
Hi  =  Hl  t  and  dH'Jdl  =  dH'^  Jdl  at  the  material-free 
space  interface.  Hi  —  Hi  and  dH'Jdl  =  dHjt/dl  at  the 
material-material  interface,  one  obtains 

+  Mr,  Ml”  +  «?’ )  +  +  **>)  =  0,  (19.) 

-  «•»)  =  o,  (19b) 

A  ffj 


(^r1) +  + «*’)  -  + **>) = °; 

(19c) 

in  which 

$(«).<a>.(3 )--ikZ0J  Hi  di,  (20a) 

HMBtel 

^,,<a,<5)  =  Z0  J  (i*  cos  O'HJ  +  di,  (20b) 

interface 


where  g*,0,  gl*’.  and  $*'  are,  respectively,  the  integrals  along 
the  free  space-medium  1,  free  space-medium  2,  and  medium 
l-medium  2  interfaces  in  the  directions  of  -x  and  -y. 
Eliminating  in  (19)  yields 

Cq  -  Q,Bt  +  cob  O' bq2  —  0,  (21a) 


Note  that  Dqi  given  in  (2tc)  is  a  constant  because  the 
definite  integrals  evaluated  along  the  horizontal  or 

vertical  interfaces  between  the  different  media  yield  constants 
independent  of  x  and  y.  Similarly,  eliminating  in 

(19),  one  obtains 

Cq-Q,Bq  +  b,  i=0,  (22a) 


«-b(=5-=o)-  <22b> 

Dql  =  J  ~  l)?!"  +  (Mrjfr,  -  l)?!” 

+  (Mr,  «r,  ~  Mr,  «r,  )<f,5)j  •  (22c) 

Dqi  is  also  a  constant  as  a  consequence  of  being 

constants.  By  solving  £?,  and  C,  in  terms  of  Dq\  and  Dqi 


from  (21a)  and  (22a),  one  may  rewrite  the  expression  for  ♦, 
given  in  (ISb)  as  follows: 

*«  ~  pp^r-(*  +  G.lnp)-«*0'^*~(x  +  Qalnp), 
Wi”Wi  Vi  “  Vi 

as  p/t,  — »  oo . 

*  (23) 

Since  the  quasi-static  solution  is  used  only  for  matching,  no 
further  analysis  is  required. 

A  junction  condition  can  be  obtained  by  matching  the 
quasi-static  solution  developed  above  with  the  corresponding 
Wiener-Hopf  solution  within  the  region  of  overlap  t,  < 
p  <  K~l.  Note  that  the  region  i,  <  x  <  K~l  in  the 
spatial  domain  transforms  into  the  region  K  <  |s|  <  t~l 
in  the  spectral  a  domain.  Thus,  the  approximation  of  die 
even  scattered  field  £f*(x,0)  in  the  region  t,  <  x  <  K~x 
can  be  found  by  taking  the  inverse  Fourier  transform  of  the 
function  £j+(a,  0)  expanded  in  a  series  of  a  in  the  region 
K  «  |*|  <  t~x.  £"(*,0)  can  be  obtained  via  (13a),  and 

9 

it  can  then  be  decomposed  into  a  sum  of  £f+(a,0)  and 
E\‘_  (a,  0).  Without  going  over  the  details,  the  asymptotic  form 
for  £J$.(a,0)  in  the  region  K  <  |s|  <  tf 1  is  given  by 


const  ik 

Ef+{s,0)  ~  ^ 


Zo{afJ/»(0V>)  -  a,ff”(Q-,0)}c,  cos  g*  sin 


s/2rr  sin  —  sin  C* 

ik  cos  O'  y/smC^sinCa  {^(O+.O)  -  E**(0~,0)} 
v/2ir(sin  Q  -sin  ft) 

ikJq*a'Z0{H'y'(0\0)  -  B"(Q-,0)} 

>/55F(a*-oj) 


[?  +  Vto4 


co62  O’  sin  Ci  sin  ft 


C‘  of  -  a*  o«o* (sin  ft  -  sin  ft) 


(24a) 

(24b) 


The  asymptotic  expansions  of  the  ratios  involving  the  G± 
functions  in  the  region  A"  <  |s|  <  t~l  were  given  in  [1]. 
Taking  the  inverse  Fourier  transform  of*  (24a)  and  then  adding 
to  the  unperturbed  even  field£fu(x,0),  which  is  expanded  in 
Maclaurin  series  of  x  up  to  the  term  of  0(x),  one  obtains 
the  behavin’  of  the  total  even  field  £f(x,0)  (after  some 
simplification)  in  the  region  of  interesti,  <  x  <  K~l  as 


El(x,  0)  ~  constant  +  CoX 

tkv/ofafZ0{B**(0+,0)  -  Hy‘(0~,0)} 

+  .  (a; -Of) 

•  (x  +  Qi  lnx) 

tfccQeyv/sinft  sinft{£f*(0*.Q)  -  f%*(0~,0)} 
+  (sin  ft  -  sin  ft ) 

•  (*  +  (?jln*)i 


(23a) 


tXaiarHZo  f<B*(0»,0)»<Jg(0-tQ)1 


a»ab,#'  + tf*eoe*r  I 


«S-«? 


where  >{  is  defined  in  (42b)  and  Jf  J  is  the  total  normal 
field.  Comparing  (25a)  with  (15a)  and  (23),  and  noting  that 
bp  ~  In*  in  (23)  along  the  free  space-material  interface,  it  is 
seen  that  (25a)  and  (15a)  are  only  matched  when  the  coefficient 
Co  in  (25a)  is  identically  zero,  that  is, 

ltf;(0+,0)  =  l^(°-,0).  (26) 

The  condition  above,  which  is  called  the  junction  condition, 
together  with  (10)  and  (14)  determines  all  of  die  unknown 
constants,  and  complete  solutions  for  E*z‘  and  H°‘  can  now 
be  obtained  by  means  of  (8)  and  (11M13). 

IV.  UTD  Solutions 

At  this  point,  the  field  f*,  is  readily  obtained  by  taking  the 
inverse  Fourier  transform  of  (££*,  H°‘)  and  reintroducing  the 
factor  e~ikMam*'  suppressed  earlier,  namely, 

|.  _  f  EV  1 

11  [ZoH°/\ 

-  e-«*»eo«r  roc  [  $•(.,,)  1 

y/K  J-  oo[ZoHr(s,v)\ 


f  S+  (».  )t*  (*•  •'J,  )*-  (*•  )»-  (*•  •<, )  0  1 

I  0  »*(•.<*)»-(».(*  )J’ 


ACw.d';®')  -  |  q 

An  —  ab*d'coeu>co6^'  -  ooe*d',  (29c) 


An  =  -A»(co*wco»*'  +  co«*  w«)  +  (cmib  +  c<»*') 

[,  CO*  W,  ,  ,  ^/cO*VCO*4'  +CO&  Wt  ,,\1 

An— — -  +  co»*  S'  - - — - co*w-co*4>  1  , 

h(wt)  V.  fc(w«)eo»u>«  /J 


Since  one  is  interested  in  finding  a  high-frequency  UTD  solu¬ 
tion  for  ?tz  when  Kp  — »  oo  instead  of  numerically  integrating 
(27a),  it  is  convenient  to  employ  polar  transformations  to  the 
variables  in  (27a).  The  transformations  are 

a  =  —K  Coen),  0  =  K&inw,  x  =  pcoe0,  y  =  psinip. 


where  w  is  a  complex  variable.  The  field  ii.  can  then  be 
expressed  as  follows: 

P>  o,  0  <$<*;  (28a) 

where  the  integration  path  r  in  die  w  plane  is  the  same  as  the 
one  in  [1,  fig.  3].  Without  going  over  the  details,  the  spectral 
function  £i<(u’,^';d')  is  given  by 

as  C(u;)f,( w)  sin  w  - --  +  fi(to,  d')j 

v  '  '  '  coetu  +  cos^  J 

•  srn  0)C(^)fo,;  (28b) 

where  the  matrix  £  was  defined  earlier  in  (6b),  and 


S(u>,^';0')  =  cot»'N',(w,d')M(^,d'),  (29e) 

l  •')*(»#)]’ 

N(w,r)-  [t^(ll,(0')*(lw;)J’  (29° 

VW ,#>  f  W^coesyc-^AQai)  ^.,1 
1  v  '  [  fc(tt»e)co6in«  J 

(29g) 

r-wt^Wcos^  l 

*  [  h(we)  C06  We  —  C06  w  J 

in  which  V*7  are  row  vectors  and 

g±(w,v)  =s  (7±(-ico6w,v) ,  (30a) 


ft(we) 


ofg?  (”>»  <  )  +  Q*g?  (We,  («>*.»£) 

af  g  *  (We ,  «£,  )g*  (u»e .  *£,  )  -  («>e ,  K ,  )«+  ( ^  )  ’ 

(30b) 


*  »  ,  .,  /’l  +  CO60'\ 

‘*=5±",,r5F-J- 


COBWe  =s  ,  (30c) 


A(w)  and  se  are  defined  in  (6c)  and  (42b),  reflectively. 
Note  that  when  &  =  x/2,  the  matrix  B  becomes  a  zero 
matrix,  6(w)  becomes  diagonal,  and  die  spectral  function 
in  (28b)  reduces  to  the  corresponding  solution 
found  by  Rojas  et  aL  [1]  for  the  case  of  normal  incidence. 

Evaluating  (28a)  using  the  steepest  descent  method  as  in  [1] 
and  adding  the  unperturbed  field  fj*,  yields  the  total  field  Fi„ 
which  is  given  by 

r,.<f.  *,«>-[  + «r, + Hr + ft . 

0<4>,4>'  <  *•  (31) 

The  first  term,  fjr,  in  (31)  is  the  incident  field  defined  in  (5). 
The  second  tom  is  the  reflected  field  given  by 

fj,  =  £-l(w  -  *')[A>(ir  -  *  -  *')  +  A ?V{*  +  *'-  *)] 

.tfr  +  Wfo,*-*"”*"*''-**'0"'’  (32) 
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where  U  is  the  unit  step  function  and  Ai"  an  the  reflection 

i  , 

coefficient  matrices  defined  in  (6b).  The  third  term,  rff,  in 
(31)  is  the  surface  wave  field  expressed  as 

-<t>) 

(33a) 


V[,^]*^[S3JE*jJ-  (33W 

)  and  r..(wj„)  are  the  residues  of  fu  at  the  surface 
wave  poles  w‘tl  —  -i/£  and  w*tJ  =  w  + respectively, 
that  is, 

.sm0^(^)Z(^,C)6(^)Fo«; 

s  —  1.2  (33c) 

with  P*(u)Jk  ),  i  =  1,2,  being  the  residues  of  smtu4’(u;)  at 
<4*  The  last  term,  fj*,,  in  (31)  is  the  edge-diffracted  field 
given  by 

iKp-tk»cc»' 

- 7= - fttMWFo,, 

\fP 

0  <*,*'<*,  (34a) 

where  is  the  uniform  diffraction  coefficient  ma¬ 

trix  for  the  junction  of  the  two-part  material  coated  PMC 
ground  plane,  which  can  be  expressed  as 

. . e*$ 


in  which 


|^u(0, 0';  *0  +  £  f,1— F^^|;  (34b) 

t 

7i  =  sin  ^--*2  -- »  =  1,2, 3, 4, 5,  (34c) 

*»i  *  *  -  4>\  -  •£» .  i 

K  =  ~C,  «.=*  +  £,  (34d) 


f,  =  e"‘(x  -  -  A(,,,)e(x  +  4f)t  0, ,  (34e) 

fa  =*««.),  t,=U<).  (340 

•  sin  <fc)fc(*')F0.;  «•  =  4, 5  (34g) 


where  P°(v>i),  i  =  4,5,  are  the  residues  of  ain«;4(w)  at 
m-  The  functioa  F(x)  in  (34b)  is  the  well-known  transition 
function  [21]  given  by 

F{x)  =  2 iy/xe*  J°°  e'** dt,  -y  <  arg(x)  <  y 

^  (34h) 

where  the  branch  cut  for  F(x)  in  the  complex  x  plane  is  the 
positive  imaginary  axis.  Note  that  when  the  magnitude  of  x  is 
large,  F(x)  approaches  1.  Therefore,  as  Kp  — »  oo,  the  only 
nonzero  term  left  in  the  expression  for  ft  is  the  first  term, 
which  is  referred  to  as  the  far-zone  diffraction  coefficient  bri¬ 
ll  is  important  to  note  that  the  UTD  solution  obtained  above 
satisfies  the  reciprocity  property;  in  other  words,  ftz  satisfies 
the  following  condition: 

ft*- 

(35) 

The  derivation  of  the  above  symmetry  property  is  discussed 
in  Appendix  n. 

As  stated  earlier,  fa  is  only  part  of  the  solution  for  the 
canonical  diffraction  problem  of  a  two-part  material  slab 
illustrated  in  Fig.  1.  The  remaining  part  of  the  solution  is  the 
field  fiM,  which  is  defined  as 

»<*<„.  06.) 

Note  that  fiM  is  the  solution  to  the  other  half  of  the  bisection 
problems  (see  Fig.  2),  namely,  the  two-part  material  coated 
PEC  ground  plane.  Also,  fi,  is  readily  obtained  from  the 
solution  fi,  if  the  concept  of  duality  is  employed.  Thus,  the 
total  field,  fit,  of  the  PTC  bisection  problem  is  given  by 

h  «(**,*)  =  $,  +  £  +  *£'  +  &.  0  <*,*'<*,  (36b) 

where  the  reflected  field  fjz,  the  surface  wave  field  ?£",  and 
the  diffracted  field  fj1,,  respectively,  have  the  form  of  Lift, 
ftf'f,  and  tiff,,  except  that  the  off-diagonal  terms  of  all  the 
matrices  in  (32),  (33a),  and  (34a)  change  signs,  the  magnitudes 
Eot  and  Z0Hq,  are  interchanged,  and  the  parameters  enj  and 
Hrl  3  are  interchanged;  the  matrix  Li  is  defined  as  follows: 


f  _r°  ii 

Ll“[i  oj- 


The  solution  (Et,Ht)  to  the  original  problem  shown  in  Fig. 
1  is  obtained  by  superposing  die  solutions  to  the  two  bisection 
problems,  that  is, 

Et(p,4>,z)  -  Et(p,  M,  z)  +  agn(<t>)El(p,  |^|,  z), 

-x<^<x,  (37a) 

Hm(p,4>,z)  =  Hl{p,  \<j>lz)  +  sgn{4>)H^(p,  \4>\,z), 

-*  <$  <x .  (37b) 

where  sgn(^)s  1  if  ^  >  0  and  -1  if  ^  <  0.  If  one  defines 

=  £2  =  [o  \m]'  (38a) 


Uf  i 


4tt 


(37)  can  be  rewritten  a> 

O  <  Mi  0'  <  ».  (38b) 

where 

Z  =  taPr,(-^)  -  (38d) 

£  =  t2  [#"(101)  +  ^#"(101)]-  (38e) 

V.  Numerical  Results 

The  UTD  solutions  developed  in  the  previous  section  for 
the  two-part  planar  material  slab  and  the  related  geometries 
consist  of  simple  functions,  most  of  which  are  amenable 
to  numerical  computation.  The  only  functions  that  require 
a  simple  numerical  integration  are  g±(w,v).  This  simple 
integration  can  be  quickly  and  efficiently  computed  with  a 
Gaussian  quadrature.  In  Fig.  3,  the  a  component  of  the  total 
field,  which  includes  the  scattered  and  die  incident  fields,  for 
the  two-part  thin  material  slab  is  presented.  It  can  be  seen  that 
the  total  field  is  continuous  across  the  shadow  boundaries  of 
the  incident,  reflected,  and  surface  wave  fields.  Furthermore, 
it  is  noted  that  a  superposition  of  the  two  sets  of  GOBC,  which 
were  employed  to  replace  the  two  bisection  configurations  in 
this  study,  is  equivalent  to  a  “jump”  boundary  condition  being 
used  to  model  the  original  two-part  transparent  slab.  Hence, 
discontinuities  occur  at  0  =  0°,  180°,  and  360°  for  the  results 
shown  in  Fig.  3. 

To  test  the  accuracy  of  the  UTD  solutions,  the  singly  edge- 
diffracted  fields  in  the  far  zone  are  computed  for  a  thin  material 
half-plane  where  the  incident  field  is  an  obliquely  incident 
plane  wave  (O'  =  45°)  of  two  different  polarizations  (TMt 
and  TEt)  and  <f>'  is  fixed  and  equal  to  zero.  The  UTD  solutions 
are  compared  with  independent  MM  results  as  shown  in  Fig.  4, 
where  die  diffracted  fields  and  ZoHf  are  given  as  functions 
of  the  scattered  angle  0.  Note  that  the  UTD  solution  for  a 
material  half-plane  can  be  easily  derived  from  the  solution 
for  die  two-part  slab  geometry  if  one  replaces  either  material 
medium  1  or  2  with  free  space.  This  can  be  done  by  letting 
the  corresponding  cr  — »  1  and  pr  — *  1.  or  by  letting  the 
corresponding  thickness  t  — *  0  in  the  solution  obtained  in  the 
previous  section.  Note  also  that  the  MM  solution  for  a  single 
edge  was  obtained  from  a  material  strip  of  finite  width  by 
a  time-domain  isolation  technique  [22],  which  provides  good 
results  only  when  die  field  diffracted  from  the  first  edge  of  the 
strip  can  be  fairly  well  isolated  from  the  effect  of  die  second 
edge;  that  is,  when  the  scattered  angle  0  is  not  far  away  from 
0°  so  that  the  difference  between  the  path  lengths  for  die  field 
scattered  from  the  first  and  the  second  edges  is  not  small.  Since 
die  region  near  edge-on  is  the  most  critical.  Fig.  4  provides 
a  good  indication  of  the  validity  of  the  UTD  solution,  and  it 
is  seen  that  die  agreement  between  the  UTD  and  MM  results 
is  very  good. 


0  (0  B0  80  2*0  M0  *0 

0  (degree) 

<b) 


Rf.3.  Ideal  6dd  for  a  two-part  planar  materia]  lUb  excited  by  >o  obliquely 
incident  plane  wave,  (a)  TM,  polarization:  £q,  s  1.  ZqHq,  =  0.  (b)  TE, 
polarization:  Eq,  =  0.  ZqHq,  =  I. 


0  (degree)  0  (degree) 


(a)  <b) 

Hj.  4.  UTD  verms  MM  data  for  the  br  Add  diffracted  by  a  material 
balf-piaoe  (oblique  incidence),  (a)  TM,  polarization;  (b)  TE,  polariration. 

In  Fig.  3,  the  singly  edge-diffracted  fields  in  the  far  zone 
are  computed  for  a  thin  material  strip  based  on  die  newly 
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(•) 


<b) 

Fig.  S.  UTD  (without  multiple  interaction)  versus  MM  data  for  die  far  held 
diffracted  by  a  material  strip  with  <t>'  =  <t>  (oblique  incidence),  (a)  TM, 
polarization:  Eoi  =  1.  ZoHo,  =  0.  (b)  TE,  polarization:  £o<  =  0, 

ZoH0,  —  1. 

obtained  UTD  solution,  where  the  strip  width  is  7A  and  the 
scattered  angle  <t>  is  equal  to  the  incident  angle  #\  the  incident 
field  is  an  obliquely  incident  plane  wave  ( 0 '  —  45°)  of  two 
different  polarizations  (TMX  and  TEX).  The  results  computed 
from  an  independent  MM  solution  for  the  material  strip  [18] 
are  also  included  in  Fig.  5  for  comparison.  It  can  be  seen  that 
the  agreement  between  UTD  and  MM  solutions  is  excellent 
for  the  observation  aspect  away  from  grazing.  By  including 
multiply  diffracted  fields  for  a  finite  strip  as  was  done  in  [23], 
the  results  based  on  UTD  can  be  made  very  accurate  even  in 
the  region  of  grazing  incidence  or  scattering. 


Actually,  only  the  PMC  bisection  problem  is  solved  using  the 
Wiener-Hopf  technique  after  the  two-part  grounded  thin  slab 
configuration  is  modeled  by  the  GEBC  of  0(t).  By  employing 
the  duality  principle,  a  solution  to  the  PEC  bisection  problem 
is  then  obtained.  Finally,  a  superposition  erf  these  solutions 
provides  the  result  for  the  original  problem.  The  final  solutions 
are  expressed  in  the  high-frequency  UTD  forms,  which  involve 
relatively  simple  functions  amenable  to  numerical  calculations. 

The  application  of  GIBC  or  generalized  resistive  boundary 
conditions  (GRBC's)  of  0 (t)  yields  second-order  derivatives 
of  the  fields.  This  creates  difficulties  with  magnetic  dielectric 
materials  because  it  gives  rise  to  solutions  which  are  neither 
unique  nor  reciprocal  even  after  the  edge  condition  has  been 
applied.  In  this  paper,  the  problem  of  uniqueness  is  solved  by 
imposing  a  newly  developed  junction  condition  in  addition  to 
the  boundary  and  radiation  conditions  as  well  as  the  usual  edge 
condition.  This  junction  condition  is  obtained  by  matching 
an  approximate  quasi-static  solution  with  the  corresponding 
Wiener-Hopf  solution  in  their  common  domain  of  overlap  near 
the  edge  (or  junction).  The  solution  obtained  by  this  procedure 
yields  a  diffraction  coefficient  which  automatically  satisfies 
reciprocity;  such  a  useful  result  obtained  here  is  in  contrast 
to  the  results  in  some  papers  found  in  the  literature  where 
the  reciprocity  condition  has  to  be  enforced  explicitly.  Note 
that  the  reciprocity  property  is  not  as  readily  apparent  in  the 
solution  for  the  case  of  oblique  incidence  as  it  is  for  the  case 
of  normal  incidence.  Thus,  the  development  of  the  reciprocity 
condition  for  the  case  of  oblique  incidence  is  provided  in 
Appendix  n. 

The  UTD  solutions  given  in  this  paper  are  uniformly  valid 
across  the  shadow  boundaries  of  the  incident  (or  transmitted), 
reflected,  and  surface  wave  fields.  To  verify  the  accuracy  of 
the  newly  obtained  UTD  solutions,  numerical  results  based  on 
UTD  are  computed  for  some  geometrical  configurations  and 
compared  with  corresponding  results  based  on  an  independent 
MM  solution.  It  is  shown  that  the  agreement  between  the  two 
solutions  is  very  good.  Finally,  it  is  noted  that  the  solution  to 
the  two-part  problem  can  also  be  applied  to  some  special  cases 
where  either  or  both  of  the  material  half-planes  in  Fig.  1  reduce 
to  free  space,  PEC,  PMC,  or  resistive  sheets.  By  including  mul¬ 
tiple  interactions  between  die  edges  when  their  effects  on  the 
total  scattering  are  significant,  the  UTD  solutions  obtained  here 
can  even  be  extended  to  treat  inhomogeneous  thin  material 
strips  with  slowly  varying  electrical  properties  upon  replacing 
them  by  sections  of  piecewise-constant  material  properties. 


VI.  Conclusion 

A  uniform  asymptotic  solution  to  the  problem  of  high- 
frequency  diffraction  by  the  planar  junction  of  two  thin  ma¬ 
terial  (dielectric/magnetic)  half-planes  has  been  developed  in 
this  paper.  The  incident  field  is  assumed  to  be  a  plane  wave  of 
arbitrary  polarization,  obliquely  incident  to  the  axis  or  line  of 
discontinuity  in  the  otherwise  planar  two-dimensional  material 
structure.  The  two-part  transparent  slab  problem  is  not  solved 
directly;  instead,  the  solution  is  obtained  by  appropriately  com¬ 
bining  two  solutions  for  the  two  related  configurations  involv¬ 
ing  PEC  and  PMC  ground  plane  bisections  of  the  original  slab. 
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The  functions  D°(a)  and  D°_(s),  which  are  regular  in  the 
upper  half  a  plane  r  >  r_  and  the  lower  half  a  plane  r  <  r+, 
respectively,  are  given  as  follows; 


D°±{a)  =  ± 


K(sinQ  -  sin  CD 


K 


\  G±(a,  Cf )  [s~K  cos  #  +  02  +  C°'  J 


G+(Kcos#,Q)  Al  \ 
G+{Kcos#,Q)a-  Kcoe#  J'  K  1 
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where 

C°* 


coey  r[£r(04,0)-£;*(0-,0)]« 

~7to\  KanV 

+  cotyZ0[8inCr^;*(0+,0)  -  «nCa‘W"(0-,0)3 


r  H?( 0+,0)  H»( Q-,0)  ]\ 

0 1 1  +  6fsin2y  1  +  fi*sinsy.  j 


(40a) 


<  =  jr.(1  +  !!^£S),  to 

*«  >  0,  (42b) 

-  iKcoa# co6^'(aJ  -  <)Z0^ri«-oV  (42c) 

»«oJ 


-^"jcoeycoe^Urf 
°f  /  »-o 

tco6*y  5 

~TT~dy 


+  (sin  Ci  -  8in  CJ'Jsin2  9' 


(40b) 


a: 


.  [2  si 

=  ‘V" 


sin  ^'(a*  -  a‘)(K2  co6a  d'  -  *J) 


sin*  +  0*  sin  y  +  6* 


ZoHoy,  (42d) 


and  Hoy  is  the  magnitude  of  the  normal  component  of  the 
incident  field  /f*‘  at  the  origin. 
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^  (40c) 

V  it  sin^'  +  sinC? 

and  Eoy  is  the  magnitude  of  the  norma)  component  of  the 
incident  field  E™  at  the  origin.  Likewise,  D±(a)  are  given  by 


D‘±(s)  =  T±(a) 


K 


a  -  Kco&4>' 
At. 


+  Ct  +  C** 


(41a) 


Let  the  entire  tipper  half  space  {y  >  0}  of  the  PMC 
bisection  configuration  depicted  in  Fig.  2  be  enclosed  by  a 
surface  S.  The  reciprocity  theorem  in  the  most  general  integral 
form  for  the  entire  region  enclosed  by  5  is  given  by 


-jj  {Ea  xHb-Ebx  So)  ■  h'  da 
5 

=  JJJ  (Ea  ■  Jb  -  •  Mb  -  Eb  •  J.  +  Bb  ■  Ma)dv, 


(43a) 


T+(»)  =  - 


(a*  -  af)(a’  -  a\) 


(41b) 
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where  V  is  file  volume  of  the  entire  region  enclosed  by  S, 
n'  is  the  outer  normal  of  S.  J.  and  M.  are,  respectively,  the 
electric  and  magnetic  current  densities  of  sources  a  and  b;  E. 
and  #.  are,  respectively,  the  total  electric  and  magnetic  fields 
radiated  by  sources  a  and  6  in  the  presence  of  the  material 
coated  PMC  ground  plane. 

Let  source  a  be  a  line  source  consisting  of  traveling  line 
currents  with  e~iitamB'  dependence.  As  source  a  recedes  to 
infinity  (but  is  still  captured  inside  5),  die  incident  field  radi¬ 
ated  by  source  a  becomes  a  plane  wave  field  obliquely  incident 
to  the  z  axis  with  an  angle  O'  measured  from  the  +2  axis.  By 
die  law  of  diffraction,  die  diffracted  rays  emanating  from  die 
edge  (2  axis)  due  to  source  a  form  die  surface  of  a  cone 
making  die  same  cone  angle  with  die  edge  as  the  incident  ray. 
In  other  words,  the  angle  formed  between  the  diffracted  rays 
and  the  -2  axis  is  O'.  Thus,  to  check  die  reciprocity  property 
for  die  solution  of  the  total  field  which  includes  die  diffracted 
field,  one  would  like  the  second  source  (i.e.,  source  b)  to  be 
a  line  source  with  e***  “•  *  dependence  so  that  it  excites  an 
obliquely  incident  plane  wave  (as  b  recedes  to  infinity)  in  free 
space  with  an  angle  r  -  V  measured  from  die  +2  axis.  It 
follows  that 


JJJ  J.dv  =  zlle*ik,a~t‘ 


M.  dv  =  zI7'e*ikxa**  ; 
*  * 


(43b) 


where  7.,fc  and  are  die  magnitudes  of  the  corresponding 
electric  and  magnetic  currents.  Furthermore,  since  the  bound- 
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ary  condition  at  the  PMC  plane  (y  =  0)  together  with  the 
radiation  condition  (as  p  -*  oo)  force  the  left-hand  side  of 
(43a)  to  vanish,  the  reciprocity  condition  reduces  to 

=  [EM)I.  -  ,  (43c) 

where  and  j?h  denote  the  the  locations  of  sources  a  and  b, 
respectively. 

Since  both  sources  a  and  6  recede  to  infinity  to  produce 
plane  wave  incident  fields,  the  evanescent  surface  wave  fields 
vanish  at  the  locations  of  die  sources.  Furthermore,  it  is  well 
known  that  the  geometrical  optics  fields  satisfy  the  reciprocity 
condition.  Therefore,  it  remains  to  be  shown  that  the  diffracted 
fields  satisfy  condition  (43c).  Applying  (34a)  (as  p  — ♦  oo)  to 
(43c)  yields,  after  some  simplification,  the  following  symmetry 
property: 


vmi  <t>i  *-?),  (44) 

ZWU'a;0')  =  -  V) ; 

where  f>n  is  the  far  zone  diffraction  coefficient  for  the  PMC 
bisection  problem.  Thus,  to  show  that  the  UTD  solution  for  the 
PMC  bisection  problem  satisfies  reciprocity,  it  is  sufficient  to 
verify  that  (44)  holds  for  t>yi.  It  can  be  shown  from  (34a) 
and  (28b)  that  f>n  indeed  satisfies  the  condition  in  (44). 
Furthermore,  since  P„  and  T>„  are  not  changed  when  V  is 
replaced  by  w  -  O',  whereas  2>u  and  V2l  change  sign  when  V 
becomes  *■  -  O',  (44)  can  be  rewritten  as  (35).  Note  that  via 
the  duality  principle,  it  can  also  be  shown  that  the  solution  for 
the  PEC  bisection  problem  satisfies  the  reciprocity  condition. 
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Scattering  by  Thin  Wire  Loaded  with  a  Ferrite  Ring 
N.  Wang  and  L.  Peters,  Jr. 


ANMct-Wi  m  mm  Mr  at!  mi  priatnu  a  csnpltd  tattgral  agnail  wi 
Sacmnlation  and  the  method  rf  mim  iaii  (MM)  satarice  M  the  praMem 
«T  scattering  by  a  tUn  cmdncting  wire  «f  circular  eras  aadfan  with 
ferrite  landing.  It  b  proved  that  the  ferrite  landtag  am  be  mad  to  rodnee 
the  radar  ow  section  if  lug  tUn  objects  at  Ifedr  resonant  hpocj. 

I.  Introduction 

It  has  long  been  recognized  that  ferrite  beads  can  be  used  in  lieu  of 
inductive  chokes  to  prevent  unwanted  energy  from  being  coupled  into 
power  supplies.  This  same  concept  can  be  used  to  reduce  the  RCS 
of  long  thin  objects  at  their  resonant  frequency.  The  purpose  of  this 
communication  is  to  present  a  coupled  integral  equation  farmilafioc 
and  the  method  of  moments  solution  to  the  problem  of  scattering 
by  thin  conducting  wire  loaded  with  a  ferrite  ring.  The  reduction  of 
RCS  of  long  thin  objects  by  ferrite  fending  is  demonstrated  in  this 
communication  by  the  numerical  results. 

D.  Analysis 

Consider  a  dun  conductor  (wire)  iOuminated  by  an  incoming  plane 
wave.  A  ferrite  ring  with  permeability  fir  is  placed  concentrically 
at  the  center  of  the  wife.  The  geometry  of  the  problem  is  shown 
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in  Fig.  1.  The  thin  wire  has  a  radius  a  and  a  finite  length  1.  The 
crass-sectional  area  of  the  ferrite  ring  is  equal  to  ire*. 

It  is  assumed  that  the  wire  is  electrically  thin  such  that  only  an 
axial  cutrent,  is  induced  on  die  wire  and  Jz  has  no  circumferential 
variation.  It  is  also  assumed  that  the  area  *c*  is  small  enough  that 
the  induced  magnetic  field  intensity.  H*,  inside  the  ferrite  ring  is 
uniform  and  circumferentially  orientated.  A  coupled  integral  equation 
for  the  unknown  axial  current,  and  circumferential  magnetic  field 
intensity,  E0,  is  formulated  below. 

Employing  the  well-established  dtin-wiie  theory  developed  by 
Richmond  [1],  the  following  equation  along  the  axis  of  the  thin  wire 
is  obtained: 

£!(/«) +  F.:(J1^)  =  -F,.  (1) 

Here  £!(/,)  and  ase  the  free-spare  fields  generated  by 

the  induced  electric  current,  JM,  and  the  equivalent  magnetic  current 
source,  A&q,  respectively.  F  is  the  incident  electric  field  and 

S  4>juflo(jlr  - 1  )B*.  (2) 

In  the  above  equation,  2T«  is  the  unknown  constant  magnetic  field 
intensity  inside  the  ferrite  ring,  and  iL,  is  confined  by  the  ferrite 
mtipriil 

A  second  equation  for  I,  and  H*  can  be  obtained  by  noting  that  the 
total  magnetic  field  intensity,  E+,  inside  the  finite  ring  is  given  by 

e0  =  e;+ e;(i.) + p> 

In  this  equation  E^  is  die  incident  magnetic  field.  JTJ(J.)  and 
E^(M^)  are  the  free-tpece  fields  generated  by  /<  and  M*,  respec¬ 
tively. 
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Fig.  Z  RCS  of  a  half-wavelength  dipole  with  a  ferrite  bead  placed  at  shown. 

A  solution  to  the  coupled  equations  (1)  and  (3)  using  the  methods 
of  moments  is  outlined  below. 

The  induced  electric  current,  along  the  this  wire  is  expanded  as 


I.(x)  = 
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Fig.  4.  RCS  of  a  wavelength-tong  dipole  loaded  with  a  ferrite  heal 


where  In  are  unknown  constants  and  Fn(x)  are  the  piecewise-  ««-4-  <*  »  wavelength-tong  dipole  loaded  wsh  a  tame  bead, 

sinusoidal  expansion  functions  discussed  by  Richmond  [1], 

The  induced  magnetic  field,  S4,  inside  die  fenite  ring  is  repre-  Substituting  (4)  and  (5)  into  (6)  and  (7).  die  following  set  of  N  + 1 
tented  by  a  constant  tenn:  equations  can  be  obtained: 

«  In+xPM,  (5)  w 

where  /jv+i  is  die  unknown  coefficient  and  P(0)  is  constant  pulse  iL7"2""*  +In+iZm,N+i  =  Vm,  m  *  1, (8a) 

functioo  with  unit  amplitude  in  the  interval  0  <  d>  <  2*.  Performing 

the  Galeritin  test  on  (1)  and  (3),  ooe  obtains  the  following  equations:  n 

£/.*».,. +W.W.«=W  (ft) 

/  4  Zm„  is  the  usual  mutual  impedance  between  two  sinusoidal  dipoles 

Fm(X)E(x)dx  (6)  mnA 

ft*  ftw  Zm,N+i  =  jw/io(Mr  -  l)xc*2w62T7>  (9) 

/  =  /  pwnibi*.  <n 

Jo  Jo  wbere  6  «  o  +  c. 


HJ*  is  the  magnetic  held  intensity  reising  from  the  electric  correct 
source  Fm(z),  evaluated  at  the  center  of  the  ferrite  ring.  Note  that 
the  reciprocity  theorem  hat  been  employed  for  rite  second  term 
on  the  left-hand  side  of  (8)  to  obtain  the  expression  for  Zm,N+i. 
Expression s  for  Zjv+i ,»  and  Z*+i.n+i  given  below: 

ZN+i,n  - -2*bH2  (10) 

and 

Zn+i,  n+i  *  2»b{l  +  we* —  l)*oo/»Jo]>  (11) 

where  zoo  is  the  neroth-order  generalized  impedance  for  die  areolar 
electric  wire  loop  [2],  and  qo  is  the  intrinsic  impedance  of  free  speoe. 

The  matrix  equation  (8)  can  be  readily  solved  for  the  unknowns/*, 
end  foe  fer-mne  scattered  held  can  be  easily  obtained  Note  that  foe 


contribution  to  foe  scattered  field  from  foe  femte  ring  is  insignificant 
and  is  ignored  in  the  calculation  In  foe  next  section  numerical  results 
for  foe  scatter  fields  arising  from  ferrite-loaded  thin  wire  will  be 


m.  Numerical  Results  and  Discussions 

In  this  section  we  present  numerical  results  for  the  plane  wave 
scanning  by  a  straight  piece  of  thin  wire.  The  ferrite  ring  is  placed 
at  foe  center  of  foe  wire.  The  results  are  obtained  for  a  normally 
incident  plane  wave  with  foe  incident  electric  held  F  parallel  to 
foe  wire.  Fig.  2  presents  foe  broadside  radar  cross  section  (RCS)  of 
a  0.46A  long  thin  wire  as  a  function  of  foe  permeability,  fir,  for 
foe  fertile  ring.  It  can  be  seen  that  as  |tr  increases  the  RCS  of  the 
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mukt  baaed  oa  thin  wire  with  a  lamped  load  (jXi)  m  the  ceater 
«  also  obtained.  The  results  for  the  inductive  load  are  tfaowo  ia  Fig. 
3.  It  is  aeea  that  the  inductive  loading  baa  a  similar  effect  of  RCS 
mduetioa  as  that  due  to  the  fertile  ring.  However,  the  team  bead  is 
inserted  oo  the  wire  whereas  the  inductive  load  must  be  inserted  ia 
aeries,  making  it  necessary  to  cut  the  wire.  Figs.  4  and  5  present  the 
RCS  corves  for  a  one- wavelength- long  thin  wire.  It  is  interesting  to 
observe  that  as  the  Mr  or  XL  is  increased,  the  RCS  of  the  A-locg 
dipole  approaches  that  of  two  A/2-loog  dipoles. 

This  frequency  dependence  of  ferrites  may  prove  to  be  useful.  It 
may  be  possible  to  design  die  material  so  that  it  is  effective  at  the 
design  frequency  but  not  effective  for  frequencies  much  higher  than 
the  design  frequency. 

The  effect  due  to  the  cross  section  area  of  the  ferrite  ring  on  the 
RCS  of  a  thin  wire  is  alto  investigated.  The  results  for  the  esse  of 
s  0.025  x  0.46A  wire  are  shown  in  Fig.  6.  Note  that,  in  Fig.  6,  as 
the  radar  cross  section  area  of  the  ferrite  ring  is  decreased  from  a 
radius  of  1(T*A  to  10“*A  the  effect  of  the  ferrite-ring  oo  the  RCS 
of  the  loaded  wire  is  gradually  <timini«h«H  Fig.  7  gives  the  radar 
cross  section  when  the  radius  of  the  wire  is  increased  from  0.025A 


to  0.05  A.  Note  dm  dm  effectiveness  of  dm  bead  has  improved  with 
this  increase  in  radius  (or  for  the  finer  dipole). 

it  might  bt  assumed  that  the  RCS  reduction  introduced  by  the 
presence  of  the  tone  bend  would  he  fttqntstcy  dependent  As  may 
be  seen  in  Hg.  ft.  this  is  a  brondho nri  phenomenon  and  the  RCS 
reduction  is  for  about  s  4:1  hmvtwirtrti  ft  should  also  be 

possible  to  extend  the  bandwidth  by  use  of  multiple  beads. 

IV.  Summary  am)  Discussion 

This  paper  has  presented  s  coupled  integral  ^q"—*"**  and 
of  moments  (MM)  solution  to  the  problem  of  scattering  by  s  thin 
conducting  wire  of  circular  croes  section  with  ferrite  loading.  It  has 
been  shown  that  the  ferrite  loading  can  be  used  to  reduce  the  radar 
cross  section  of  long  thin  objects  at  their  resonant  frequency. 
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The  electromagnetic  diffraction  of  a  plane  wave  (tnnavene  electric  case)  by  a  two-part  material 
coated  perfectly  conducting  ground  plane  and  a  material-coated  perfectly  conducting  half  plane  it 
studied  using  the  Maliuzhinets  method.  Each  of  the  coatings  is  assumed  to  be  electrically  thin  so  that 
it  can  be  replaced  in  the  analysis  by  a  generalized  impedance  boundary  condition  of  0(f),  where  I  is 
the  corresponding  coating  thickness.  To  solve  each  of  the  boundary  value  problems  completely,  one 
needs  to  impose  an  additional  constraint  which  is  determined  here  by  —«rt»t-g  an  approximate 
quasi-static  solution  with  the  corresponding  Maliuzhinets  solution  in  the  region  of  overlap. 

This  requires  the  asymptotic  evaluation  of  the  Maliuzhinets  functions  in  various  regions  of  the 
spectral  domain.  Furthermore,  several  constants  that  appear  in  the  analysis  are  exactly  related  to  the 
field  and  its  derivatives  evaluated  at  the  edge  or  junction  of  the  body  under  study.  The  backacattered 
and  bistatic  echo  widths  of  a  partially  coated  perfectly  conducting  half  plane  are  computed  with  the 
solutions  developed  here  (including  multiple  interaction)  and  compared  with  an  independent  moment 
method  solution.  The  agreement  between  the  two  solutions  is  excellent. 


1.  INTRODUCTION 

The  generalized  impedance  boundary  conditions 
(GIBCs),  which  involve  field  derivatives  of  higher 
order  than  the  first,  have  frequently  been  used  by 
many  authors  to  model  thin  material  slabs  or  coated 
metallic  surfaces  in  electromagnetic  (em)  scattering 
problems.  The  application  of  GIBCs  provides  more 
accurate  models  for  nonmetallic  surfaces  than  the 
traditional  Leontovich  boundary  conditions.  How¬ 
ever,  difficulties  arise  when  GIBCs  are  used  be¬ 
cause  they  yield  solutions  which  are  neither  unique 
nor  reciprocal  even  after  the  edge  condition  is 
applied.  Note  that  there  are  special  cases  where 
solutions  based  on  GIBCs  can  be  found  where  no 
unknown  constants  remain  and  without  the  need  to 
impose  reciprocity.  In  several  GIBC-based  solu¬ 
tions  involving  magnetic  dielectric  materials  found 
in  the  literature,  the  reciprocity  condition  is  im- 
pt  d  explicitly  in  the  analysis  and  any  remaining 
unknown  constants  are  set  equal  to  zoo  [ Rojas  and 
Pathak,  1989;  Rojas  and  Chou,  1990;  VoUdds  and 
Senior,  1909].  Bernard  [1987]  considers  a  conduct¬ 
ing  wedge  covered  with  magnetic  dielectric  mate¬ 
rial;  however,  his  solution  is  not  complete  because 
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some  terms  in  his  solution  remain  unsolved.  In  his 
study  of  a  coated  half  plane.  Senior  [1991]  states 
that  when  the  GIBCs  are  used,  reciprocity  should 
be  explicitly  imposed,  and  additional  constraints 
are  required  to  ensure  uniqueness.  Although  his 
solution  is  still  incomplete  because  it  contains  an 
unknown  constant,  it  correctly  predicts  that  the 
constant  is  related  to  the  value  of  the  field  at  the 
edge.  In  the  study  by  Rojas  et  al.  [1991a],  an 
additional  junction  condition  is  developed  for  the 
first  time  for  a  thin  magnetic  dielectric  material 
following  a  procedure  introduced  by  Leppington 
[1983],  who  modeled  the  field  near  the  junction  by  a 
quasi-static  solution  and  then  matched  to  the  exter¬ 
nal  Wiener-Hopf  solution  in  the  region  of  overlap  to 
determine  the  additional  constraint.  As  shown  by 
Rojas  et  al.  [1991a],  the  additional  junction  condi¬ 
tion  eliminates  the  need  to  explicitly  impose  reci¬ 
procity  in  the  analysis,  and  all  the  unknown  con¬ 
stants  can  be  completely  evaluated. 

In  this  paper  the  Maliuzhinets  method  [Maliuzhi- 
nets,  1939]  is  employed  to  solve  two  canonical 
problems  involving  thin  material-coated  metallic 
surfaces  which  are  modeled  by  GIBCs  of  0(f)  [Wein¬ 
stein,  1969;  Rojas  and  Al-hekail,  1989;  Rojas,  1988], 
where  t  denotes  the  corresponding  coating  thick¬ 
ness.  Specifically,  the  first  problem  is  the  em  dif¬ 
fraction  of  a  normally  incident  plane  wave  (trans¬ 
verse  electric  TEt  case)  by  the  junction  of  a  two- 
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<«*./**>  PEC  <«*./*»»> 


Fig.  I.  Two-part  —rcriri  rna 
with  plane  wave 


put  thin  dielectric/magnetic  coated  perfect  electric 
conducting  (PEC)  ground  plane,  whose  geometry  is 
depicted  in  Figure  1.  Note  that  a  similar  problem 
has  been  solved  by  Rqjas  et  al.  (1991a]  via  the 
Wiener-Hopf  technique  along  with  an  approximate 
quasi-static  analysis.  However,  this  two-part  prob¬ 
lem,  which  has  not  been  analyzed  by  the  Maliuzhi- 
nets  method,  is  again  considered  here  to  demon¬ 
strate  the  analytical  procedure  and  the  application 
of  the  quasi-static  approximation  to  obtain  a  unique 
solution  based  on  the  Maliuzhinets  method.  Note 
that  the  term  uniqueness  is  used  here  to  state  the 
fact  that  the  solution  does  not  contain  any  unknown 
constants.  The  second  problem  considered  here  is 
the  em  diffraction  of  a  normally  incident  plane  wave 
(TEZ  case)  by  a  thin  dielectric/magnetic  coated  PEC 
half  plane  illustrated  in  Figure  2,  where  the  material 
coatings  on  the  top  face  {r  <  0,  y  «  04}  and  the 
bottom  face  {x  <  0,  y  «  0"}  are  different.  For  this 
half  plane  problem,  the  Maliuzhinets  method  seems 
to  be  a  better  and  simpler  approach  than  the 
Wiener-Hopf  method  because  the  latter  requires 
matrix  factorization  which  is  much  more  compli¬ 
cated  than  the  scalar  factorization  that  one  usually 


Fig.  2.  Mxterial-coaied  PEC  half  plane  geometry  with  plane 
wivt  aorwi  incidence. 


Fig.  3.  (too— try  pwfrirt*  to  a  parttoBy  coated  PEC  WT 


encounters.  Again,  a  quasi-static  solution  is  devel¬ 
oped  and  matched  with  the  Maliuzhinets  spectral 
function  expanded  in  the  common  region  of  overlap 
to  determine  an  additional  condition,  which  in  turn 
ensures  uniqueness  for  the  Maliuzhinets-based  so¬ 
lution.  As  stated  above,  this  last  step  requires  the 
asymptotic  evaluation  of  the  Maliuzhinets  functions 
in  the  common  region  of  overlap.  Furthermore,  in 
contrast  to  some  papers  found  in  the  literature 
based  on  the  Maliuzhinets  method,  the  analysis 
presented  here  gives  the  exact  relationship  between 
constants  that  appear  in  the  analysis  and  the  field 
and  its  derivatives  evaluated  at  the  junction  or  edge 
of  the  structure  under  study.  This  is  a  very  impor¬ 
tant  result  because  it  gives  a  physical  interpretation 
to  the  constants  that  appear  in  the  analysis.  Fur¬ 
thermore,  it  makes  it  possible  to  compare  the  junc¬ 
tion  condition  obtained  by  the  present  method  and 
the  Wiener-Hopf  technique  [Rojas  et  a/.,  1991a]. 

In  section  2  the  two-part  problem  depicted  in 
Figure  1  is  solved  with  the  aid  of  the  Maliuzhinets 
method  after  the  GIBCs  of  0(f)  are  employed  to 
replace  the  grounded  slab.  It  is  shown  that  the 
present  solution  based  on  the  Maliuzhinets  ap¬ 
proach  is  identical  to  the  one  based  on  the  Wiener- 
Hopf  technique  presented  by  Rojas  et  al.  [1991a].  It 
is  also  shown  that  the  same  junction  condition 
obtained  by  Rojas  et  al.  [1991a]  to  ensure  unique¬ 
ness  is  again  obtained  here,  though  a  different 
approach  is  used  in  this  study.  In  section  3  a 
uniform  (geometrical)  theory  of  diffraction  (UTD) 
solution  is  obtained  for  the  coated  half  plane  prob¬ 
lem  shown  in  Figure  2.  To  test  the  accuracy  of  die 
solutions  obtained  in  this  study,  the  scattering  from 
a  partially  coated  PEC  half  plane  as  shown  in  Figure 
3  is  calculated  in  section  4  using  the  solutions  of 
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sections  2  and  3  (with  multiple  interaction  includ¬ 
ed),  and  it  is  compared  and  shown  to  be  in  good 
agreement  with  an  independent  moment  method 
(MM)  solution  [Newman,  1986].  Note  that  an  e_<— 
time  dependence  is  assumed  and  suppressed 
throughout  this  paper. 


nets  approach,  the  total  field  u  can  be  expressed  in 
the  form  of  Sommerfeid  integral  as  follows: 

*(P.  d)  -  ^  J  exp(-ifcpeosa)5^a  +  d-^j  da. 

(3a) 


2.  TWO-PART  GENERALIZED  D4PEDANCE  SURFACE 

The  two-part  coated  PEC  plane  shown  in  Figure 
1  is  equivalent  to  a  two-part  generalized  impedance 
surface  whose  faces  (x  >  0,  y  «  0}  and  {x  <  0,  y  » 
0}  satisfy  the  GIBC  of  0(r).  Let  (p,  d.  z)  denote  the 
cylindrical  coordinates  with  d  measured  from  the 
+x  axis.  Also,  let  «(p,  d)  “  Ht(p,  d)  be  the  scalar 
total  field  at  an  arbitrary  field  point  (p,  d)  in  the 
upper  half  space  0  <  d  <  Then  u  satisfies  the 
GIBC  of  0(/)  at  the  surfaces  d  *  0  and  d  ■  *  as 
follows: 

p  »?  *  h  h + 0 + bm)  u{p' 4)  m{ °* 4  m  {*’ 

G«) 

where 


where  the  spectral  function  5  is  the  unknown  to  be 
solved,  and  y  is  the  so-called  twofold  Sommerfeid 
contour  [Maliuzhinets,  1936].  Since  the  edge  condi¬ 
tion  requires  that  u  be  bounded  at  p  -  0,  the 
asymptotic  behavior  of5as|lmaj-»«is  given  by 

Km  5(a)  •  const  (36) 

Furthermore,  because  of  the  radiation  condition 
which  requires  that  the  scattered  field  u  -  u1  be 
bounded  in  the  region  |d  -  tH 2|  <  n/2  for  p-»  <*>,  the 
function  5(a)  is  reguku  in  the  strip  |Re  a)  s  Ml 
except  that  it  has  a  first-order  pole  at  a  «  d'  ~  *f2 
in  that  strip  to  ensure  the  presence  of  the  incident 
field  given  in  (2). 

Applying  (3a)  in  (la)  yields  the  following  integral 
equations: 


6U  -  sin  sin  v»u 


*'u  “  1  ’ 


stn  pMfa  «  —  +  I  — 1-6,4  .  (Id) 

In  addition  to  the  boundary  condition  (la),  u  must 
also  satisfy  the  scalar  two-dimensional  Helmholtz 
equation  and  the  radiation  and  edge  conditions. 


2.1.  Formulation  of  Maliuzhinets  spectral 
function 

For  a  plane  wave  normally  incident  to  the  z  axis 
at  an  angle  d'  measured  from  the  +x-axis,  the 
incident  field  u‘  is  given  by 

«Vd)-expH*pcos(d-d')].  0<d.  d’<»; 

(2) 

in  which  the  magnitude  of  the  incident  field  at  the 
origin  is  assumed  to  be  unity.  Following  Maliuzhi- 


J  (sin  a  ±sin  v^Msin  a  ±sin  vbjn) 

•  S^a  ±  exp  (-ttp  cos  a)  da  -  0.  (4a) 

It  follows  from  (36)  that  the  integrands  in  (4a) 
excluding  the  exponential  term  have  the  asymptotic 
behavior  in  the  order  (He2*1™  ®i)  as  |Im  a|  -»  ».  Thus 
according  to  Maliuzhinets  [1938],  (4a)  is  trans¬ 
formed  into  the  following  inhomogeneous  func¬ 
tional  difference  equations  for  5(a): 

sin  a(Ay\  +  A^n  cos  a)  *  (sin  a  ±  sin  v^) 

•  (sin  a  ±  stn  )J^a  ±  —  j  -  (sin  a  *  sin  r^) 

•  (sin  a  *  sin  )5^-a  ±  (46) 

where  A,,  A2,  A3,  and  A4  are  constants.  If  all  of 
these  constants  vanish,  (46)  would  become  two 
homogeneous  functional  equations  for  5(a).  Let 
p(a)  be  a  solution  for  these  homogeneous  functional 
equations  which  is  given  by 
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p(a) 


♦(«.  %)♦(*«,  »'*,) 


(5a) 


Note  that  the  functions  ¥(7a,  -  v-u)  are  put  in  the 
denominator  because  Re  v4ij  <  0  in  contrast  to 
Re  vbij  >  0  as  seen  from  (Id)  (a  detailed  discussion 
is  given  by  Bernard  [1987]).  It  can  be  shown  that  the 
function  V(a,  v)  can  be  expressed  as 


*(a,  v)  -  #./i(a  +  v  -  v)#,/j(a  +  i>),  (5*) 


where  ^  (a)  is  a  special  case  of  the  well-known 
Maliuzhinets  function  d*(a)  for  <t>  =  vfl.  Note  that 
d^(a)  is  an  even  function  of  a,  and  its  properties  are 
summarized  by  Maliuzhinets  [1959].  One  of  these 
properties  is 


<M«  +  24»)  1 

- -  cut  - 

*♦(«-  2*)  2 


(6a) 


Applying  (6a)  with  *  vfl  to  (So),  it  is  easily 
shown  that  p(a)  indeed  satisfies  the  homogeneous 
functional  equations.  It  also  follows  from  (6a)  that 


A  particular  solution  of  (76)  is  given  by 


t#(o) 


g(«  +  «) 

1  -p(a)/p(a  +  2*)' 


Pd) 


In  other  words,  a  particular  solution  for  (46)  is  S0(a) 
«  p(a)70(a)  which  must  also  satisfy  the  edge  con¬ 
dition  (36);  and  this  requires  that 


A3  “  A4.  (8a) 

S0(a)  can  then  be  written  explicitly  as 
5«(a)  *  p(a)r0(a)  •  [A2(cos2a 

+  a,  cos  a  +  6l)+A|(cos1  a  +  a2  cos  a 
+  62)>[2(a|  -  a2Xtin2  a  -  cos2  a,)] 


A3  sin  a 


2(sin2  a  -  cos*  a 


/  63  -  6A 

—  cos  a  + - 1. 

>)  V  «2-  «l/ 


COS'  a. 


1  +• 


aibi~aibj 

a2  -  a, 


(86) 

(8c) 


— - -  -  (cos  a  +  sin  v.  Xcos  a  +  sin  v*,Xcos  a 

p(a  +  »)  1 

-  sin  va|Xcos  a  -  sin  vt|)/[(cos  a  -  sin  *>a,Xcos  a 

-  sin  ^Xcos  a  +  sin  v,i  Xcos  a  +  sin  p4|  )].  (66) 

Since  the  closest  zeros  and  poles  to  the  point  a  =  0 
of  the  Maliuzhinets  function  ^^(a)  are,  a  «  ±3u/2 
and  o  =  ±5n/2,  respectively  [Afo/iuzAinerr,  1959],  it 
follows  from  (5)  that  p(a)  is  free  of  poles  and  zeros 
in  the  strip  |Re  a)  s  vfl.  Thus  the  general  solution 
that  satisfies  (46)  can  be  expressed  as 

S(a)  *  iXeMa).  (7a) 

Substituting  (7a)  into  (46),  combining  the  two  equa¬ 
tions  of  (46),  and  applying  the  identity  (66)  yields 

r(a  +  v)  -  r(a  -  v)  ■  -q(a),  (76 ) 

cos  a 

«(«)  -  — - - -  [(A2  -  A4  sin  a  Xcos  a  -  sin  v,  ) 

p(o  -  w) 

•  (cos  a  -  sin  «»», )  +  (A  1  +  A3  sin  a) 

•  (cos  a  -  sin  v^Xcos  a  -  sin  »»*,)] 

•  [(cot  a  -  sini'aiXcos  a  -  sin  v^) 

•(cos  a  +  sin  va|Xcos  a  +  sin  v*,)]-1.  (7e) 


The  most  general  solution  for  the  homogeneous 
functional  equations  is  given  by  p(a)o(a),  where 
o(a)  satisfies  the  following  difference  equations: 

<r(a  ±  -  a^-a  ±  yj.  (9a) 

Hence  the  most  general  expression  for  5(a)  that 
satisfies  (46)  is  given  by 

5(a)  ■  S„(a)  +  p(a)ofa).  (96) 

It  is  easy  to  verify  that  any  function  /(sin  a)  can  be 
a  solution  of  (9a).  Thus,  to  reproduce  the  incident 
field  u1  given  in  (2),  o(a)  may  be  of  the  form 

sin  6' 

a.(a)  -  —7 - — ~ - - - — •  (9c) 

p(6  —  »/2Xsm  a  +  cos  6  ) 

However,  it  is  seen  from  (86)  that  5„(a )  has  two 
poles  at  a  «  ±(w/2  -  ap),  which  violate  the 
condition  that  5(a)  has  only  a  simple  pole  at  a  * 

-  «/2  and  is  otherwise  regular  in  the  strip  |Re  a|  s 
vfl.  Thus  the  second  term  p(a)o(a)  of  (96)  com¬ 
bined  with  50(a)  must  force  the  residues  of  5(a)  to 
zero  at  a  *  ±(«ft  -  a„)  by  adjusting  the  constants 
Aj,  Aj,  and  A3.  Furthermore,  p(a)  has  two  non¬ 
physical  poles  at  a  *  ±(3vfl  +  %).  which  when  d 
is  close  to  0  or  w,  may  be  captured  if  the  Sommer- 
feld  contour  y  is  deformed  into  steepest  descent 
paths.  Since  the  residues  of  these  poles  introduce 
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nonphysical  exponentially  growing  fields,  they  must 
be  suppressed  by  setting  the  residues  of  p(a)o(a)  to 
zero  at  a  *  ±(3w/2  +  v^).  Consequently,  one 
obtains  the  following  expression  for  o(a): 


p(6'  -  w/2Hsin2  a  -  cos1  ap) 


Incorporating  (106),  (9 d),  (86),  and  (So)  into  (96) 
yields 


1  f  A,  ob  a/ 

S(«)--rj - —  - r —  < 

stn}  m  ~  cos*  ap  (  2  \ 


cos  a  +  ■ 


(sin  a  +  cos  p^Xsin  a  -  cos  v,t) 
(cos  6'  -  cos  p^Xcos  6'  +  cos  vt)) 

sin  d'Ccos1 6'  ~  cos2  a.) 

.  —  ■  +  C  , 

sin  a  +  cos  6' 


where  the  constant  C  is  added  so  that  (36)  holds.  At 
this  point,  C  as  well  as  At  (i  «  1,  2,  3)  are  still 
unknown,  and  thus  the  total  field  u  computed  from 
5(a)  is  not  unique  unless  these  constants  can  be 
specified.  Although  At,  i  «  1,  2,  3  need  not  be 
known  to  obtain  the  solution  of  u  for  p  j*  0  because 
the  fiinction  5„(a)  has  neither  residue  nor  steepest 
descent  path  (SDP)  contributions  to  u  when  y  in 
(3 a)  is  deformed  into  steepest  descent  paths,  they 
are  computed  here  because  they  are  related  to  the 
field  behavior  at  p  *  0.  The  conditions  discussed 
above  which  require  the  residues  of  5(a)  be  zero  at 
a*  ±(u/2  -  ap)  can  be  used  to  obtain  C  in  terms  of 
Ah  but  more  information  is  needed  before  these 
constants  are  specified  in  terms  of  known  parame¬ 
ters. 

Before  proceeding  further,  it  is  convenient  to 
rewrite  the  expression  of  5(a).  Note  that  the  Mali- 
uzhinets  function  6*(a)  has  the  following  property 
l Maliuzhinets ,  1959]: 

♦•(*+ !)♦•(*- <io»> 

It  follows  from  (10a)  (with  4>  “  afl)  and  (56)  that 

*(*'  -  w!2,  +  >/2,  -»,,) 

♦(<*.  -•'«,)♦(-«.  “»'«,) 

♦(a,  -w  -  v#1)*(-a,  -w  -  »t<) 

’  ♦(*'  ~  wfl,  -#  -  *.,)♦(-*'  +  w/2,  -w  -  v.,) 

(cos  6'  -  cos  V,  Xcos  6'  T  cos  Va  ) 

— - - - — - r.  (106) 

(sm  a  +  cos  va>X*u>  a  -  cos  vPl ) 


A](cos2  a+ a,  cosa+61)+Aj(cos2a+e1co»a  +  6j) 
2(fl|  -  aj) 

6(a)  [sin  6'(cos2  6'  -  cos2  a,)  11 

+c]r 

'  *  _V 


6(a)  -  62(0)61  (—a),  6w(a)  -  *(«.  **„)♦{«.  -* 

-  *.*).  016) 

To  show  that  the  constants  A,,  A2,  and  Aj  are 
related  to  the  field  u  and  its  derivatives  at  the 
junction,  a  scheme  similar  to  that  of  Maiiuzhinets 
[1956]  can  be  followed,  namely,  one  may  write 

-  5^-a  +  6  jj  exp  (-ttp  cos  a)  da,  (12 a) 

where  yj  is  the  upper  loop  of  the  contour  y. 
Applying  (11a)  to  (12a)  and  letting  the  horizontal 
part  of  >|  tend  to  infinity  (that  is,  Va  E  yx,  Im  a-* 
*>),  also  noting  that  5(6°)  m  -5(-f»)  [Maiiuzhinets , 
1958],  one  obtains 

«(0,6)-2iS(*»)«-A,,  (126) 


A\  +  A2 

— I 

2(d|  -  ax) 


•nr 


Similarly, 


H— -t) -K- 

-  — ^  j(— i*  cos  a)  exp  (-ftp  cos  a)  da. 
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Letting  the  horizontal  part  of  y,  tend  to  infinity  and 
applying  (46)  to  (13a)  with  4-0  and  4  -  », 
respectively,  leads  to 


du  du 

—  ~~ikAu  -  -~ikA  2.  (136) 

*  9 » ;:l 


2.2.  Determination  of  the  unique  solution 

As  stated  earlier,  an  approximate  quasi-static 
solution  can  be  used  to  obtain  the  additional  infor¬ 
mation  which  is  required  for  the  determination  of  C 
in  (11a)  and  A,  (i  -  1,  2,  3).  Since  the  geometry 
shown  in  Figure  1  is  the  same  as  the  even  configu¬ 
ration  given  by  Rojas  et  al.  [1991a],  the  quasi-static 
field  obtained  by  Rojas  et  al.  [1991a]  can  be  applied 
here;  namely. 


/  w\  f  14,  l([  I  ia/l 

\  2)  {  2  24  [cos  a  w  \a, 

- ~)] J*  *“a*0,  lctcosalcfirja)-1.  (14c) 


At  this  point,  an  additional  condition  is  readily 
obtained  if  one  matches  (!4e)  with  the  asymptotic 
form  of  S(a  4  w/2),  where  5(a)  is  defined  in  (11a), 
within  the  region  of  overlap  1  c  (cos  a|  c 
iktui)-1.  Applying  (36)  of  the  appendix  to  (Ua) 
with  a  being  replaced  by  a  4  w/2,  one  obtains 


-—jinpj, 


(»\  Aj  Aj  +  A, 

a  4  —  I  ~  ±/  — - - - - - 

2j  2  2(fl!  -  a2) 


KXaioi)vlUwa  - 


Z  r-wn  ■  ']] 

”V«i  «./J 


Note  that  the  subscript  q  is  used  to  denote  a 
quasi-static  field.  The  spectral  function  Sq  corre¬ 
sponding  to  uq  can  be  obtained  from  the  inversion 
of  the  Sommerfeld  integral  (3a)  for  Re  {-ik  cos  a)  > 
0  [Maliuzhinets,  1938],  which  is  given  by 

(w\  ft  sin  a  f« 

0+7/" — 2 — I  cos  a)  dp. 

(146) 

Evaluating  (146)  with  uq  given  in  (14a)  yields 

fa  4  — ^  ~  •  | A’  —  —  +  — - -  l— 

\  2/  cos  a  [  2  24  cos  a  w  \aj 


aiA2  +  a2A| 

+  f  + . 

2(ai  -  aj)  cos  a 


Ina^O. 


j  to  (cos  a)  j. 


l«(cos  a|c(tow)-1  (14c) 


where  A'  is  a  constant  resulting  from  the  transform 
of  the  term  of  In  p.  Noting  that 

sin  a 

- —  ± l ,  In  (cos  a)  —  Im  a  i  0, 

cos  a 

as(cosa|»l,  (14d) 

(14c)  can  be  rewritten  as 


Comparing  (13a)  and  (14e),  it  is  evident  that  they 
can  only  be  matched  to  each  other  if  the  coefficient 
of  the  extra  term  of  (cos  a)-1  vanishes;  namely, 

a,A2  +  OjA,  —  0,  (136) 


fli  *p  ;-o  aj  dpj  #-s 

'p-0  '♦-* 


Note  that  (15c)  is  the  same  as  the  junction  condition 
obtained  by  Rojas  et  al.  [1991a].  Applying  (156)  and 
(12c)  to  (Ua),  and  setting  the  residues  of  S(a)  to 
zero  at  a  «  ±(w/2  -  ap),  one  finally  obtains  the 
constants  C,  At,  A2,  and  Ay  as  follows: 


C  -  sin  4\hi{af)  -  cos  4'], 


A 1/2  "  5au 2 


Mi) 


f-;)' 


LY  AND  ROJAS:  ANALYSIS  OF  DIFFRACTION  BY  MATERIAL  DISCONTINUITIES 


M(ap) m  cos  ap 


Aj  *  -di<«2 \4*n 


■(i-H'-i) 

•fi-M-i)' 

»(“)] 


*'G>,d)-r^f  *«,♦') 

2*'  Jam* 

•  exp  [ikp  cos  (a  -  4)]  da, 

9(a,  4‘)  -  5^»  +  5^«  -  yj 


•  tin  *'[(flj  ~  <»i)  tin  ap  +  b2-  -  -j 

(w 

A  unique  solution  for  u(p,  4)  can  now  be  determined 
by  evaluating  the  integral  in  (3a)  with  5(a)  given  in 
(lla)andCandAtgivenin(15).  Since  the  exponential 
function  in  (3a),  that  is,  exp  (-ikp  cos  a),  possesses 
two  isolated,  simple  saddle  points  atoEr  and  a  ■ 
—win  the  region  [Re  a)  s  w,  the  Somme rfeld  integra¬ 
tion  contour  y  can  be  deformed  into  two  steepest 
descent  paths  SDP(±ir)  passing  through  these  saddle 
points.  Furthermore,  the  spectral  function  S(a  +  4  - 
vf2)  in  (3a)  is  analytic  everywhere  except  that  it  has 
several  isolated  simple  poles.  Therefore  the  total  field 
u(p,  4)  evaluated  from  (3a)  consists  of  the  integral 
contribution  from  the  integration  paths  SDP(±it), 
which  gives  rise  to  the  diffracted  field  u4,  and  the 
residue  contributions  from  the  poles  of  S(a  +4  -  w(2) 
if  they  are  captured  in  the  deformation  of  y  into 
SDP(±7t).  The  residues  from  the  real  poles  give  rise  to 
the  incident  field  u1  and  reflected  field  whereas  the 
residues  from  the  complex  poles  contribute  to  the 
surface  wave  field  usw.  In  other  words,  the  diffracted 
field  ud  is  given  by 

•exp  (-ikp  cos  a)  da  +  f  Sla  +  $  -  —  1 
J son-,)  \  2) 


•  exp  (-ikp  cos  a)  da  I. 


(at  -  a2)|*.fi  mamf 


co»  a  cos  4'  +  cot2  ap 
cos  a  +  co*  4' 


-M(ap)\. 


By  shifting  the  steepest  descent  paths  SDP(w)  and 
SDP(-w)  to  a  new  path  SDP(^)  with  a  saddle  point 
at  4,  where  0  £  4*  n,  (16a)  can  be  rewritten  as 


Note  that  the  identity  (10a)  has  been  used  to  obtain 
(16c).  It  is  clearly  seen  from  (16c)  that  the  function 
9(a,  4')  is  symmetric  in  a  and  4'  as  required  by  the 
reciprocity  property.  Furthermore,  it  can  be  shown 
from  the  definition  erf  the  Maliuzhinets  function 
4wn(a)  [Maliuzhinets,  1959]  that  9(a,  4')  given  in 
(16c)  is  exactly  the  same  as  the  even  symmetric 
spectral  function  based  on  the  Wiener-Hopf  tech¬ 
nique  obtained  by  Rojas  et  ad.  [1991a].  Likewise,  it 
can  also  be  shown  that  the  reflected  and  surface 
wave  fields  obtained  here  are  the  same  as  the 
corresponding  fields  given  by  Rojas  et  al.  [1991  a], 

3.  GENERALIZED  IMPEDANCE  HALF  PLANE 

As  indicated  at  the  introduction,  the  half  plane 
problem  has  also  been  considered  by  Volakis  and 
Senior  [1989]  (based  cm  Maliuzhinets  method)  for 
different  coatings  on  both  faces  of  the  half  plane  and 
by  Rojas  and  Chou  [1990]  (based  on  the  Wiener- 
Hopf  method)  for  equal  coatings  on  both  bees  erf 
the  half  plane.  In  these  two  solutions,  the  reciproc¬ 
ity  condition  is  imposed  in  the  analysis,  and  the 
remaining  unknown  constant  is  set  equal  to  zero.  In 
this  section,  the  solution  to  the  two-dimensional 
half  plane  problem,  whose  geometry  is  depicted  in 
Figure  2,  is  obtained  using  the  Maliuzhinets  method 
combined  with  the  quasi-static  analysis,  and  it  is 
rigorously  shown  that  the  remaining  constant  is  not 
equal  to  zero,  except  for  special  cases.  With  the 
application  erf  the  GIBC  of  0(r),  the  material-coated 
half  plane  is  equivalent  to  a  generalized  impedance 
half  plane.  Let  (Kp,  4)  “  Ht(p,  ♦)  be  the  total  field 
at  an  arbitrary  field  point  (p,  4)  in  the  entire  free 
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space  |4j  <  *r.  The  field  G(p,  4)  satisfies  the  scalar 
two-dimensional  Helmholtz  equation,  the  radiation 
condition,  the  edge  condition,  and  the  GIBC  of  0(0 
at  the  surfaces  of  the  half  plane  4  «  ±ir  as  follows: 

pp±‘“Mis+(,t‘w)'(p•*,■0•  ,l7) 

4  “ 

where  the  parameters  a ir2  ~  sin  ?  +  sin  and 
h]/2  *  sin  va  sin  were  defined  in  (1).  As  m  the 
two-part  problem  discussed  in  the  previous  section, 
a  quasi-static  approximation  for  the  total  field  in  the 
neighborhood  of  the  edge  will  be  developed  so  that 
an  additional  condition  is  obtained  to  yield  a  unique 
solution  for  «(p,  4). 


tin  a(/w  +  Xyt  cos  a)  •  (tin  a  ±  sin  t>«MXain  a 
±  tin  viia)S(a  ±w)-  (tin  a  *  sin  y.^Ktin  a 


*  tin  *pm)Si-a  ±  »),  (20) 

where  >fi ,  A2,  A3,  and  are  constants.  The 
solution  5(a)  for  (20)  can  be  found  following  the 
same  procedure  given  in  the  previous  section.  Thus 
the  first  step  is  to  obtain  a  solution  p{a)  for  the 
homogeneous  functional  equations  (equation  (20) 
with  the  constants  A„  i  »  1,  2,  3,  4,  set  equal  to 
zero);  namely. 


P(*) 


♦(«.  »»*, )♦(-«.  **,) 
♦(«.  -*«,  )♦(-«,  -*«,)’ 


(21a) 


3.1.  Formulation  of  the  Maliuzhinets  spectral 
function 

For  the  half  plane  geometry  excited  by  a  normally 
incident  plane  wave  as  depicted  in  Figure  2,  the  GO 
(geometrical  optics)  incident  field  at  a  field  point  (p, 
4)  with  an  incident  angle  4'  measured  from  the  +x 
axis  is  given  by 

a'ip.  4)  -  exp  l-ikp  cos  (4  -  4')I U(4  -*'  +  ») 

-  U(4  -4'~  »)],  -w  <4,4'<  w.  (18) 

where  U  is  the  unit  step  function.  Note  that  the 
magnitude  of  the  GO  incident  field  at  the  edge  is 
assumed  to  be  unity.  Note  also  that  O'  exists  only  in 
the  lit  region,  where  1 4  ~  4' I  £  v.  Following 
Maliuzhinets  approach,  G  can  be  expressed  as  the 
Sommerfeld  integral: 

G(p,  4) m  - —  f  exp  (-ikp  cos  a)5{a  +  4)  da,  (19a) 
2ir«  Jr 

where  y  is  the  twofold  Sommerfeld  contour.  Be¬ 
cause  of  the  radiation  condition,  the  spectral  func¬ 
tion  5(a)  is  regular  in  the  strip  (Re  oj  s  it  except  that 
it  has  a  first-order  pole  at  a  *  4’  to  produce  the 
incident  field  G1.  Furthermore,  it  follows  from  the 
edge  condition  that 

iim  5(a)  -  coast.  (196) 

«l— ■ 

As  in  section  2,  after  applying  the  boundary  condi¬ 
tion  in  (17),  (19a)  becomes  an  integral  equation  which 
can  be  transformed  into  the  inhomogeneous  func¬ 
tional  difference  equations  for  5(a)  as  follows: 


^(a,  *)- 4*^a +  — -  +  — +  *>j.  (216) 

Note  that  is  the  well-known  Maliuzhinets  half 
plane  function  [ Maliuzhinets ,  1939].  It  follows  from 
the  identity  (6a)  (with  *  v)  that 

fi(a  -  2v) 

— — — —  “ (sin  er  -  sin  v,  Wsina-sin  *>»  Xsin  a 
(Ha  +  2tr)  1 

-  sin  v^Xsin  a  -  sin  v^VUsin  a  +  sin  vUi) 

•  (sin  a  +  sin  p^Xsin  a  +  sin  ra]X*in  a 

+  sini>*J)J.  (21c) 

Furthermore,  since  the  closest  zeros  and  poles  to 
the  point  a  »  0  of  the  Maliuzhinets  function  4J(a) 
are  a  =  ±3W2  and  a  -  ±7n/2,  respectively  [Mali¬ 
uzhinets,  1959],  p(a)  is  free  of  poles  and  zeros  in  the 
strip  |Re  a)  s  v.  Thus  the  most  general  solution  that 
satisfies  (20)  can  be  expressed  as 

5(a)  -  S„(a)  +  fi(a)&(a),  (22a) 

where  50(a)  is  a  particular  solution  of  (20)  given  by 

50(a)  •  fi(a)fe(a)  -  [yf|(sinJ  a  -  «2  sin  a  +  6j) 

—  Aj(sinJ  a  +  oj  sin  a  -f  6|)W2(aj  +  a2X*in2  a 

-  sin*  a„)] 

A3  cos  a  /  6|  -  62 

4. .  1  . -  I  sin  a  +  1  . . - 

2(8^*  a  -  sin*  a* )  \  at  +  a2 


(226) 
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•in*  o,  m  — 


fljtj  +  a2b| 
d|  +«2 


/ .  «  .  v‘<\( .  «  . 

I  sin  -  +  sin  — 1|  sin  -  -  sin  j 

\  2  2  A  2  2  / 

/  •'.A/  .  V  .  v-A 

I  sin  —  +  sin  —  II  sin  —  -  sin  —  I 

rl  f 

-  cos  y  (sin2  <f>'  -  sin2  a0) 


a  <b' 

sin  -  -  sin  — 
2  2 


fit  a 

+  Ci  +  Ci  sin  —  +  C,  sin2  — 


’H— *t)- 


Note  that  Ay  *  if4  due  to  the  edge  condition  (19b). 
The  function  d(a)  satisfies  the  homogeneous  differ¬ 
ence  equation 

<r(a  ±  v)  —  o(-a  ±  ») «  0.  .  (23a) 

Hence  <Ka)  is  a  function  of  sin  a/2.  Since  the  first 
term  S0(a)  in  (22a)  has  four  poles  at  a  *  ±a0  and 
±(ir  -  a0)  in  the  strip  |Re  a|  s  n,  which  violate  the 
condition  that  5(a)  is  regular  in  the  strip  |Re  aj  s  «• 
except  at  the  simple  pole  a  =  <j>\  the  second  term 
p(a)d(a)  in  (22a)  must  also  have  poles  at  a  *  ±aQ 
and  ±(ir  -  a0)  so  that  the  sum  of  these  two  terms 
yields  zero  residues  at  these  unwanted  poles  by 
adjusting  the  constants  Ah  i  =  1, 2, 3.  Furthermore, 
p(a)  possesses  two  nonphysical  poles  at  a  -  ±(2 it 
+  v0  ri),  which  may  be  captured  and  introduce 
exponentially  growing  fields  if  the  integration  con¬ 
tour  yis  deformed  into  steepest  descent  paths.  Thus 
taking  into  account  the  above  conditions  and  noting 
that  5(a)  must  have  a  form  to  reproduce  the  inci¬ 
dent  field  «'  given  in  (18),  one  obtains 


/K<5')( sin2  a  -  sin2  aj 


It  can  be  shown  from  (Kki)  (with  d> «  it)  and  (21b) 
that 

*(»'.  -»«,)*(-»',  -».,) 

♦(a.  -v4i)^(-a,  -*«,) 

$(<*,  -ft  -  v#1)¥(-a,  —  ft  -  v,}) 

♦(♦’.-»- v#i)^(-^', v#J) 


(  a  .  *m,\/  a  .  v.  \  ‘ 

r2+“,Tjr2""Tj 


Incorporating  (24a),  (23b),  (22  b),  and  (21a)  into 
(22  a)  yields 


1  cos  a  /  b|  -  b2\ 

S(a)»-ri - — — ’  - I sm  a  + — - — 

sura -sura,  2  \  ai+a2J 


A |  (sin2  a  -a2  sin  a  +  b2)~  A,(sin2a  +  a,  sin  a  +  b|) 
2(ai  +  a2) 


a 

tin  —  tin  — 
2  2 


•+  C|  +  Ci  sin  — 


+  C,  sin2^  >, 


where 


J  H(a) m  Ri(a)lt2(-a),  £ia(a) 

“  ¥(a,  v*„,)^(a,  —w  —  »,  ).  (24c) 

Note  that  the  terms  involving  Q,  i  *  1 , 2, 3,  are  added 

so  that  (19b)  is  satisfied.  Note  also  that  (sin2  a  -  sin2  As  in  section  2,  it  can  be  shown  that  ifj ,  A2,  and 
a0)  is  itself  a  function  of  sin  a/2  because  A,  are  related  to  the  field  0  and  its  derivatives  at  the 

(,  edge  as  foDows: 

sin2  -  -  sin2 


<K0,  4>)  «  2<5(i»)  -  A,. 


(25a) 
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*1  ~*2 
2(<i|  +  a2) 


16  KW)  ' 


d„ 

~(p>4>“  o  ■  -ikA  1/2. 

dp 


(236) 

(25c) 


3.2.  Quasi-Static  analysis 

As  in  the  two-part  problem  discussed  in  section  2, 
additional  information  is  also  required  for  the  half 
plane  problem  before  a  unique  solution  for  u  can  be 
obtained.  The  new  piece  of  information  can  be 
found  by  matching  the  result  of  the  analysis  above 
with  the  corresponding  quasi-static  solution  which 
is  approximated  in  the  neighborhood  of  the  edge  of 
the  coated  half  plane.  Following  the  procedure 
given  by  Rojas  et  al.  [1991a]  and  Leppington  [1983], 
the  quasi-static  total  field  uq  valid  in  the  region  t\n 
c  p  c  k~l  for  the  present  half  plane  problem  may 
be  expressed  as 


u,  -  A,  +  Bq<£,  (26a) 

$  ~  x  +  Q  In  p,  pit  1/2-*®,  (266) 

where  Aq,  Sq,  and  Q  are  constants.  As  in  the 
quasi-static  analysis  by  Rojas  et  al.  [1991a],  the 
matching  constants  Aq  and  Bq  are  of  no  concern 
here,  and  the  key  step  is  to  determine  Q  which  can 
be  accomplished  by  using  the  integral  form  of 
Laplace's  equation,  namely, 

<j>  Vuq  •  ft’  dl -  <j>  ^7  dl  =  0,  (26c) 

where  ft’  is  the  outer  normal  of  a  closed  contour  L. 
Applying  (26c)  inside  material  1  (coating  on  the  top 
face  of  the  PEC  half  plane)  with  the  conto-,«-  of 
integration  L\  as  illustrated  in  Figure  4,  one  obtains 

4,"  lf»  I  M  ^41.  (264) 

where  is  an  integral  along  the  free  space-material 
1  boundary,  and  the  integral  along  the  conducting 
half  plane  is  exactly  zero  as  a  result  of  the  boundary 
condition  satisfied  by  Gq  on  a  PEC  surface.  Inte¬ 
grating  (26  c)  along  a  similar  contour  inside  material 
coating  2,  where  L%  is  depicted  in  Figure  4,  yields 


Fig.  4.  Integration  contours  for  the  determination  of  Q 

(p^u  "*  “)• 


,  f(0.0)  »UQ 

t}2  ~  Bqti  -  0,  ft-  lim  (26c) 

m,Ii  >  -»  m  *  imaftct 

where  q2  is  the  integral  along  the  free  space- 
material  2  boundary.  Likewise,  integrating  (26c) 
along  the  closed  contour  Lj  in  free  space  and  applying 
the  boundary  condition  which  requires  that  die  tan¬ 
gential  fields  be  continuous  at  the  free  space-material 
interfaces,  one  obtains  (as  xjt\n  — *  *>) 

—  -  —  +  Bq[2wQ  +  (/,  +  t2)]  -  0.  (26f) 

e'i  e'i 

Incorporating  (26 d)  and  (26 e)  into  (26/)  yields  a 
simple  expression  for  Q  as 


where  a\  and  a2  were  defined  in  (16).  With  Q  being 
determined,  the  asymptotic  behavior  of  uq  as  p/tin 
-*  » is  specified,  and  no  further  analysis  is  required. 

3.3.  Determination  of  the  unique  solution 

Following  the  same  procedure  used  in  section  2, 
the  approximate  expression  for  the  spectral  func¬ 
tion  §q(a  ±  «r)  corresponding  to  Qq  is  given  by 
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f,(a  ±  w)  -  ±\(X‘  -  ^  [—  *  —  (- 

|  \  2  j  2k  [cos  a  2v  (a, 

+  — jjJ.ImaiO,  1  cjcos  cr j (Arfi/a) — 


+  cos  a„ 


£(a0)R(a0)  -  K(v  -  a0)R(v  -  a#) 
K(a0)R(a0)  +  K(v  -  a0)R(*  -  a, )  ’ 


Cj  =  -sin 


K(a0)G(a0)  +  K(v  -  a0)G(w  -  a„ ) 

^  COS  ■  ■  (?^*) 

where  A'  is  a  constant  resulting  from  the  transform  2  K(a0)R(a0)  +  K(v  -  a0)R(ir  -  a0) 

of  the  term  In  p.  Applying  (38)  of  the  appendix  to  r  /  \  is 

(24b)  with  a  replaced  by  o  +  ir,  one  obtains  the  c  ^ 

asymptotic  form  for  5(a  +  ir)  in  the  region  1  3  \2 J 

|cos  a|  c  (A/,/2)-1  as  follows:  Am  m  *a,a 


_  Aj  A|  -  Aj  1 

S(a  +  *•)-♦/  —  +  — - ±  const  (a^)1** - 

2  2(a|  +  a2)  cos  a 


itt  /  1  1  \  d|A;  +  fl2jf| 

5 - (  —  +  —  *  i - 

2ir  \a,  a2J  2(o,  +  a2)  cos  a 


+  •  •  • ,  (27  b) 


Im  a  i  0. 


4>' 

2(fl|  +  a2)  cos  — 

(o,  +  02)  sin  a0  +  6,  -  b2 


K(a0)K( v  -  «*„)  G(a0)  +  2  R(ac)  cos 


ft(a0)R(a0)  +  K(n  -  a0)R(ir  -  a0 ) 


To  match  (27b)  with  (27 a),  it  is  necessary  that  the  where 
coefficient  of  the  extra  term  of  (cos  o)-1  be  zero; 


that  is. 


_  _  1  du  1  du 

fljAj  +  a2A  1  =  0,  or - +  —  —  =  0. 

Of  dp  fi-0  o2  dp  p-0 
*”«  4-  -* 

(27c) 


R(a)  “  -T^TnXt  cos  a  +  (1  +  *2) 


a  I 

,8inr  +  zi5(^i  +X3). 


1  1  a 

All  the  unknown  constants  in  (24b)  can  now  be  G(a)  =  —  cos2  a  +  Xx  cos  a  sin  - 
completely  specified  from  the  conditions  (27c)  and  2  2  2 

(25b)  together  with  the  requirement  that  the  resi¬ 
dues  of  5(a)  be  zero  at  the  unwanted  poles  a-±a0  +  2  ,/2(AT,  +  X3)  sin  —  +  I  +  X2  +  2Af« ;  (2 

and  ±(ir  -  a0)  as  discussed  earlier.  After  some  2 

manipulation  with  the  aid  of  the  Maliuzhinets  func¬ 
tions’  properties  given  in  (6a)  and  (10a),  one  obtains  Xl  “  ^e>  +  ^b>  “  *ai  ~  *  x*  * 


C 1  «=  sin  <t>'  cos2 - cos  — 

2  2 


K(a0)G(ao)  sin2  -y  +  ft(w  -  a0)G(ir  -  a0)  cos2 y 
ft(a0)R(a0)  +  F(ir  -  a0)R(w  -  a0) 


X2  *  f«,  ffc,  +  ~  (£.,  +  fi,)(fa,  +  (t,,). 


*3  “  f  «,  (t,  ((*,  +  ft,)  ~  fa,  ft,  (ft,  +  f ).  <»*) 


fo,j  m  COS 


C2  «  cos  —  cos  4>' 
2 


(”  ( *  ».,A 
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With  the  constants  C,-  and  Aj  determined  above,  a 
unique  solution  for  the  total  field  dip,  4)  is  com¬ 
pletely  specified  by  evaluating  the  Sommerfeld  in¬ 
tegral  (19a). 

3.4.  Asymptotic  analysis 

By  deforming  the  contour  y  into  two  steepest 
descent  paths  SDP(jt)  and  SDP(-ir),  the  total  field 
u(p,  <t>)  evaluated  from  the  integral  (19a)  is  given  by 

u(p,  4)  m  d‘(p,  4)  +  d'(p,  4)  +  Bsw(p,  4) 

+  a^ip,  4),  ~ir  <  4,  4'  <  (30) 

where  it'  and  ur  are  the  GO  incident  and  reflected 
fields,  respectively,  contributed  by  the  residues 
from  the  real  poles  of  the  integrand  in  (19a);  u  is 
the  surface  wave  field  contributed  by  the  residues 
from  the  complex  poles,  and  ud  is  the  diffracted 
field  which  is  the  integral  contribution  from  the 
integration  paths  SDP(±ir). 

As  can  be  seen  from  the  expresion  (24b),  there  is 
a  simple  real  pole  from  5{a  +  4)  at  a  =  4'  -  4 
which  is  located  within  the  strip  |Re  ar|  £  v  if  \4'  ~ 
s  ff.  The  residue  contribution  from  this  pole 
clearly  produces  the  incident  field  u‘  defined  in  (18). 
In  addition,  S(a  +  4)  has  two  other  real  poles  at 
a  s  +2tt  -(<#»+  </>')  which  may  also  be  captured  in 
the  deformation  of  the  contour  yinto  SDP(±  ir).  The 
residue  contribution  from  these  two  poles  intro¬ 
duces  the  reflected  field  i Y ,  which  is  given  by 

ar(p,  4)  =  [R,(<6')l/(<6  +  #'-»>  + 


Employing  the  identity  (10a)  together  with  some 
trigonometric  relations  in  (326),  and  after  a  tedious 
work  of  simplification,  yields 


9(a,  4') 


HC 

16  R(a)H(4') 


F(a,  *’) 
cos  a  +  cos  4' 


#(<*«,); 


(32c) 


in  which 


F(a,  4')  -  1  +  *2  +  2*4  +  £  cos  °  cos  4' 

+  ^cos  a  sin  y  +  cos  4'  *>n  -j  +  2(1 

a  4'  2  (  a  .  4'\ 

+  X2)  sin  -  sin  y  "  +  -  +  s,n  Yj1 

(32d) 


(a0)l?(a0)  +  f»(ir  -  a0)#(ir  a<,) 

lQ(a°)  "  ~ R(a0)f1(a0)  +  £(*  -  a0)H(it  -  a  j 

1  a  1  I  .  a 

JV( a)  =  -  (a.  +  a2)  sin  -  cos  a  +  -  IX,  sm  - 
-  cos  aj(X,  +  X3)  +  +  *2  + 


•  U(-4  -  4'  -  w)]  exp  {~ikp  cos  (4  +  <6')}.  Gla) 


(3V) 


where  the  reflection  coefficients  R,  and  R2  are 
defined.as 


(sin  4'  -  sin  Vq^Ksin  4’  ~  sin 

(sin  4'  +  sin  vai,)(sin  4'  +  sin  vb  ) 

,J  (316) 


As  stated  earlier  in  the  two-part  problem,  the 
steepest  descent  paths  SDP(±w)  may  be  shifted  to  a 
new  path  SDP (<M  by  changing  variables,  and  the 
diffracted  field  a i  is  then  given  by 


*•♦>-35/, 


§(a,  4') 


SDK*) 


•  exp  [ilcp  cos  (a  -  4>))  da. 


(32a) 


§(a,4')*S(.a  +  ir)-S{a-ir).  (326) 


where  X„  i=  1,2, 3,4,  were  defined  in  (29cM29/). 
The  function  9{a,  4')  exhibits  the  reciprocity  prop¬ 
erty  as  shown  by  the  symmetry  in  o  and  4'.  It  *s 
noted  that  (32c)  has  a  similar  form  as  the  result 
developed  by  Senior  [1991],  except  that  (32c)  is 
completely  specified  while  Senior’s  solution  still  has 
an  unknown  constant  to  be  determined  by  an  addi¬ 
tional  constraint.  Furthermore,  in  contrast  to  the 
analysis  by  Senior  [1991],  where  the  reciprocity  con¬ 
dition  is  explicitly  imposed  in  the  analysis,  the  present 
analysis  did  not  enforce  reciprocity  a  priori.  y«l  >l 
yielded  a  unique  solution  which  automatically  satis¬ 
fies  reciprocity.  Keeping  only  the  leading  **nn ‘  °J 
order  (kp)~ia,  the  asymptotic  evaluation  of  (32  a) 
recovers  the  high-frequency  edge  diffracted  field, 
namely 
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*<  r  \  ! 

*{  '  i\ 

XI  i  \ 

o  u  !  i  3 

M  1  d,mtk  0,-OSk  J 

I  •:-3*iOJ  •',-2+tOJ  i  A 

-40  !■  M.,S+i03 

*  ih 


.  MM 

-  OTt)  t~ 

- UTD  ! 

(«l»Ql4  PH.l  i- 


VI - 1 11 

I  !  5 


F*4  *  ± 


S4  fj  * -I  (33< 

F, -*,(*').  Os^’<t 

(33i 

Fl«*j(-*').  -*<0'<O 

f  I  /*  \ 

i^Wj  *Q"^2\2  +  **») 


4K(4f‘)Rvx(-v  -  v*..)***  +  vl,  -v  -  vSul) 


o  io  oo.ao  140  xo  no 
0  (dwgrww) 

(»)  BwUtic  wcbo  width. 


0  (0  00  BO  240  XO  MO 

0  (de<jr««) 

(b)  Bukutta  echo  width. 

Fig.  3.  UTD  versus  MM  results  for  the  geometry  shown  in 
Figure  3. 


0'  [^(±{tr  +  »>*„},  0') 

■COS  —  sin  (»>*  /2) - — - +  *?(«„)  . 

2  w  cos  0  -  cos  v* 


Note  that  Fh  i  =  1,  2,  3,  4,  are  the  residues  of  the 
function  §(a,  0')  at  the  corresponding  poles  a,-, 
except  when  -ir  <  0'  <  0  the  residue  Fj  is  evalu¬ 
ated  at  a  -  —it  -  0’  instead  of  a(.  Also, the 
function  F(x)  present  in  the  residue  terms  of  (336)  is 
the  well-known  transition  function  [Kouyoumjian 
and  Pathak,  1974].  Finally,  the  surface  wave  field 
tf**’  is  given  by 

B,w(p,  0)  -  FtWt  exp  [-ikp  cos  (*tl  -  0)]l/(0  -  $,t ) 

+  fWj  exp  [-ikp  cos  (vk}  +  0)]l/(0,J  -  0),  (34a) 


+  Re  (»»*„)  -arccos  — — — 
cosh  (Im 


1  1 
m  ^JJJ’ 


^(P.  0)~-^-D<0.  "•w*  •'O’ 


-w<0,  0’<ir, 


with  the  uniform  diffraction  coefficient  D  given  by 

f* 

D(0, 0’;  ,  v*w)  ~  ~j==  j  f(0, 0') 

u,  j  nu) 

i-1.2,3.4.  03c) 


fii«ir-0\  5j“»  +  0',  a  $  **•+»'*,, 


and  ^  =  -*V  Note  that  fWia  are  the 

residues  of  J(a  +  0)  at  the  surface  wave  poles  a  = 
±(2ir  +  vb  )  -  0. 


4.  NUMERICAL  RESULTS 

As  stated  earlier,  the  solution  for  the  two-part 
problem  developed  in  section  2  based  on  Maliuzhi- 
nets  method  is  identical  to  the  known  result  given 
by  Rojas  et  al.  [1991a]  based  on  the  Wiener-Hopf 
technique.  The  accuracy  of  that  solution  has  been 
verified  [Rojas  et  al.,  1991  a,  6].  Thus  it  remains  to 
illustrate  the  UTD  solution  developed  in  section  3 
for  the  material-coated  PEC  half  plane  excited  by  a 
normally  incident  plane  wave  of  TEZ  polarization. 
Here  a  few  far  zone  scatter  patterns  for  the  partially 
coated  half  plane  geometry  depicted  in  Figure  3  are 
presented  and  compared  with  a  corresponding  in- 
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(b)  BaducMter  ecbo  width. 

Fig.  6.  UTD  versus  MM  results  for  the  geometry  shown  in 
Figure  3  without  bottom  coating. 


dependent  MM/Green's  function  solution  given  by 
Newman  [1986].  The  results  based  on  UTD  are 
computed  with  all  multiply  diffracted  and  surface 
wave  field  components  up  to  third  order  included. 
Note  that  the  procedure  used  to  obtain  these  mul¬ 
tiply  diffracted  and  surface  wave  fields  is  based  on 
the  spectrally  extended  ray  method  developed  by 
Tiberio  and  Kouyoumjian  [1979, 1982, 1984],  which 
has  been  applied  to  a  resistive  strip  [Herman  and 
Volakis,  1987],  and  it  is  described  in  detail  by  Rojas 
and  Chou  [1990]  and  Rojas  et  al.  [19916],  where 
some  multiple  diffraction  mechanisms  not  consid¬ 
ered  by  previous  authors  are  discussed.  The  expres¬ 
sions  for  the  multiply  diffracted  fields  of  the  par¬ 
tially  coated  half  plane  can  be  found  in  the  work  by 
Ly  [1992].  It  is  shown  in  Figures  S  and  6  that  the 
UTD  solution  agrees  very  well  with  the  MM  result 
for  both  bistatic  and  backscatter  patterns.  The 
results  based  only  on  single  edge  diffraction  are  also 


included  in  Figure  5  to  illustrate  the  importance  of 
the  multiply  diffracted  fields. 

To  further  examine  the  usefulness  of  the  UTD 
solution  for  small  strip  widths  d\  and  d2,  the  UTD 
based  bistatic  and  backscatter  echo  widths  are 
compared  with  the  MM  in  Figure  7  where  d,  *  d2  * 
0.1  A  with  other  parameters  keeping  the  initial  val¬ 
ues.  It  is  evident  from  Figure  7  that  for  the  chosen 
materia]  parameters,  the  UTD  results  are  very 
accurate  even  for  such  small  strip  widths  by  includ¬ 
ing  up  to  third-order  multiple  diffraction.  As  men¬ 
tioned  earlier,  the  boundary  conditions  used  to 
develop  the  UTD  solution  are  valid  only  for  thin 
coatings.  Thus  in  Figure  8  the  bistatic  and  backscat¬ 
ter  echo  widths  are  calculated  for  not  very  thin 
coatings;  namely,  fj  =  t2  -  0.05A  to  show  the 
limitation  of  the  GIBCs  of  Off).  Note  that  with  the 
characteristics  of  the  materia)  used  here,  0.05A 
corresponds  to  0.12Arf,  where  Aj  is  the  wavelength 


Fig.  7.  UTD  versus  MM  results  for  the  geometry  shown  in 
Figure  3  with  <#i  “  <fj  “  0.1A. 
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inside  the  material.  Although  the  GIBCs  of  0(r)  are 
not  very  accurate  for  these  values  of  t\  and  r2,  it 
seems  that  the  agreement  of  the  UTD  solution  with 
the  MM  data  in  Figure  8  is  still  reasonable. 

5.  CONCLUSIONS 

The  Maliuzhinets  method  is  employed  in  this 
paper  to  analyze  two  diffraction  problems  involving 
thin  material-coated  metallic  surfaces.  Each  of  the 
electrically  thin  material  coatings  is  modeled  by  a 
GIBC  of  0(/),  where  t  denotes  the  thickness  of  the 
corresponding  material  layer.  The  application  of 
GIBCs  of  (HO  (for  magnetic  dielectric  materials) 
which  involve  second-order  derivatives  of  the  fields 
creates  difficulties  because  it  yields  solutions  which 
are  neither  unique  nor  reciprocal  even  after  the 
edge  condition  has  been  applied.  This  difficulty  is 
solved  here  by  imposing  a  junction  condition,  some- 


Fie.  UTD  versus  MM  results  for  the  geometry  shown  in 
Figure  3  with  t|  -  f2  «  0.05A. 


295 

times  referred  to  as  a  contact  condition,  in  addition 
to  the  boundary  and  radiation  conditions  as  well  as 
the  edge  condition.  The  junction  condition  is  devel¬ 
oped  by  matching  a  quasi-static  solution  with  the 
corresponding  Maliuzhinets  solution  in  their  com¬ 
mon  region  of  overlap  near  the  edge  (or  junction). 
The  final  solutions  thus  obtained  do  not  contain  any 
unknown  constants  and  automatically  satisfy  the 
reciprocity  condition. 

It  is  noted  that  expressions  for  the  constants  A, 
and  A,-  (i  =  1,  2,  3),  which  appear  in  sections  2  and 
3,  respectively,  are  developed  here  and  are  also 
expressed  in  terms  of  the  field  and  its  derivatives 
evaluated  at  the  junction  or  edge  of  the  scatterer. 
This  is  an  important  step  because  it  gives  a  physical 
interpretation  to  these  constants  and  allows  the 
comparison  of  one  of  the  junction  conditions  devel¬ 
oped  here  to  the  one  obtained  by  means  of  the 
Wiener-Hopf  technique  [Rojas  et  al.,  1991a]. 

Finally,  the  accuracy  of  the  solutions  developed 
here  is  assessed  by  considering  the  bistatic  and 
backscattered  echo  width  of  a  partially  coated  half 
plane.  By  including  multiple  interactions  up  to  third 
order,  the  UTD  solutions  provide  results  which  are 
in  good  agreement  with  corresponding  moment 
method  results. 


APPENDIX 

Approximate  expressions  valid  in  the  region  1  < 
|cos  o|  c  (Af  1/2) — 1  are  obtained  for  the  functions 
h(a  +  iH2)  and  R(a  +  ir)  defined  in  (1  lb)  and  (24c), 
respectively.  Since  axri,  which  is  defined  in  (lb),  is 
proportional  to  the  condition  |cos  a|  « 

\ain\  also  implies  (cos  oj  <  (ktir2)~x . 


Approximation  for  h(a  +  w/2)  =  h2(a  +  irf 2) 
A, (-a  -  iHl) 

Since  the  Maliuzhinets  function  dV2(°)  satisfies 
the  identity  (10a),  it  can  be  shown  that 


44’HBMt)] 


•  (sin2  a  -  a2  sin  a  +  b2) - -  |  +wa 


(?)]* 


•a2 


(a2|-*®. 


(35a) 
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In  the  »trip  of  interest  where  |Re  (a  +  «/2)|  s  w,  the  /  J  T  /*\14 

function  b2(a  +  W2)  has  a  zero  at  a  -  n*  -*  0  is  *i(  -a 

|fl2l  *■  Likewise,  b2(- a  -  w/2)  possesses*  zero  '  /  l  \2/J 


*ta*  -w-  Vk  — »  -was  |a2|-»  *>.  Hence  it  follows 

< _ /A#  \  »«_  _  . 


from  (35a)  that 


•cos  —  1 1  + 


a  sin  a  I 


wa, 


1«(cos  a|cln,|.  (35A) 


±(*+l) ,~i“  *"(})  *•* 


I/I 


“I 


cos- 


Multiplying  (35hH35g)  and  retaining  the  first  two 
(35b)  terms  yields 


(cos  ft|«|a2|. 

The  approximation  given  above  can  be  improved  by  /  1  1 


adding  a  second  term  to  (35b),  namely, 


(H)l 


1  + 


a  sin  a 


,  I^|C0S  <*|^(fa,;j)~*. 


(36) 


*>(*[- 


i/i 


**"  2 


cos 


Approximation  for  H(a  +  w)  *  /T,(a  +  tr)fi2(-a  - 
w) 


•[I+//f(o)), 


The  Maliuzhinets  function  +w(a)  has  the  follow- 


(35c)  “**  Pr°Perty  [ Maliuzhinets ,  1959]: 


where  [Hf  (o)]  <*:  1.  Substituting  (35c)  into  (35a) 
and  neglecting  the  small  product  H2(a)H2[a) 


*.(or  +  w)*«(o  -  w)  -  [<M*)]V*/i(a).  (37a) 


leads  to 

Hi  (a)  +  Hi  (a)  - 


Hence  it  can  be  shown  from  (37a)  that 


sin2  a  +  b2  1 


<>2  sin  a 


|cos  a|«|a2|.  fij{a  +  *)£2(_a  _  n)  =  [#w(w)]»*2[a  +  (37 b) 

(35d)  V  2/ 


By  decomposing  the  function  (I /sin  a)  as 
1 


-a  w  +  a 


Substituting  into  (37b)  the  approximation  for  h2(a  + 
vf2)  given  in  (35c)  and  (35/)  as  |a2|  — *  oo,  one  obtains 


sin  a  tr  sin  a  w  sin  o’ 


(35e) 


and  noting  that  the  approximation  of  h2(a  +  w/2) 
must  be  regular  in  the  strip  |Re  (o  +  «/2)|  s  w,  one 
recognizes 


Rjio  +  v)R2{-a  -  w)  ~  JO}  [#*(»)]• 


+wn 


H2(a)  - 


(w  +  a)(sin2  a  +  b2)  a  sin  a 


wa2  sin  a 


wa2 


(35/) 


1  - 


(w  +  a)(sin2  a  +  b2) 


wa2  sin  a 


.  Mil- 


(37c) 


Substituting  (35/)  into  (35c)  leads  to 

+  f)  ~2^  [*-”(1)] 


lc|cos  «|.  Thus,  a  two-term  approximation  for  ft2[-a  -  w)  in 
the  region  1  c  |cos  oj  c  |a2|  can  be  found  following 
a  similar  procedure  as  discussed  in  the  previous 
section,  namely. 


•sin  —  1 1  - 


a  sin  a 


wa2 


ff2(-a  -  w)  -  ( 


Icjcos  a|«|a2|.  (35p) 
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Similarly, 
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Multiplying  (Yld)  to  a  similar  approximation  of  Rx(a 
+  ir)  yields 


lc|cos  aj-citoi/j)-1. 
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The  estimation  of  signal  parameters  vis  rotational 
invariance  techniques  (ESPRIT)  algorithm  of  Roy, 
Paulraj  and  Kailath  [1, 2]  uses  signal  subapace  methods 
to  estimate  the  arrival  angles  of  signals  with  an  array. 
The  ESPRIT  algorithm  has  the  distinct  advantage 
over  the  multiple  signal  rlasafication  (MUSIC) 
algorithm  (3]  that  it  does  not  require  a  search  over 
parameter  space.  When  the  MUSIC  algorithm  is 
used  to  estimate  arrival  angles,  one  must  search  over 
the  set  of  all  possible  arrival  angles  to  obtain  the 
estimates.  Although  such  a  search  is  not  difficult  in 
one  dimension,  it  quickly  becomes  prohibitive  as  the 
number  of  dimensions  increases.  Angle  estimation 
problems  involving  electromagnetic  signals  often 
require  a  search  over  two  spatial  angles.  Moreover, 
because  electromagnetic  signals  usually  arrive  with 
unknown  polarizations,  two  more  search  dimensions 
may  be  needed  for  each  signal  to  estimate  the  signal 
polarizations.  The  ESPRIT  algorithm  avoids  the 
problem  of  a  search  entirely  and  is  thus  preferable  to 
the  MUSIC  algorithm. 

In  an  earlier  paper  [4],  the  authors  showed  how  the 
ESPRIT  algorithm  can  be  used  with  a  linear  array  of 
cross-polarized  dipoles  to  estimate  signal  polarizations 
and  arrival  angles  in  one  angular  dimension.  Also, 
for  problems  where  the  signal  polarization  is  not  of 
interest,  a  related  paper  [5]  shows  how  to  incorporate 
unknown  signal  polarization  in  the  ESPRIT  algorithm 
so  that  signal  arrival  angles  can  be  estimated  in  a  way 
that  works  regardless  of  the  signal  polarizations. 

In  [4,  5],  it  was  assumed  that  the  incoming  signals 
whose  angles  and  polarizations  are  to  be  estimated  are 
uncorrelated,  or  at  most  partially  correlated.  However, 
the  performance  of  these  methods  degrades  rapidly  as 
the  incident  signals  become  highly  correlated.  They  fail 
to  work  properly  when  the  signaLs  are  coherent  (Le., 
perfectly  correlated). 

The  purpose  of  this  work  is  to  show  how  the 
ESPRIT  algorithm  can  be  combined  with  spatial 
smoothing  igrimiqmm  [6-10]  and  used  with  a  uniform 
linear  array  of  crossed  dipoles  to  estimate  signal 
directions  and  polarizations  for  coherent  signals.  We 
present  one  method  of  spatial  smoothing  that  can 
be  used  when  it  is  necessary  to  estimate  both  the 
arrival  angles  and  the  polarizations  of  signals.  We  also 
present  two  additional  methods  that  can  be  used  when 
only  the  signal  arrival  angles  are  of  interest,  not  the 
polarizations,  but  it  is  still  necessary  that  the  estimator 
work  properly  with  arbitrarily  polarized  signals. 

In  Section  II,  we  define  the  array  that  is  used 
and  the  signal  parameters.  In  Section  III,  we 
show  how  forward-only  spatial  smoothing  [7,  8] 
can  be  combined  with  ESPRIT  and  used  with  a 
polarization-sensitive  array  to  estimate  both  signal 
directions  and  polarizations  for  coherent  signals.  In 
Section  IV,  we  describe  an  alternative  procedure 


706 


IFFF.  TRANSACTIONS  ON  AEROSPACE  AND  ELECTRONIC  SYSTEMS  VOL.  29,  NO.  3  JULY  1993 


Rj.  Z  PoUmtftoe 


Fig.  1.  Uniform  linear  array  of  owed  dipoiea. 

based  on  [5]  that  may  be  used  with  both  forward -only 
(FO)  and  fotward/backward  [9, 10]  spatial  smoothing 
to  estimate  signal  directions  only.  In  Section  V,  we 
present  some  typical  examples  and  compare  the 
performance  of  the  different  techniques.  Finally, 
Section  VI  contains  our  conclusions. 

II.  PROBLEM  FORMULATION 

Consider  a  2L -element  array  consisting  of  L  pairs 
of  crossed  dipoles,  as  shown  in  Fig.  1.  The  fth  dipole 
pair,  /  *  1,2,. ...L,  has  its  center  on  the  y  axis  at 
y  «*  (/-  1  )6.  The  distance  6  between  two  adjacent 
dipole  pairs  is  a  half  wavelength.  The  signal  from  each 
dipole  is  processed  separately.  For  the  Ith  dipole  pair, 
let  x/(t)  be  the  signal  received  on  the  x  axis  dipole  and 
y»(r)  the  signal  received  on  the  y  axis  dipole. 

Suppose  K  (with  K<L)  narrowband  signals 
impinge  on  the  array  from  angular  directions  {0*,  0  < 
k  <  K }  in  the  yz  plane,  where  8  denotes  the  standard 
polar  angle  in  the  yz  plane,  as  shown  in  Fig.  1.  It  is 
assumed  that  each  signal  has  an  arbitrary  elliptical 
electromagnetic  polarization  [11]. 

lb  specify  signal  polarization,  we  use  the  following 
definitions.  An  incoming  transverse  electromagnetic 
(TEM)  wave  propagating  into  the  array  has  an  electric 
field  given  by 

E  *  -Extx  +  £#e#  (1) 

where  tx,  e»,  and  er  are  unit  vectors  in  the  x,  8,  and 
r  directions,  respectively,  in  Fig.  1.  We  consider  the 
polarization  ellipse  produced  by  Ex  and  £#.  Given  this 
ellipse,  we  define  a  and  P  to  be  the  ellipticity  and  the 
orientation  angles,  respectively  (see  [4]).  Ws  define  p 
to  be  in  the  range  0  <  p  <  a,  and  a  is  always  in  the 
range  -x/4  <  a  <  x/4.  See  Fig.  2. 

For  a  given  a  and  P,  Ex  and  £«  are  given  by  (aside 
from  a  common  phase  factor)  [4] 

Ex  =  Ecosy  (2) 

£#  *  Esinye'*  (3) 

where  y  describes  the  relative  values  of  |£*|  and  |£»| 
and  ij  is  the  phase  by  which  the  8  component  leads  the 
x  component  y  is  always  in  the  range  0  <  y  <  */ 2, 
and  Tj  is  in  the  range  -r<i}<».  Either  pair  of  angles 


(a,p)  or  (y,tj)  uniquely  define  die  polarization  state  of 
a  wave.  We  can  compute  y  and  q  from  a  and  P  and  a 
and  P  from  y  and  q  [12,  4]. 

An  arbitrary  plane  warn  coming  into  die  array 
is  characterized  by  three  angular  parameters  and 
an  amplitude.  The  Ath  signal,  k  ■  1, 2,..., K,  is  > 
characterized  by  its  arrival  angle  0*,  its  polarization 
ellipticity  angle  a *  and  orientation  angle  pk,  and  its 
amplitude  £*  (Le.,  £*  is  the  value  of  E  in  (2)  and  (3) 
for  the  krh  signal).  We  say  the  kth  signal  is  defined  by 
(811,01,  Pk,  Et). 

We  assume  each  dipole  in  the  array  is  a  short 
dipole,  so  the  output  voltages  of  the  x  and  y  axis 
dipoles  are  proportional  to  the  x  and  y  components, 
respectively,  of  the  electric  field.  An  incoming  signal 
with  components  Ex  and  E+  has  x,y,z  components: 

E  »  -Extx  +  E$t0 

=  (-£*)*,  +  (Et  <x*8)ty  -  (£»  sin  0)e,  (4) 

■  £[(-cos7)ex  +  (sin7CO60ert)e, 

-  (sin7sin0e/,)eJ]  (5) 

where  tx,  e7,  and  ez  are  unit  vectors  in  the  x,  y  and 
z  directions,  respectively.  We  define  the  space  phase 
factor 

q  m  e/( ar#/*)—*  (6) 

where  A  is  the  wavelength  of  the  signaL  Including  the 
time  and  space  phase  factors  in  (5),  we  find  that  an 
incoming  signal  characterized  by  (8,a,P,E)  produces 
a  signal  vector  in  the  crossed  dipole  pair  centered  at 
y  =  (/  - 1)6  as  follows: 


s(t)  m  Eei(u'+'»  (9) 


with  u  the  frequency  of  the  signal  and  i>  the  carrier 
phase  ttf  the  signal  at  the  coordinate  origin  at  t  ■  £L 
We  assume  that  K  such  signals,  specified  by  8k, 
k  *  1,2 ,...,K,  are  incident  on  the  array.  In  addition 
we  assume  a  thermal  noise  voltage  vector  a/(t)  is 
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promt  on  each  signal  vector  xi(r).  Hie  a /(f)  are 
assumed  to  be  zero  mean,  complex  Gaussian  processes 
statistically  independent  of  each  other  with  covariance 
where  I  denotes  the  identity  matrix. 

Under  these  assumptions,  the  total  signal  vector 
received  by  the  crossed  dipole  pair  centered  at  y  * 
(1-1)6  it  given  by 

K 

*i(')m52*k*k(tWk~'+n,(t),  l m  1,2,..., L 

(10) 

where  14  and  qk  are  given  by  (8)  and  (6),  respectively, 
with  subscript  k  added  to  each  angular  quantity,  and 
st(t)  is  given  by  (9)  with  subscript  k  added  to  the 
amplitude  and  carrier  phase. 

The  carrier  phase  angle  ^1  is  assumed  to  be  a 
random  variable  uniformly  distributed  on  [0,2x).  The 

other  V1*,  for  k  =  2,3 . K,  are  also  random  variables 

but  it  is  assumed  that  each  of  these  differs  from  tpi 
by  a  fixed  amount  Thus,  the  ipk  are  all  rigidly  tied  to 
one  another,  and  the  incident  signals  are  coherent  (Le., 
perfectly  correlated).  In  this  case,  each  signal  sk(t)  can 
be  written  as  a  scaled  replica  of  some  signal  $o(t)  for 
which  £{|ro(OI2}  *  1» 

*(0 -**(*).  k  =  l,2,...,K  (11) 

where  gi  is  a  real  constant,  and  g2,gi,-,gx  are 
complex  constants. 

Let  z(r),  s(r),  and  n(r)  be  column  vectors 
containing  the  received  signals,  incident  signals,  and 
noise,  respectively,  Le., 


Lni,(f)J 

The  received  signal  vector  has  the  form 
*(r)-As(r)  +  n(f) 
where  A  is  a  2L  x  K  matrix 


A«[«|  *2  •••  «jc] 


with  2L  x  1  Mhnw 


The  columns  a*  are  assumed  linearly  independent 
They  define  a  K  -dimensional  siffutf  subspace  in  a 
2L~dimensional  space. 

By  assuming  the  columns  in  A  are  linearly 
independent,  we  are  excluding  from  consideration 
degenerate  cases,  such  as  when  a  signal  causes  zero 
output  on  both  the  x  and  y  axis  dipoles  at  the  same 
time. 

We  assume  that  the  element  signals  are  sampled  at 
N  distinct  times  t„,  n  =  1,2,. ...N.  The  random  noise 
vectors  n(r„)  at  different  sample  times  are  assumed 
independent  of  each  other.  The  problem  of  interest 
is  to  estimate  the  9k  (and  possibly  the  ak,pk)  for  k  «* 
1,2,..., from  the  measurements  z(r„),  n  =  1,2,. ...N. 

In  Section  III,  we  consider  how  to  estimate  all 
three  parameters  6k,  ak,  and  ft  from  the  s(r«).  In 
Section  IV  we  consider  what  can  be  done  if  we  need 
to  estimate  only  the  ft. 

III.  ESTIMATING  BOTH  DIRECTION  AND 

POLARIZATION  FOR  COHERENT  SIGNALS 

Consider  the  array  covariance  matrix  of  z (/)  which 


has  the  form 

R  =  £{z(r)zH(r)}  -  Ro  + 

(16) 

where 

Ro«AR,Ah 

(17) 

with  (■)H  denoting  the  complex  conjugate  transpose 
and  R,  =  £{s(r)s"(r)}  representing  the  source 
covariance  matrix. 

In  general,  if  the  signals  si(t),...,sjc(t)  are 
uncorrelated,  R,  is  diagonaL  If  foe  signals  are  partially 
correlated,  R,  is  nondiagonal  but  nonsingular.  For 
the  case  considered  here,  the  signals  are  completely 
correlated,  so  R,  is  nondiagonal  and  singular. 

As  long  as  foe  sk(t)  are  not  completely  correlated, 
the  eigenvectors  of  R<>  (or  R)  that  correspond  to  foe 
K  largest  eigenvalues  of  Ro  (or  R)  span  foe  same 
signal  subspace  as  the  column  vectors  in  A  [3].  This 
feet  is  used  in  foe  original  ESPRIT  algorithm  [1,  2] 
for  estimating  signal  direction  and  in  [4]  for  estimating 
both  direction  and  polarization. 

When  foe  incident  signals  are  coherent,  however, 
using  £{|so(0l2}  “  I  sod  (11)  yields 

R*  “ttH  (18) 

where  g  is  a  K  x  1  column  vector 

*-fei  g2  ...  ftef  (19) 
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(27) 


+  +  —  .  * 

Fig.  3.  Spatial  toothing  scheme. 

where  (  )T  denotes  the  transpose.  For  this  case, 
the  matrix  R,  is  of  rank  1  and  the  signal  subspace 
based  approach  will  not  work,  lb  use  signal  subspace 
methods  with  coherent  aigwak,  the  signals  must  first  be 
“decorrelated’*. 

One  method  of  overcoming  the  singularity  of 
R,  for  coherent  signals  is  the  FO  spatial  smoothing 
technique  of  Shan,  Wax,  and  Kailath  [7,  8].  The  idea  of 
this  technique  is  to  divide  a  total  anay  of  L  elements 
into  Lo  overlapping  subarrays,  as  shown  in  Fig.  3.  Each 
subarray  then  has  L,  «L-Lo  +  l  elements  and  we 
assume  that  Lt  >  K.  As  shown  in  [7, 8],  averaging 
the  covariance  matrices  associated  with  the  subarrays 
restores  the  rank  of  R,  and  makes  it  possible  to  use 
signal  subspace  methods. 

Hie  FO  method  can  be  applied  here.  Let  if  (/) 
denote  the  column  vector  received  from  the  1th 
subarray,  Le., 

0-hT(0  «7+t (0  ^r,-i(0IT. 

1</<L<>.  (20) 

The  covariance  matrix  of  the  Ith  subarray  is  [8] 

Rf  =£{xf(0[if(0]H} 

=  A*'-1R,(*,,-‘)hAh  +  <r2I  (21) 

where 

*diag{qi,q2.  -,9Jc}  (22) 


By  replacing  R,  with  a®,  (26)  cut  be  written 

«*/-5cc“ 

where 

C-(g  *,i  ...  #^-‘tl-GAl,  (28) 

with 

G  -  diag{gt,gz . gx}  (29) 


•  1 

1 

1  ■ 

A  U  “ 

qt 

: 

: 

Note  that  as  long  as  the  signals  arrive  from  distinct 
directions,  the  Vhndermonde  matrix  Ag,  is  nonsingular. 
If  in  addition  Lo>  K,  then  C  is  nonsingular  so  the 
rank  of  Rf  is  AT. 

A  second  potential  method  for  overcoming 
the  singularity  erf  R,  for  coherent  signals  is  the 
forwardAiackward  spatial  smoothing  technique  of 
{9, 10].  The  idea  of  this  technique  is  to  average 
the  covariances  matrices  associated  with  both 
the  subarrays  shown  in  Fig.  3  and  their  complex 
conjugated  backward  subarrays.  However,  this  method 
cannot  be  used  in  the  present  problem  when  we  want 
to  estimate  as  well  as  0k.  The  reason  is  that  the 
amplitudes  of  the  elements  of  A  given  in  (14)  are  not 
all  unity,  as  can  be  seen  from  (8).  However,  if  we  want 
to  estimate  only  the  0*.  but  not  the  polarization,  this 
technique  can  be  used.  We  consider  this  case  in  the 
next  section. 

IV.  ESTIMATING  DIRECTION  ONLY  FOR 
COHERENT  SIGNALS 


and  where  A  is  now  the  matrix  in  (14)  and  (15)  with  L 
replaced  by  L,. 

Ws  define  the  FO  spatially  smoothed  array 
covariance  matrix  VJ  to  be  the  average  of  the  matrices 
b(  ,  Le., 


The  matrix  RS  can  be  written  as 

R'-Rf+o2!  (24) 

where 

Rf  -  AR/Ah  (25) 

with  Rf  denoting  the  FO  spatially  smoothed  source 
covariance  matrix 

Rf  »  ^E#'r,R*(*'*",)H-  (26) 

^  Iml 


In  [5],  the  authors  described  a  method  for  using  the 
array  of  Fig  1  to  estimate  signal  directions  only,  but  to 
do  so  in  such  a  way  that  the  estimator  works  properly 
regardless  erf  signal  polarization.  This  approach  treated 
the  x  axis  dipoles  and  the  y  axis  dipoles  as  separate 
subarrays.  The  arithmetic  average  of  the  covariance 
matrices  for  the  x  and  y  axis  dipoles  was  used  as  the 
total  covariance  matrix  in  the  ESPRIT  algorithm. 

We  now  show  that,  with  coherent  signals,  this  same 
approach  can  be  used  in  combination  with  both  the  FO 
[7, 8]  and  forward/backward  [9, 10]  spatial  smoothing 
techniques. 

Let  x(t)  denote  the  column  vector  received  from 
the  x  axis  dipoles,  Le., 

*(0  =  [xi(0  x2(0  ...  Xi,(r)]T  (31) 

x(r)  is  the  subvector  of  x(r)  consisting  of  the 
odd-numbered  elements  of  s (r).  The  variables  x(r)  can 
be  written 

x(f)-Ar.*,s(0  +  n,(r)  (32) 


U  A  COMPTON:  ANCLE  AND  POLARIZATION  ESTIMATION  IN  A  COHERENT  SIGNAL  ENVIRONMENT  709 


where  At,  is  defined  as  in  (30)  with  Lo  replaced  by  L„ 
#,  is  defined  as 

#,  *diag{-cos7i,-cos72,-.,-cos7jc}  (33) 

and  n,(r)  is  a  zero-mean  complex  Gaussian  process 
with  covariance  <r2I.  The  matrix  At,  is  the  direction 
matrix  for  this  approach.  The  angles  of  arrival  are 
assumed  to  be  distinct,  so  that  the  columns  of 
At,  define  a  A -dimensional  signal  subspace  in  an 
L, -dimensional  space.  The  covariance  matrix  of  x(r) 
is 

R.  =  £{x(f)xH(t)} 

=  At.*,R,*?A”  +<t2I.  (34) 

Similarly,  let  y(r)  denote  the  column  vector 
received  from  the  y  axis  dipoles,  Le., 

y(0  =  [yi(0  >2(0  jo.(0]T  (35) 

where  y(r)  is  the  subvector  of  z(f)  consisting  of  the 
even-numbered  elements  of  z(t).  The  variables  y(r)  can 
be  written 

y(r)  =  At,*>s(r)  +  n>(r)  (36) 

where 

#y  =  diag{  -  sin7icos^ie;',,,-sin72COstf2e7,'J.  -  i 

-sin7xcos®jte7'’*}  (37) 

and  ny(r)  is  a  zero-mean  complex  Gaussian  process 
with  covariance  <r2I.  The  covariance  matrix  of  y(t)  is 

R,  =  £{y(r)yH(0) 


=  At.«>R,*?A“  +<r2I. 

(38) 

Consider  R,  the  average  of  R.  and  R,, 

R  —  J  (R,  +  Rjr). 

(39) 

R  can  be  written 

R  =  Ro  +  <r2I 

(40) 

where 

R)  =  Ai(RJAi, 

(41) 

with  R,  defined  as 

(42) 

(43) 

As  long  as  the  incident  signals  are  at  most  partially 
correlated,  R,  is  nonsingular.  Since  by  assumption 
none  of  the  incident  signals  produces  zero  output 
on  both  the  x  and  y  axis  dipoles  at  the  same  time, 

[#,  |  *y]  is  of  rank  K.  Thus  R,  is  nonsingular  and  the 
eigenvectors  of  Ro  that  correspond  to  the  K  largest 
eigenvalues  of  Ro  span  the  same  signal  subspace  as 


the  column  vectors  in  A/,.  For  this  case,  the  ESPRIT 
algorithm  can  be  applied  to  If  for  direction  estimation. 
For  coherent  signals,  however,  (43)  becomes 

R,«|l*,t  I  Mil*-*  I  •,«]"  (44) 

in  which  case  the  rank  of  R ,  is  at  most  2.  Thus  the 
coherent  signals  must  first  be  “decorrelated”  before 
the  ESPRIT  algorithm  can  be  applied. 

The  first  method  of  decorrclating  the  signals  is  the 
FO  spatial  smoothing  technique  of  [7,  8].  We  apply  this 
method  to  the  averaged  covariance  matrix  R  in  (39). 

In  the  curves  below,  we  call  this  composite  method  the 
alternative  forward-only  (AFO)  method. 

In  this  method,  the  total  array  of  L  elements 
is  divided  into  Lo  overlapping  subarrays  with  L,  = 

L  -  Lo  +  1  elements  in  each  subarray.  Let  xf  ( t )  denote 
the  column  vector  of  the  x  axis  dipole  signals  in  the  Ith 
subarray, 

*/*i(0  •••  */*t,-i(01T. 

1  <  /  <  Lo  (45) 

and  let  yf  (t)  denote  the  column  vector  of  the  y  axis 
dipole  signals  in  the  /th  subarray, 

y/(0  =  [y/(0  yi+ i(0  •••  y/+/,-i(01T. 

1  <  /  <  Lo.  (46) 

Then  let  R(  be  the  average  of  the  covariance  matrices 
ofxf(t)  andyf(r), 


Rf  =  *£{xf  (r)[xf  (r)]H  +  yf (r)(yf (r))"}.  (47) 

The  AFO  spatially  smoothed  covariance  matrix  R^  is 
the  average  of  r(  : 


i  M) 

(48) 

can  be  written 

R f  =^+0*1 

(49) 

where  ,  , 

Ro  =A/.,R^aJ 

(50) 

with  Rj  denoting  the  AFO  spatially  smoothed  source 
covariance  matrix 

+*y*;-,R,(*;-,)H*«].  (5i) 

By  using  (26)-(27),  R^  can  be  written 

R{  =  +  *yCCH#»] 

=  ^-C,C«  (52) 
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where 


where  (see  (28)) 

C,-[#,C|#,C] 

-[#,0X1. 1  #,GAlj 

=  G(#X|*>aL]-  (53) 

The  last  equality  holds  because  G,  #,,  and  #,  are 
diagonal  matrices. 

The  minimum  number  of  subarrays  L©  required 
to  make  nonsingular  is  between  K/2  and  K 
depending  on  the  signal  scenario.  On  the  one  hand, 
suppose  all  incident  signals  are  linearly  polarized  so 
there  is  no  output  on  the  y  axis  dipoles.  Since  by 
assumption  none  of  the  signals  produces  zero  output 
on  both  the  x  and  y  axis  dipoles  at  the  same  time,  the 
diagonal  elements  of  are  then  nonzero.  For  R^  to 
be  nonsingular  in  this  case,  we  must  have  Lo  >  K.  On 
the  other  hand,  assume  K  is  even  and  suppose  K/2 
signals  produce  zero  outputs  on  the  x  axis  dipoles  and 
the  other  K/2  signals  produce  zero  outputs  on  the  y 
axis  dipoles.  In  this  case  we  must  have  Lo  >  K/2  for 

to  be  nonsingular. 

The  second  method  for  decorrelating  the  signals 
is  the  forward/backward  spatial  smoothing  technique 
of  [9, 10].  In  the  curves  below,  we  label  this  method, 
when  used  with  the  averaged  covariance  matrix  R  in 
(39),  the  alternative  forward/backward  (AFB)  method. 

The  AFO  spatially  smoothed  array  covariance 
matrix  W,h  is  defined  as  [9,  10] 

K//‘  =  $[K/+J(K/)*J]  (54) 

where  is  defined  in  (48),  superscript  *  denotes 
complex  conjugate,  and  J  is  the  exchange  matrix 

0  •••  0  r 
0  •••  10 

:  :  :  •  (55) 
1  •••  0  0. 

From  (49),  we  have 

JC&T  J  =  J(Ro  +  <^I)*J  =  J(Ro)*J  +  o2 1.  (56) 


(«) 

and*"*  denotes  the  AFB  spatially  smoothed  source 
covariance  matrix 

r,"*  -  (6i) 

Furthermore,  from  (52)  we  have 

-  — [c,cf  +  *,-(Z'-,)qc[[#f‘(Z''1)]H] 

-  —{CtC?  +  *i(i'~1)qjjHc7[*^-,)]H] 

-  4^CjC?  <“> 

where  we  have  used  JJH  =  I  and  defined 

C2  *  [Ci  |  #;a'~1>CI J].  (63) 

Next,  using  (53),  we  have 

c2  -  [g#xaI,  i  G#yxl,  i 

X  g**;a£j  I  *-(Z''1)G**>”j] 

=  [G*JtxI#|G*yxI#|G**;*-(/-1> 

xXl#|G*#;*f-(t-1)Al0]  (64) 

where  we  have  used  (57)  with  L,  replaced  by  Lo  and 
L  »  Lt  +  Lo  -  1.  C2  may  then  be  written  as 

C2  -  G]#^^  |  |  #*G*G-1 

x  *,"(£"1)xl#  |  *;g*g-1*-(Z-,)xI0] 

=  G[*,Xl  I  *yAl  I  *;HAl  I  *;HAh  (65) 
where  H  is  the  diagonal  matrix 

H  =  G*G"1*^(i"1)  (66) 

=  diag{hi,/i2,. ..,/»*}  (67) 


Then  using  the  relation 

(57) 

we  have  from  (50) 

J(R/)*J  =  J(XLiRfX“)*J 

=  Xi.*,-(L'-,)(R^n*-(L’',)]HX" .  (58) 
Therefore  R^4  can  be  written  as 

R//4  =  R^/4+<r2I  (59) 


For  R,  to  be  nonsingular,  the  minimum  number 
of  subanays  Lo  required  is  between  K/ 4  and  K, 
depending  on  the  signal  scenario.  Each  of  the 
submatrices  #,X]<,  #yX]^,  and  is 

a  K  x  Lo  matrix  lb  make  C2  have  rank  K,  there  must 
be  K  independent  column  vectors  somewhere  in  the 
set  of  these  four  submatrices.  For  most  combinations 
of  signals,  C2  will  be  full  rank  if  Lo  *  K/ 4,  Le.,  so 
there  are  Kj 4  columns  in  each  of  the  submatrices  in 
(65).  Usually  these  Kf  4  columns  in  each  submatrix 
will  be  linearly  independent  of  each  other,  so  C2  will 
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have  rank  K.  However,  for  certain  specific  choices 
of  signal  parameters,  some  of  these  columns  will  be 
linearly  dependent,  in  which  case  Lo  will  need  to  be 
larger  than  K/4.  Choosing  Lo*  K,  however,  is  always 
sufficient  to  make  C2  full  rank,  because  then  each  of 
the  four  submatrices  in  (65)  has  rank  K,  regardless  of 
the  signal  parameters. 

V.  SIMULATION  RESULTS 

We  now  show  several  examples  illustrating  the  use 
of  these  techniques  with  coherent  signals.  The  results 
below  were  obtained  by  using  fifty  Monte  Carlo  trials. 
The  array  consisted  of  L  =  10  pairs  of  crossed  dipoles. 
All  incident  signals  were  assumed  to  have  the  same 
unit  amplitude  £*.  The  signal-to-noise  ratio  (SNR) 
shown  in  the  figures  is  defined  as  -10log10<7‘  dB.  A 
finite  number  of  data  samples  N  was  taken  at  each 
dipole  output  The  subarray  covariance  matrices  were 
estimated  from  the  available  data  samples,  as  described 
in  [4]  and  [5].  The  spatially  smoothed  covariance 
matrices  were  obtained  from  the  subarray  covariance 
matrix  estimates. 

We  first  show  an  example  that  illustrates  how  the 
results  for  spatial  smoothing  with  coherent  signals 
compare  with  those  using  the  method  in  [5]  with 
partially  correlated  signals  and  no  spatial  smoothing. 

We  consider  an  example  with  7  coherent  signals.  The 
SNR  for  each  signal  is  20  dB  and  the  number  of  data 
samples  is  JV  »  200.  The  number  of  incident  signals 
is  assumed  known  in  the  estimator.  The  direction 
of  arrival  estimates  are  computed  by  using  the  AFB 
technique.  Two  subarrays  (Lo  =  2)  of  9  elements 
(L,  =  9)  are  used.  Fig.  4  shows  the  direction  estimates 
obtained  with  each  of  the  50  independent  trials  plotted 
on  a  unit  circle  at  those  angles  from  the  center  of  the 
circle.  The  50  estimates  of  the  angles  are  superimposed 
on  the  same  plot,  so  the  spread  in  angles  can  be 
seen.  Fig.  4(a)  shows  the  results  when  the  signals 
arrive  from  equally  spaced  angles  every  20s  between 
—55°  and  65°.  The  corresponding  elhpticity  angles 
are  also  equally  spaced  between  -45°  and  45s  and 
the  orientation  angles  are  zero.  Fig.  4(b)  shows  the 
results  for  a  smaller  separation  between  signals,  every 
11.50  between  -29.5°  and  39.5°  and  for  the  same 
polarizations.  As  may  be  seen,  the  estimation  accuracy 
is  poor  when  the  signals  are  spaced  every  11.5°.  The 
reason  is  that  when  the  angles  are  closer  the  direction 
matrix  A l.  is  becoming  ill-conditioned.  This  example 
illustrates  the  resolution  limits  for  this  technique  as  the 
7  arrival  angles  approach  one  another. 

Next,  for  comparison,  Fig.  5  shows  the 
corresponding  results  when  7  partially  correlated 
signals  are  incident  and  the  technique  of  [5]  is 
used,  Le.,  there  is  no  spatial  smoothing.  The  other 
parameters  of  the  signals  are  the  same  as  for  Fig.  4. 

In  this  case,  an  array  of  9  elements  is  used,  to  make 
the  results  comparable  to  those  in  Fig.  4.  Fig.  5(a) 


<4 


<b) 


Fig.  4.  Direction  mimalc*  of  7  coherent  signals  obtained  with 
AFB  method  with  L  -  10,  SNR  -  20  dB,  N  -  200,  Lo  -  2. 
orientation  angles  zero,  elliptidty  angles  equally  spaced  between 
-45*  and  45*.  (a)  Signals  arrive  bom  equally  spaced  angles  every 
20*  between  -55*  and  65*.  (b)  Signals  arrive  bom  equally  spaced 
angles  every  11.5*  between  -293*  and  393*. 


shows  the  results  when  the  signals  are  evenly  spaced 
from  -55s  to  65°,  and  Fig.  5(b)  shows  them  when  they 
are  spaced  from  -29.5s  to  39.5°.  Note  that  the  results 
in  Figs-  4(a)  and  5(a)  are  similar,  but  with  the  signals 
more  closely  spaced,  the  results  in  Fig  5(b)  are  much 
better  than  those  in  Fig.  4(b). 

This  example  illustrates  that  the  resolution  of  the 
AFB  technique  for  coherent  arrivals  is  poorer  than 
what  can  be  achieved  with  partially  correlated  signals. 
This  drop  in  performance  occurs  because  the  full  rank 
spatially  smoothed  matrix  TLf,/h  for  coherent  sources  is 
different  from  the  full  rank  source  covariance  matrix 
R,  for  noncoherent  sources.  The  numerical  condition 
of  R,  for  noncoherent  sources  is  determined  by  how 
strongly  the  sources  are  correlated,  but  not  by  the 
arrival  directions.  The  numerical  condition  of  E fJh , 
on  the  other  hand,  is  determined  by  how  closely  the 
arrival  angles  are  spaced,  as  can  be  seen  from  (62) 

and  (65).  Note  that  depends  on  A^,,  which  is 
a  function  of  the  arrival  angles.  As  the  arrival  angles 
become  more  dosely-spaced,  the  columns  of  A l, 
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Fig.  S.  Direction  estimates  of  7  noncoherent  signals  obtained  with 
the  method  in  ]S]  with  L  ■  10,  SNR  »  20  dB,  N  =»  200,  orientation 
angles  zero,  elliptidty  angles  equally  spaced  between  -45*  and 
45*.  (a)  Signals  arrive  from  equally  spaced  angles  every  20* 
between  -55*  and  65*.  (b)  Signals  arrive  from  equally  spaced 
angles  every  11.5*  between  -29.5*  and  39.5*. 


become  more  nearly  linearly  dependent,  and  R.[>k 
becomes  more  ill  conditioned.  Moreover,  as  the 

,  _ //fr 

coherent  arrivals  become  more  closely  spaced,  Rq 
in  (60)  becomes  more  ill-conditioned  because  both 

A l.  and  R; [th  become  ill-conditioned.  For  partially 
correlated  signals,  the  ill-conditioning  is  less  serious 
because  only  Al  in  Ro  of  (17)  becomes  ill-conditioned. 
The  more  ill-conditioned  R^/k  or  Ro,  the  more 
sensitive  the  matrix  is  to  noise  perturbation  [13]. 

(These  comments  apply  to  the  FO  and  AFO  spatial 
smoothing  techniques  as  welL) 

We  next  show  the  error  performance  of  these 
spatial  smoothing  techniques  with  coherent  signals.  For 
the  next  three  examples,  we  use  N  -  31  data  samples. 

First,  we  consider  a  case  where  three  identical 
signals  arrive  from  20®,  25°,  and  30®.  The 
corresponding  ellipticity  angles  are  45®,  40®,  and  35®, 
respectively,  and  the  orientation  angles  are  zero.  For 
this  case,  the  signal  directions  are  closely  spaced  and 
the  signal  polarizations  are  similar.  Fig.  6(a)  shows  the 
direction  estimate  error  variances  (in  dB  with  respect 


to  degrees  squared)  for  the  first  signal  and  for  the 
FO,  AFO,  and  AFB  approaches  as  functions  of  the 
SNR  when  Lo-3.  Fig.  6(b)  shows  the  variance  of  the 
polarization  estimates  for  the  FO  approach  for  the  first 
signal  These  curves  were  obtained  by  assuming  that 
the  number  of  incident  signals  is  known.  The  variance 
of  the  polarization  estimates  in  Fig.  6(b)  is  defined  as 
the  mean-squared  value  of  the  angular  distance  (  on 
the  Poincart  sphere  between  M  and  Kf,  the  points 
representing  the  actual  and  estimated  polarizations 
and  (7,17),  respectively,  as  described  in  [4],  where 

cos(  =  cos27cos2^  +  sin27sin2^cos(ij-^) 

(69) 

with  {  in  the  range  0  <  £  <  r. 

When  the  number  of  incident  signals  is  unknown, 
we  also  used  the  minimum  description  length 
(MDL)  criterion  [14, 15]  with  the  spatially  smoothed 
covariance  matrix  to  estimate  the  number  of  incident 
signals.  Fig.  6(c)  shows  the  probability  that  the  correct 
number  was  obtained  as  a  function  of  the  SNR  for 
each  of  the  three  methods. 

Next,  we  consider  an  example  where  three  identical 
signals  arrive  from  (25  -  A0)°,  25°,  and  (25  +  A0)°, 
so  A0  is  the  angle  separation  between  two  adjacent 
angles.  The  corresponding  ellipticity  angles  are  45®, 
40®,  and  35®,  respectively,  and  the  orientation  angles 
are  zero.  The  SNR  per  signal  is  20  dB.  Fig.  7  shows 
the  error  variances  and  the  probability  of  estimating 
the  number  of  signals  correctly  for  the  FO,  AFO,  and 
AFB  approaches  as  a  function  of  Ad  when  Lo  =  3. 

Finally,  we  consider  an  example  where  three 
identical  signals  arrive  from  13°,  25°,  and  37®.  The 
corresponding  ellipticity  angles  are  45°,  (45  -  Aq)°, 
and  (45  -  2Aa)°  and  the  orientation  angles  are  zero, 
so  Aa  is  the  polarization  separation  between  adjacent 
signals.  The  SNR  per  signal  is  again  20  dB.  Fig.  8 
shows  the  performance  of  the  FO,  AFO,  and  AFB 
approaches  as  a  function  of  Aa  when  Lo  =  3. 

Figs.  6,  7,  and  8  show  that  the  AFO  approach 
yields  better  performance  in  estimating  both  the  signal 
directions  and  the  number  of  incident  signals  than  the 
FO  approach.  Note  that  the  signal  subspace  dimension 
in  the  FO  approach  is  twice  as  much  as  the  dimension 
in  the  AFO  approach,  but  the  number  of  averaging 
subarrays  is  half  as  much.  Thus  these  figures  show  that 
better  results  may  be  obtained  by  trading  the  signal 
subspace  dimension  for  a  larger  number  of  averaging 
subarrays. 

From  Figs.  6,  7  and  8,  we  note  also  that  using  the 
AFB  approach  yields  much  better  performance  in 
estimating  both  the  signal  directions  and  the  number 
of  incident  signals  than  the  FO  approaches  do.  The 
reason  for  this  may  be  seen  by  comparing  the  AFO 
and  AFB  approaches.  Using  the  forward/backward 
approach  results  in  two  extra  submatrices  in  C2,  as 
may  be  seen  by  comparing  (65)  with  (53).  The  extra 
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Fig.  6.  Performance  of  FO,  AFO,  AFB  method*  venu*  SNR  for  3 
identical  signals  arriving  from  20°,  25°,  and  30°  with  L  - 10, 

N  m  31,  l*  m  3,  orientation  angle*  zero,  dliptidty  angle*  45°,  40°, 
and  35°,  respectively,  (a)  Vt nance  of  direction  edimate* 

(b)  Vh nance  of  polarization  estimate*,  (c)  Probability  of  correct 
detection. 


Fig.  7.  Performance  of  FO,  AFO,  AFB  method*  versus  A0  for  3 
identical  signals  arriving  from  (25  -  A0)°,  25°,  and  (25  +  A0)° 
with  L  *  10,  N  ■  31,  SNR  ■  20  dB,  Lt  -  3,  orientation  angles 
zero,  ehiptidty  angles  45°,  40°,  and  35°,  respectively,  (a)  Variance 
of  direction  estimate*  (b)  Variance  of  polarizatkm  estimate* 

(c)  Probability  of  correct  detection. 


submatrices  reduce  the  Di-conditioning  of  when 
the  signal  directions  are  closely  spaced. 

VI.  CONCLUSIONS 

We  have  described  how  a  uniform  linear  array 
of  crossed  dipoles  may  be  used  with  the  ESPRIT 
algorithm  and  spatial  smoothing  to  estimate  the 
directions  and  polarizations  of  arbitrarily  polarized 


coherent  signals.  We  have  shown  that  the  FO 
spatial  smoothing  approach  may  be  used  to  estimate 
both  signal  directions  and  polarizations.  The 
fbrwa  rd/backward  spatial  smoothing  approach  may 
be  used  to  estimate  signal  directions  only.  Both 
smoothing  approaches  may  be  used  to  estimate  the 
number  of  incident  signals.  Some  examples  showing 
typical  results  were  presented.  It  is  found  that  spatial 
smoothing  yields  poorer  resolution  for  coherent 
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M 


(c) 

Fig.  8.  Performance  of  FO,  AFO,  AFB  method*  versus  Aa  for  3 
identical  agnate  arriving  from  13*.  23*,  and  37*  with  L  -  10, 

N  -  31,  SNR  -  20  dB,  Lq  »  3,  orientation  angle*  zero,  elliptidty 
angle*  43*.  (43  -  Aa)*,  and  (43  -  2Aa)*,  respectively. 

(a)  Variance  of  direction  estimate*  (b)  Variance  of  polarization 
estimate*,  (c)  Probability  of  correct  detection. 


signals  than  would  be  obtained  with  unconelated 
or  partially  correlated  signals,  but  of  course  without 
spatial  smoothing  ESPRIT  cannot  be  used  at  all  with 
coherent  sources.  The  results  also  show  that  the 
forward/backward  spatial  smoothing  approach  yields 
much  better  performance  in  estimating  both  the  signal 
directions  and  the  number  of  incident  signals  than  the 
FO  approaches  do. 
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An  extension  of  the  continuous  aperture  Woodward-Lawson  sampling  theorem  has  been  devel¬ 
oped  for  a  finite  linear  array  of  equidistant  identical  elements  with  arbitrary  excitations.  It  is  shown 
that  by  sampling  the  array  factor  at  a  finite  number  of  specified  points  in  the  far  field,  the  exact  array 
factor  over  all  space  can  be  efficiently  reconstructed  in  closed  form.  The  specified  sample  points  lie 
in  real  space  and  hence  are  measurable  provided  that  the  interelement  spacing  is  greater  than 
approximately  one  half  of  a  wavelength.  This  paper  provides  insight  as  to  why  the  length  parameter 
used  in  the  sampling  formulas  for  discrete  arrays  is  larger  than  the  physical  span  of  the  lattice  points 
in  contrast  with  the  continuous  aperture  case  where  the  length  parameter  is  precisely  the  physical 
aperture  length. 


I.  INTRODUCTION 

In  a  pair  of  classic  papers,  Woodward  and  Law- 
son  [1948]  and  Woodward  [1946],  a  very  popular 
technique  was  developed  for  synthesizing  finite 
continuous  aperture  excitations  given  a  finite  num¬ 
ber  of  (far  field)  samples.  The  Woodward-Lawson 
technique  implements  an  aperture  excitation  that  is 
formed  by  summing  a  finite  number  of  uniform 
amplitude  linear  phase  distributions.  Woodward 
and  Lawson  [1948]  hinted  at  extending  this  tech¬ 
nique  to  linear  arrays  of  discrete  elements.  Their 
expressions  for  the  continuous  aperture  case  con¬ 
tain  a  parameter  which  corresponds  to  the  length  of 
the  continuous  aperture.  This  length  parameter  was 
incorrectly  assumed  to  be  the  physical  length  of  the 
discrete  array  in  Balanis  [1982],  while  Stutzman 
and  Thiele  [1981]  used  the  correct  length  which 
extends  past  the  physical  array  lattice  points  by  one 
half  of  the  interelement  spacing  on  both  ends  of  the 
array. 

In  this  paper  the  extension  of  the  Woodward- 
Lawson  sampling  method  for  finite  linear  arrays  is 
formally  proven  using  a  technique  that  highlights 
the  reasons  for  the  length  disparity  between  the 
continuous  aperture  and  the  discrete  aperture 
cases.  The  far  fields  of  a  linear  array  are  determined 
exactly  by  sampling  the  far  field  at  a  minimal 
number  of  predetermined  locations.  This  method 
efficiently  reconstructs  the  far  field  in  closed  form 
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without  the  need  to  solve  simultaneous  equations. 
A  practical  constraint  of  this  technique  is  that  the 
interelement  spacing  must  be  greater  than  or  equal 
to  one  half  of  a  wavelength  for  the  sampled  field 
points  to  lie  in  real  space  (at  a  real  angle  0)  if  there 
are  an  even  number  of  elements  or  the  interelement 
spacing  must  be  greater  than  a  distance  slightly 
smaller  than  a  half  of  a  wavelength  if  there  are  an 
odd  number  of  elements.  This  restriction  is  signifi¬ 
cant  and  excludes  an  empirical  application  of  this 
theory  to  some  practical  arrays.  This  practical  con¬ 
straint  does  not  imply  that  any  approximations  have 
been  made  with  regard  to  the  sampling  analysis;  it  is 
exact.  An  exp  jut  time  dependence  is  assumed  and 
suppressed  throughout  this  paper. 


2.  ANALYTICAL  FORMULATION 

We  are  considering  a  linear  array  of  Af  +  1 
equally  spaced  elements  that  reside  on  the  array 
lattice  shown  in  Figure  1.  It  is  assumed  that  the 
element  pattern  of  each  element  is  known  and  that 
it  is  the  same  for  all  elements  which  is  equivalent  to 
the  typical  assumption  that  the  far  fields  of  the 
linear  array  can  be  expressed  as  follows: 

exp  —jkr 

E(r)  -  EP(0,  4>)  AF(9)  — - - .  (1) 

4  wr 

where  E(r)  is  the  electric  far  field,  EP(0,  tf>)  is  the 
element  pattern,  and  AF(0)  is  the  array  factor  which 
can  be  expressed  by  the  well-known  relationship 
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schetti,  1987],  It  is  noted  that  Cm  is  defined  in 
configuration  space,  whereas  AF(6)  is  defined  in 
cos  (0)  space.  This  allows  Shannon’s  sampling 
theorem  { Peebles ,  1976]  to  be  applied  in  cos  (0) 
space  resulting  in  the  following  representation  for 
AF(0): 


AF(0)=  2  AF{ 
■  *  -« 


/ kL  cos  (0) 
sin  I - - - nit 


kL  cos  (0) 


2 


-  Hit 


(3) 


where 


0.  “  cos 


(4) 


Fig.  I.  Array  lattice  configuration. 


M 

AF(0)  =  2  C"  exP 

m  -  0 

M 

=  2  c"  e*p 
*1-0 

Cm  is  the  complex  amplitude  of  the  mth  element,  M 
is  the  index  corresponding  to  the  M  +  1th  element, 
i  is  the  unit  vector  along  the  array  axis,  and  Az  is 
the  interelement  spacing.  The  objective  of  this  work 
is  to  efficiently  determine  AF(0 )  from  a  finite  mini¬ 
mal  number  of  sampled  far-held  values,  AF(0„),  in 
which  d„  is  specified. 

2. 1 .  Sampling  theory  development 

Equation  (2)  shows  that  the  array  factor  is  space 
limited  by  z  -  ±{M  AzJ 2)  and  that  Cm  are  Fourier 
series  coefficients  of  AF(0)  [Bucci  and  France- 


and  L  is  the  length  parameter  of  the  array  which 
must  be  determined.  Shannon's  sampling  theorem 
dictates  that  the  field  must  be  sampled  in  cos  (0) 
space  at  intervals  equal  to  or  less  than  A/(length  of 
array),  which  is  the  Nyquist  rate.  An  exception  to 
this  rule  occurs  if  there  are  delta  function  excita¬ 
tions  at  the  endpoints  of  the  interval  in  the  band- 
limited  domain  (configuration  space)  [Peebles, 
1976],  which  is  the  case  here  since  the  array  is 
composed  of  a  collection  of  point  sources.  The 
sampling  theorem  is  obtained  by  repeating  the  finite 
(physical)  band  of  elements  in  configuration  space 
so  that  the  array  is  periodic  (and  infinite)  (see  Figure 
2).  The  far-field  pattern  in  cos  0  space  is  low-pass 
filtered  to  allow  only  the  original  spatial  bandwidth 
(i.e.,  the  physical  length  Lp)  to  contribute  to  the 
array  factor  AF(ff).  The  length  parameter  L  dictates 
the  distance  between  the  repeating  finite  bands  of 
elements.  If  the  length  parameter  equals  the  physi¬ 
cal  length  of  the  array,  then  the  first  and  last 
elements  of  the  adjacent  arrays  are  coincident,  and 
information  is  lost.  This  is  the  onset  of  aliasing.  The 
concept  of  the  unit  cell  was  introduced  to  define  the 


-jk  cos  (0) 


(2) 


Fig.  2.  Example  of  •  five-element  array  in  configuration  space  after  the  original  array  has  been  repeated.  The 
physical  length  is  given  by  Lp,  and  the  length  parameter  is  given  by  L. 
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length  parameter  L  so  that  the  delta  function  exci¬ 
tations  are  no  longer  at  the  edges  of  the  band;  thus 
the  Nyquist  rate  can  be  used  without  introducing 
alaising  problems.  Each  unit  ceil  is  defined  to  con¬ 
sist  of  a  line  segment  of  length  Az  which  has  the 
radiating  element  at  its  center.  The  unit  cell  ensures 
that  a  source-free  region  surrounds  each  array  ele¬ 
ment  which  serves  to  artificially  extend  the  array 
endpoints  by  half  a  unit  cell  (or  Az/ 2)  beyond  the 
physical  dimensions  of  the  array.  In  other  words,  if 
the  array  is  considered  to  be  longer  on  both  the  top 
and  the  bottom  (in  this  case  by  Az/2,  half  the  unit 
cell),  then  the  radiating  elements  do  not  lie  on  either 
of  the  endpoints  of  the  array,  and,  consequently, 
the  Nyquist  rate  can  be  applied.  L  is  defined  to  be 
the  total  distance  spanned  by  all  of  the  unit  cells  as 
shown  in  Figure  1 . 

Equation  (4)  shows  that  the  field  is  sampled  at  A !L 
intervals  in  cos  ( 6 )  space.  Geometrically,  it  is  seen 
that 


L  =  (M  +  l)Az  (5) 


or 


(kL  cos  (8)\ 

AF(8)  -  sin  ( - - - 1  X 


*  *) 

^  kL  cos  (6) 

- - - (m  +  n(M  +  l))w 


(9) 


Equation  (9)  shows  that  AF(8)  is  determined  by  A# 
+  1  complex  samples  and  since  the  array  has  M  + 
1  complex  excitations,  we  can  conclude  that  this 
representation  of  AF\6)  uses  a  minimal  number  of 
samples.  This  is  true  because  the  number  of  degrees 
of  freedom  in  the  array,  2(Af  +  I),  equals  the 
number  of  independent  field  quantities  sampled. 
The  integer  quantity  q  in  the  indices  of  the  first 
summation  determines  the  interval  of  m  in  which  6m 
is  sampled.  The  minimum  practical  interelement 
spacing  is  dictated  by  the  condition  that  all  the 
sampling  angles  must  be  real: 


Mm**  ^ 

- - S  1 

(M  +  l)Az 


(10) 


A 

A  z 


A 

(M  +  1)  -. 

L* 


(6) 


By  examining  (2),  it  is  clear  that  AF(6)  is  periodic  in 
cos  (0)  space  with  periodicity  A/Az  which  along  with 

(6) ,  implies  the  following  recursion  relationship: 

AF(6^M+t)  =  AF(eH)(-  1)M.  (7) 

This  equation  is  a  consequence  of  sampling  at  the 
Nyquist  rate  and  defining  the  array  boundaries  to  be 
extended  past  its  physical  boundary  by  Az/2  on 
both  ends  of  the  array.  Recognizing  the  identity  in 

(7) .  (3)  can  be  expressed  as 


(tJV  « 

AF(6)  *  2  2  (-W* 

m  ■  4  fi  *  -* 


•  I* 

sin  I - 


(kL  cos  (8)  \ 

sin  ( - - - (m  +  n(M  +  \))it 


kL  cos  (8) 


(8) 


■  -  (m  +  n(M  +  I))tt 


or 


which  is  seen  by  examining  (4).  Since  the  value  of  q 
is  arbitrary,  we  will  choose  q  such  that  Hmax 
remains  as  small  as  possible,  thereby  allowing  the 
smallest  possible  interelement  spacing  A  z  to  be 
used.  The  sampling  theorem  remains  valid  for  all 
interelement  spacing  and  consequently  for  real  and 
complex  sampled  angles.  However,  from  a  practical 
standpoint,  it  is  not  possible  to  physically  measure 
a  field  value  at  a  complex  angle.  For  Ml^  to  be 
minimal  a  good  choice  of  q  is 


-M 

q  =  M  even, 

\-M 

q  - -  m  odd. 

2 

with  this  choice  of  q,  is  given  by 
M 

Mima*  ■  M  even, 

M+  1 

Mm**  “  — — ;  M  odd. 


(11) 


(12) 


By  substituting  the  above  expression  for  into 
(10),  the  lower  bound  of  the  interelement  spacing 
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can  be  determined  under  the  constraint  that  the 
sampled  held  points  lie  in  real  space: 


Az 

- 2  ■ 


M 


M  even, 


A  2(3/ +1)’ 

A  z  1 

—  M  odd. 

A  2 

Equation  (9)  can  be  expressed  as 


(13) 


AF(6 )  =  sin 


(kL  cos  (fl)\  ^ 
'  ^  / «•( 


AF(tfm)  F(«;  m,  kL), 


(U) 


where  F(0 ;  m,  M\  kL)  is  given  by 

(-l)"  +  ‘ 


F(8\  m,  M\  kL)  =  2 


*L  cos  (0) 

- - - (m  +  n(M  +  l))rr 


Letting 


H>  = 


1 

M  +  1 


kL  cos  (0) 


■  —  mrr 


(15) 


(16) 


F{0;  m,  M;  kL)  can  be  expressed  as 


Fig.  3 .  Comparison  of  generated  and  reconstructed  array  factor 
data. 


(-1)" 

F($;  m,  M,  kL)  =  — -  esc  <>v)  (21) 

M  +  1 

Where  the  following  identity  was  used  [Abramowitz 
and  Stegun,  1964], 


(-1)* 


CSC 


(z)  =  -  +  2z  2  1 - 

z  _  ,  z  -  n 


n  -  1 


V 


(22) 


F(0;  m,  M,  kL)  > 


(-1) 


577  2^ 


(-1)" 


nir 


The  array  factor  can  be  expressed  in  terms  of  the 
sampled  values  by  substituting  (21)  into  (14): 


Performing  the  following  algebraic  manipulation 
yields 


F(8;  m,  M,  kL)  - 


(-»)’" 
M+  1 


-1 


.  ^  (-D"  1  ^  (-») 

•  2 - +-+  Z  — 

1  w  -  nir  w  ,  w  - 

\n  -  -«  n  *  I 


nir 


F(8;  m ,  M;  kL) 


(-1)" 
M+  1 


nn 


l  •  (-1)-  ‘  (-1)" 

•-+  2  — : — +  Z  — 

\  tv  ,  w  +  nir  ,  tv  - 
\  «» I  * -  i 


F(»;  m.  — [-  +  2*  2  T~‘’,  ,  (20)  comparison  between  the  “exact”  data  which  is 

W+lv  .  tv*  -  irw*  generated  by  substituting  an  interelement  soaring  of 


(18) 


(19) 


(-1) 


(kL  cos  (8) 


sin 


AF(6)> 


M+  1 


)... 

-  2  HF(tfm)(-l)"csc(H-). 


m  m  q 


(23) 


or 

AF(6)  =  2 


(kL  cos  (8)  \ 

gj„  I - - - mrr  1 


(M  + 


1  (kL  cos  (8)  \ 

”  l^TT  ( — 5 - "7 


04) 


which  is  the  Woodward-Lawson  sampling  theorem 
extended  to  handle  the  array  case.  Figure  3  shows  a 


generated  by  substituting  an  interelement  spacing  of 
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Az  =  0.6A,  M  =  6  (which  indicates  a  seven-element 
array)  and  an  assumed  set  of  complex  element 
excitations,  Cm.  into  (2).  The  reconstructed  data 
(dashed  line)  which  are  a  result  of  substituting  the 
sampled  field  points  (which  are  indicated  by 
crosses)  into  (24).  Note  that  the  two  curves  overlay 
and  are  indistinguishable. 

To  deal  with  the  synthesis  problem,  one  can  deter¬ 
mine  the  complex  current  excitations  required  to 
produce  the  array  factor  under  the  condition  that  the 
array  factor  is  specified  at  the  M  +  1  sample  angles 
6„,  n  =  0,  •  •  •  ,  M  [Stutzman  and  Thiele,  1982]: 

I  * 

/»  =  r~—  X  e-l7mnzJL  (25) 

M  +  1  ,-o 

or 

1  " 

lrn  =  — —  2  AF^")  (26) 

™  +  1  A 
»I  •  0 

where  lm  and  zm  are  the  current  and  the  position  of 
the  mth  element,  respectively,  and  L  is  the  length 
parameter  defined  previously. 

2.2.  Limiting  case:  single  element  (M  =  0 ) 

The  antenna  sampling  theorem  is  valid  for  an 
array  of  arbitrary  size.  In  this  section  we  shall 
confirm  its  validity  by  verifying  the  limiting  case  of 
a  single  element.  If  we  apply  (24)  with  M  =  0  and 
use  q  =  0  as  suggested  by  (1 1),  then  the  array  factor 
can  be  expressed  as 

AF(e )  =  AF(«  0)  (27) 

where,  by  applying  (4), 

0O  =  cos*'(0)  =  irl2.  (28) 

Equation  (27)  indicates  that  the  array  factor  is 
isotropic  which  is  what  one  would  expect  from  a 
single  element.  Note  that  the  sampling  angle  of  n/2 
is  arbitrary  since  the  orientation  (array  axis)  of  the 
“array”  can  be  considered  to  be  in  any  direction 
and  the  angle  of  tt/2  is  referenced  to  the  array  axis. 

3.  CONCLUSION 

In  this  paper  the  Woodward-Lawson  sampling 
method  has  been  extended  to  deal  with  the  case  of 


the  far  field  of  a  finite  array  that  has  uniformly 
spaced  identical  elements  with  arbitrary  excitation. 
Since  there  exists  a  Fourier  series  relationship 
between  the  array  element  domain  and  cosine 
space,  and  the  array  is  spatially  bounded,  Shan¬ 
non's  sampling  theorem  was  applied  in  cosine 
space.  The  length  parameter  of  the  array  was  de¬ 
fined  so  that  the  reconstructed  array  factor  pos¬ 
sesses  recursive  properties  and  avoids  aliasing 
problems.  The  infinite  number  of  sampling  points 
and  the  array  factor  are  periodic  in  cosine  space 
which  permits  a  simplification  by  which  only  a  finite 
minimal  number  of  sampled  points  are  required  to 
exactly  reproduce  the  array  factor.  This  proof  pro¬ 
vides  insight  as  to  why  the  length  parameter  of  the 
array  is  larger  than  the  physical  span  of  the  lattice 
points  in  contrast  with  the  continuous  aperture  case 
in  which  the  length  parameter  corresponds  to  the 
physical  length  of  the  aperture. 
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Maximum  Likelihood  Angle  Estimation  for  Signals 

with  Known  Waveforms 

Jian  Li,  Member,  IEEE,  and  R.  T.  Compton,  Jr.,  Fellow,  IEEE 


AbtOwct—M/t  consider  MiiMB  likelihood  estimation  of  tkc 
arrival  angles  of  narrow -bond  plaae  waves  when  sac  or  all  sig¬ 
nals  have  kaowa  waveforms.  We  preseat  computationally  eft- 
deal  aad  rapidly  converging  algorithms  that  iteratively  maxi- 
adze  the  likelihood  Aiactioas.  We  also  obtala  Cnuaer-Rao 
bounds  for  these  estimators.  Finally,  we  describe  the  conditions 
aader  which  incorporating  knowledge  of  one  or  all  of  the  signal 
waveforms  in  the  estimators  improves  the  accuracy  of  the  angle 


I.  Introduction 

ALGORITHMS  are  needed  for  estimating  the  arrival 
angles  of  signals  incident  on  an  array  of  sensors  when 
one  or  all  signals  have  known  waveforms  but  unknown 
gains  or  phases.  For  example,  one  such  application  occurs 
in  some  packet  radio  systems  currently  under  study  (for 
example,  see  [l]-[3]),  in  which  each  packet  contains  a 
known  pseudonoise  (PN)  code  [4]  acquisition  preamble. 
In  these  systems,  an  antenna  array  is  used  to  estimate  the 
packet  arrival  angles  and  then  to  separate  colliding  pack¬ 
ets  arriving  from  different  angles.  In  unslotted  packet 
radio  systems,  each  packet  arrives  at  the  antenna  array  at 
an  arbitrary  time.  For  these  systems,  the  preamble  is  used 
to  distinguish  the  newly  arrived  packet  from  other  packets 
that  arrive  earlier  or  later.  The  newly  arrived  packet  is  the 
signal  of  interest  and  is  the  desired  signal.  Because  of  the 
acquisition  code,  the  desired  packet  waveform  is  known, 
but  not  its  exact  amplitude  or  phase.  Other  packets  that 
arrive  around  the  same  time  are  considered  interfering 
signals.  In  unslotted  packet  radio  systems,  the  waveforms 
of  the  interfering  signals  are  best  modeled  as  unknown. 
In  slotted  packet  radio  systems,  however,  all  the  incident 
signals  have  known  waveforms.  This  difference  is  due  to 
the  timing  of  the  packets.  In  slotted  systems,  all  packets 
start  at  essentially  the  same  time,  at  the  beginning  of  a 
time  slot.  With  the  packets  aligned  in  time,  the  presence 
of  the  known  preambles  means  that  each  packet  waveform 
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is  known  (except  for  an  unknown  amplitude  or  phase).  In 
either  case,  when  only  the  desired  signal  waveform  is 
known  or  when  all  the  signal  waveforms  are  known,  these 
waveforms  may  be  incorporated  into  the  process  of  ob¬ 
taining  the  direction  estimates  of  die  packets. 

Few  existing  angle  estimation  techniques  make  any  use 
of  the  signal  waveforms.  Recent  techniques  such  as  those 
due  to  B6hme  [S],  Bresler  and  Macovski  [6],  Ziskind  and 
Wax  [7],  Schmidt  [8]  and  Roy  Kailath  [9]  are  examples 
of  what  are  called  conditional  and  unconditional  angle  es¬ 
timators  by  Stoics  and  Nehorai  [10].  In  these  estimators, 
the  incident  signals  are  assumed  to  be  either  unknown  de¬ 
terministic  signals  or  Gaussian  random  processes  with  un¬ 
known  correlations.  The  estimate  maximize  (EM)  algo¬ 
rithm  presented  by  Feder  and  Weinstein  [11]  is  an 
exception.  The  EM  algorithm  is  a  method  of  splitting  the 
search  for  the  maximum  likelihood  (ML)  estimate  into  a 
set  of  parallel  searches.  The  caie  of  signals  with  known 
waveforms  is  considered  in  [1 1]  but  is  not  explored  fully. 
Miller  and  Fuhrmann  [12]  also  described  a  generalized 
EM  algorithm  that  is  intended  primarily  for  the  case  of 
unknown  signal  wavefoims.  They  also  briefly  consider 
signals  with  known  waveforms  and  unknown  gains,  but 
they  do  not  explore  this  case  fully,  either. 

In  this  paper,  we  consider  the  angle  estimation  problem 
for  multiple  signals  with  known  waveforms  and  for  a  de¬ 
sired  signal  with  known  waveform  in  the  presence  of  in¬ 
terfering  signals.  We  describe  computationally  efficient 
ML  algorithms  that  avoid  the  need  for  a  multidimensional 
search,  as  is  required  to  maximize  the  likelihood  function 
directly  when  multiple  signals  are  present.  For  multiple 
signals  with  known  waveforms,  we  present  two  iterative 
algorithms  for  computing  the  angle  estimates.  One  ap¬ 
proach  is  based  on  the  alternating  maximization  (AM)  ap¬ 
proach  of  Ziskind  and  Wax  [7]  and  the  other  is  based  on 
the  EM  approach  of  Feder  and  Weinstein  [11].  Our  ap¬ 
proaches  differ  from  the  AM  approach  and  the  EM  algo¬ 
rithm,  however,  in  that  we  consider  a  uniform  linear  array 
of  sensors  and  we  obtain  the  angle  estimates  by  finding 
polynomial  roots  rather  than  by  searching  over  parameter 
space.  For  a  signal  with  known  waveform  in  the  presence 
of  interfering  signals,  we  propose  an  iterative  algorithm 
that  combines  the  merits  of  the  iterative  quadratic  ML 
(IQML)  approach  of  Bresler  and  Macovski  [13],  [6]  and 
the  AM  approach  [7].  It  transforms  the  multidimensional 
search  problem  into  an  iterative  one-dimensional  search 
problem.  We  compare  the  performance  of  these  ML  es- 
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timitors  with  each  other  and  with  that  of  a  suboptimal 
estimator  that  first  estimates  the  angles  without  using  the 
signal  waveforms  or  the  desired  signal  waveform  (the 
1QML  estimator  {6])  and  then  determines  which  angle  es¬ 
timate  corresponds  to  which  waveform  or  extracts  the  de¬ 
sired  signal  angle.  We  also  present  Cramer-Rao  (CR) 
bounds  for  these  estimators  and  compare  the  performance 
of  the  estimators  to  their  CR  bounds. 

The  paper  is  organized  as  follows.  In  Section  II,  we 
formulate  the  problem.  In  Section  III,  we  describe  angle 
estimators  for  multiple  signals  with  known  waveforms  and 
derive  CR  bounds  for  the  estimators.  In  Section  IV,  we 
describe  angle  estimators  for  a  desired  signal  with  known 
waveform  in  the  presence  of  interfering  signals.  We  also 
derive  CR  bounds  for  the  estimators.  In  Section  V,  we 
show  numerical  results  and  examine  the  performance  of 
the  estimators.  Finally,  Section  VI  contains  our  conclu¬ 
sions. 

II.  Problem  Formulation 

Consider  a  uniform  linear  array  with  M  isotropic  sen¬ 
sors.  The  distance  between  two  adjacent  sensors  is  as¬ 
sumed  to  be  a  half  wavelength  at  the  signal  frequency. 
Suppose  K  narrow-band  plane  waves  with  known  wave¬ 
forms  impinge  on  the  array  from  distinct  angles  9k,  k  = 
1,  *  *  *  ,  K,  relative  to  the  array  normal.  (By  narrow  band, 
we  mean  that  signals  received  on  different  sensors  differ 
only  by  a  phase  factor.)  The  number  of  incident  signals 
K  is  assumed  known.  (If  the  number  of  signals  is  un¬ 
known,  it  may  be  estimated  as  described,  for  example,  in 
[14].)  Suppose  that  the  signal  from  9k  has  form 

s*(r)  «  akpk(t)  (1) 

where  pk(t)  denotes  the  waveform  and  ak  the  gain. 

For  multiple  signals  with  known  waveforms,  p,  (r), 
p2(t),  •  •  •  ,  Pk( 0  are  known  waveforms  that  may  be  cor¬ 
related  (or  even  perfectly  correlated)  with  each  other.  To 
simplify  the  problem,  we  shall  assume  that  when  two 
waveforms  pk  (/)  are  perfectly  correlated,  they  are  actually 
identical.  In  other  words,  we  exclude  from  consideration 
the  case  where  two  pk(t)  differ  only  by  a  phase  factor. 
Such  a  phase  difference  between  two  pk(t)  can  be  incor¬ 
porated  into  the  definitions  of  the  gains  a*,  so  there  is  no 
loss  of  generality  with  this  assumption. 

For  a  signal  with  known  waveform  in  the  presence  of 
interfering  signals,  the  signal  from  9\  is  the  desired  signal 
and  p,  (r)  is  known.  The  rest  of  the  signals  are  interfering 
signals  and  s2(r),  *  ’  ’  ..**(0  are  unknown.  The  desired 
signal  is  assumed  to  be  uncorrelated  or  almost  uncorre¬ 
lated  with  the  interfering  signals,  i.e.,  E{s*(t)sk(t)),  k 
*  2,  3,  —  ,  K,  is  zero  or  almost  zero,  where  (•)*  de¬ 
notes  the  complex  conjugate.  Thus  the  desired  signal 
waveform  can  be  used  to  distinguish  it  from  the  interfer¬ 
ing  signals.  However,  the  interfering  signals  may  be  cor¬ 
related  (or  even  perfectly  correlated)  with  each  other. 

With  K  signals  incident,  the  total  signal  xM(r)  received 
at  the  mth  sensor  is  the  sum  of  the  JIT  signals  plus  an  ad¬ 


ditive  noise  component, 
a 

*■(0  *  ak pk(t)e~itm ~ ,ywamt>  i»„(r)  (2) 

where  n„  (r)  is  a  zero-mean  Gaussian  noise  process  with 
variance  a2.  The  nm  (1)  are  independent  of  each  other  and 


the  incident  signals. 

Let  x(r),  s(r),  P(i),  a,  and  n(r)  be 

x(r)  *  |x,(r)  x2 (r)  •  •  •  x*(r)]r  (3) 

*(t)  *  [*,(')  «*©>  **•  **(')] r  (4) 

P(r)  «  diag  { p, (r),  p^r),  •  •  •  ,  p*(r)}  (5) 

a  *  [ai  a2  •  •  •  a*]T  (6) 

«(*)  *  I"  1  (0  n2(0  ♦  •  •  n*(r)]r  (7) 


where  (*)r  denotes  the  transpose.  The  received  signal 
vector  has  the  form 

x(f)  =  A(9)s(t)  +  n(t)  •  A(6)P(t)a  +  m(t)  (8) 

where  A  (6)  (with  6  =  [6,  92  •  •  •  fijt]r)  is  the  direction 
matrix,  whose  columns  are  the  direction  vectors  of  the 
incident  signals 

A(9)  -  [«(*,)  m(02)  •  •  •  «(*,)]  (9) 

with 

«(**>»  [i  *  •••  00) 

and 

(11) 

The  array  output  is  sampled  at  N  distinct  times  /„,  n  ~ 
1, 2,  •  •  •  ,N.  The  random  noise  vectors  n (/„)  at  different 
sample  times  are  assumed  independent  of  each  other.  The 
problem  of  interest  for  multiple  signals  with  known  wave¬ 
forms  is  to  determine  the  angles  9k,  k  *  1,  2,  •  •  •  ,  K, 
from  the  measurements  x(f„),  n  *  1,  2,  •  •  •  ,  N.  The 
problem  of  interest  for  a  signal  with  known  waveform  in 
the  presence  of  interfering  signals  is  to  determine  the  de¬ 
sired  angle  9t.  In  the  following  sections,  we  describe  three 
approaches  based  on  ML  estimation  that  may  be  used  to 
solve  these  problems. 

ID.  Maximum  Likelihood  Anole  Estimation  for 
Multiple  Signals  with  Known  Waveforms 

We  first  consider  estimators  for  multiple  signals  with 
known  waveforms  and  derive  CR  bounds  for  these  esti¬ 
mators. 

A.  Angle  Estimation  Algorithms 

One  way  of  estimating  the  signal  angles  is  to  start  with 
the  IQML  algorithm  of  Bresler  and  Macovslri  [6],  a  max¬ 
imum  likelihood  method  originally  discussed  by  Kuma- 
tesan  et  al.  [13].  This  method  does  not  incorporate  the 
signal  waveforms  and  does  not  tell  us  which  angle  esti¬ 
mate  corresponds  to  which  known  signal  waveform. 
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However,  we  can  augment  the  1QML  algorithm  by  esti- 
mating  the  received  signal  waveforms  and  then  correlat¬ 
ing  them  with  the  known  wavefoims  to  determine  which 
waveform  corresponds  to  each  angle.  We  consider  that 
approach  in  part  1  below. 

Then,  in  part  2,  we  present  two  algorithms  that  do  in¬ 
corporate  the  signal  waveforms.  Both  of  these  methods 
are  based  on  maximum  likelihood  estimation.  The  two 
methods  involve  two  different  iterative  procedures  for 
computing  the  ML  estimates. 

1)  The  IQML  Algorithm  with  Signal  Correlation:  One 
method  for  estimating  the  signal  angles,  which  we  shall 
call  Method  A,  is  based  on  the  IQML  algorithm  [6],  [IS]. 
In  this  method,  the  first  step  is  to  use  the  IQML  algorithm 
to  estimate  signal  angles  without  taking  advantage  of  the 
known  signal  waveforms.  The  IQML  algorithm  itera¬ 
tively  computes  the  maximum  likelihood  angle  estimates 
and  converges  quickly.  However,  this  algorithm,  like 
many  others,  may  converge  to  a  local  extremum  instead 
of  a  global  one.  Yet  the  first  step  of  the  IQML  algorithm 
is  equivalent  to  a  linear  prediction  approach  [16]  with  the 
linear  prediction  order  equal  to  the  number  of  incident 
signals.  For  sufficiently  high  signal-to-noise  ratio  (SNR), 
the  angle  estimates  obtained  with  this  first  step  are  suffi¬ 
ciently  accurate  that  the  convergence  to  a  global  extre¬ 
mum  is  guaranteed. 

After  obtaining  the  angle  estimates  dt,  *  •  •  ,  SK  from 
the  IQML  algorithm,  we  next  use  the  known  signal  wave¬ 
forms  to  determine  which  waveform  corresponds  to  which 
angle  in  the  set  {5,,  •  •  •  ,6k).  To  do  this,  we  first  esti¬ 
mate  the  waveform  of  each  incident  signal  and  then  cor¬ 
relate  these  waveform  estimates  with  the  known  wave¬ 
forms.  The  estimated  waveforms  of  the  incident  signals 
are  obtained  from  k  =  1,2,  •  •  •  ,  K,  as  follows  [8]: 

*(/.)  =  [Ah(§)A(S)]-'Aw(5)x(0, 

n  *  1,2,  •••  ,N  (12) 

where  (■)"  denotes  the  complex  conjugate  transpose, 

A(0)  =  M.)  a(d2)  •  •  •  «($,)]  (13) 

and 

*('„)  =  [*.(/„)  *2(0  •  •  *  **(01r.  (14) 

Next,  we  correlate  each  waveform  in  f(r)  against  all  of 
the  known  waveforms  pk(t).  Let  $M.  be  the  square  of  the 
magnitude  of  the  cross  correlation  between  each  signal 
estimate  Sk  (t)  and  the  Jfcth  waveform  pk  (r)  normalized  with 
respect  to  the  average’  power  of  pk(t), 

I  N  I2 

|  £/>;(/„)**.  (O  | 

4m  - - s - ,  lsU'sL  (15) 

2  |p»(Ol2 

A  *  1 

To  determine  which  pk(t)  corresponds  to  a  given  $*>,  for 
each  !*  (/),  we  choose  the  pk(t)  for  which  Qi>k-  is  maxi¬ 
mum. 


The  angle  estimates  obtained  in  this  way  are  subopti- 
mal,  because  the  waveforms  are  not  utilized  in  forming 
the  estimates.  Nevertheless,  this  is  one  method  of  deter¬ 
mining  the  arrival  angle  for  each  signal  waveform. 

2)  Maximum  Likelihood  Algorithms  that  Incorporate 
the  Known  Signal  Waveforms:  Now  we  present  two  ML 
algorithms  that  incorporate  the  known  signal  waveforms 
in  the  estimation.  When  all  signal  waveforms  are  known, 
maximizing  the  likelihood  function  is  equivalent  to  min¬ 
imizing  q,  where  [15] 

1  " 

q  =  -  S  [x(ra)  -  A(fl)P(,,ia]"[x(r.)  -  A(0)P(r„)a]. 

/V  •- 1 

(16) 

The  minimization  of  q  is  done  over  0  if  a  is  known  or 
over  [a,  0}  if  a  is  unknown. 

To  minimize  q  in  (16)  directly  would  involve  either  1) 
a  -dimensional  search  if  a  is  known,  2)  a  3 /(-dimen¬ 
sional  search  if  a  is  unknown  and  complex,  or  3)  a 
2ff -dimensional  search  if  a  is  unknown  and  real,  or  if  ak 
*  eje>,  1*  1,2,  •••,!(,  with  04  unknown  and  real.  We 
describe  below  two  iterative  approaches  that  may  be  used 
instead  to  avoid  the  multidimensional  search.  These  ap¬ 
proaches  are  based  on  the  alternating  maximization  (AM) 
approach  to  Ziskind  and  Wax  [7]  and  the  estimate  maxi¬ 
mize  (EM)  approach  of  Feder  and  Weinstein  [11]. 

These  two  approaches  are  given  in  a)  and  b)  below. 
Both  methods  involve  iteration  on  both  a  and  0.  To  begin 
either  algorithm,  it  is  necessary  to  have  initial  estimates 
for  a  and  0.  The  initial  estimate  for  0  may  be  obtained  by 
using  the  angle  estimates  resulting  from  Method  A  above 
or  from  other  computationally  efficient  techniques  such  as 
MUSIC,  ESPRIT,  or  others  [8],  [9],  [16].  We  let 

0<°>  =  ieT  0f  •  •  •  ef\T 

be  the  initial  set  of  angle  estimates  obtained  with  one  of 
these  methods.  The  initial  estimate 

«  *l«l  «2  «X  J 

for  a  is  obtained  as  follows  [15].  Of  course,  if  a  is  known, 
we  simply  set 

am  =  a.  (17) 

But  if  a  is  unknown,  a  least  squares  method  is  used  to 
determine  a<0).  Let 

7  *  [  S(  P  w  (r„)  A w  (0 (0>)  A  (0 <0>)  P (r„) j 

■[Z^WA^xw],  (18) 

Then,  if  a  is  unknown  and  complex,  we  choose 

o®’  -  7.  (19) 

If  a  is  unknown  and  real,  we  let 

oTO  -  Re  (7). 


(20) 
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Of,  if  ak  «  e*  for  each  k,  with  &k  unknown  and  real,  we 
choose 

of  -  e»? 

where  &m  -  [0?  fi?  •  •  •  fif\T  is 

•  arg  (y). 


(21) 

(22) 


Now  we  present  the  two  methods  that  iteratively  compute 
the  maximum  likelihood  angle  estimates. 

a)  A  maximum  likelihood  method  based  on  alternating 
maximization:  The  first  approach,  which  we  call  Method 
B.l,  is  based  on  the  AM  algorithm  [7],  At  each  iteration, 
a  minimization  is  performed  first  with  respect  to  8lt  then 
with  respect  to  ai,  then  with  respect  to  02,  then  with  re¬ 
spect  to  a2,  and  so  forth.  At  the  Jkth  step  of  the  (r  +  l)st 
iteration,  for  k  **  1,2,  •  •  •  ,  K,  we  fix 


0 


(/+!)  <<+ 1) 

I  »  tX  |  , 


,</+l)  <1  +  I)  -(f) 

1  •  ak-  1  *  vk  4  l> 


«(0 
°tk*  h 


7 X.  “*• 


We  compute  0*  +  u  by  fixing  o*1  and  compute  a* 4  ’’  by 
fixing  0*  + 1).  The  0*,4,)  and  a*  +  ,)  are  updated  from 
x*  +  r>(/,)  whose  mth  element  is 


*- 1 


-x«  -  D* 


by  solving  for  the  zeros  of  a  polynomial  of  order  2(M  - 

1).  The  updating  procedure  is  described  in  the  Appendix. 

Method  B.l  consists  of  the  following  steps: 

1)  Initialize:  Let  /  =  Oand  obtain  0,O)  using  the  IQML 
algorithm  (or  some  other  algorithm). 

2)  Compute  a(0)  from  (17),  (19),  (20),  or  (21). 

3)  For  k  *  1 , 2,  •  •  •  ,  K,  obtain  0*  *  ” and  a* + !)  from. 

4)  Check  convergence:  If 

max  |0i,4,)  -  0?|  <  e, 

k 

let  9  «  0<o;  otherwise,  let «  «  i  +  1  and  go  to  (3).  (ei  is 
a  suitable  convergence  constant,  9  is  the  final  estimate  of 
0) 

This  method  is  bound  to  converge  to  at  least  a  local 
minimum  of  q  [7]-  Since  q  is  minimized  at  every  step,  the 
value  of  q  will  never  increase.  However,  it  is  possible  that 
the  algorithm  may  converge  to  a  local  minimum  instead 
of  the  global  minimum.  Nevertheless,  in  the  examples  we 
have  tried,  it  has  always  converged  to  the  proper  result  in 
a  small  number  of  iterations.  This  result  occurs  because 
the  initial  angle  estimates  obtained  with  the  IQML  algo¬ 
rithm  have  been  sufficiently  accurate  that  the  global  con¬ 
vergence  has  been  guaranteed. 

b)  A  maximum  likelihood  method  based  on  the  esti¬ 
mate  maximize  algorithm:  The  second  approach.  Method 


B.2,  is  based  on  the  EM  algorithm  (1 1)  and  works  as  fol¬ 
lows.  At  each  iteration,  the  observed  signals  x(r)  are  de¬ 
composed  into  their  signal  components  plus  noise  (11), 
and  the  angle  estimates  are  updated  individually  from 
these  separate  components. 

As  the  first  step  in  the  (i  +  l)st  iteration,  we  decom¬ 
pose  the  observed  signals  into  their  signal  components 
plus  noise.  The  purpose  of  this  decomposition  is  to  de¬ 
couple  the  complicated  multidimensional  minimization  of 
q  in  (16)  into  K  separate  minimizations.  For  k  =  1,2, 
•  •  *  ,  K,  we  let 

+  ~  [*(0  -  a (0 i?) OU ■ />*•('«) ]• 

(23) 

Note  that  the  first  term  of  the  right  side  of  (23)  is  the  kth 
signal  component  and  the  second  term  the  noise  compo¬ 
nent.  For  the  second  step  of  the  (i  +  l)st  iteration,  we 
calculate  a*  4  0  and  0*  4 11  from  x*  +  t}(tm)  by  solving  for 
the  zeros  of  a  polynomial  of  order  2  (M  -  1).  The  updat¬ 
ing  of  al' 4  >  and  0*  4  0  is  described  in  the  Appendix. 

Method  B.2  consists  of  the  following  steps: 

1)  Initialize:  Let  i«0  and  obtain  0(O>  using  the  IQML 
algorithm  (or  some  other  algorithm). 

2)  Compute  cr<0)  from  (17).  (19),  (20),  or  (21). 

3)  For  k  =  1, 2,  •  •  •  ,  AT,  obtain  or£  4  0  and  0*  4  "  from 

si,  +  ,)(0- 

4)  Check  convergence:  If 

max  |g‘,+  !>  -  0‘°|  <  e2 

k 

let  9  =  0(,);  otherwise,  let  i  *  i  +  1  and  go  to  (3).  (e2  is 
a  suitable  convergence  constant.  9  is  the  final  estimate  of 
0) 

This  method  always  converges  at  least  to  a  local  mini¬ 
mum  of  q  [11].  But  as  usual  there  is  no  guarantee  that  it 
will  converge  to  the  global  minimum.  Nevertheless,  in 
our  examples,  it  has  always  converged  to  the  proper  result 
in  a  small  number  of  iterations.  The  reason  is  again  that 
the  IQML  algorithm  has  provided  good  initial  angle  es¬ 
timates. 

Methods  B.l  and  B.2  both  minimize  q  in  (16)  itera¬ 
tively.  Within  each  iteration,  however.  Method  B.2  com¬ 
putes  a*  4  0  and  0*  4  0  in  parallel  while  Method  B.  1  com¬ 
putes  them  serially. 


B.  Cramer-Rao  Bounds 

Using  the  results  in  [17],  we  may  obtain  the  Cramer- 
Rao  bounds  (CRB’s)  of  any  unbiased  estimator  of  0  for 
both  cases  of  known  and  unknown  signal  waveforms. 

1)  Unknown  Signal  Waveforms:  If  all  signal  wave¬ 
forms  are  unknown,  it  has  been  shown  in  [17]  that  the 
mean-square  error  (MSE)  of  any  unbiased  estimate  of  0 
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m  [0  i  92  •  •  •  9k ]t  is  bounded  below  by  the  CRB, 

_2  r  *  yi 

CRB(0)«  -  IS  Re  [S  "(O  DH0)  PA ,  m  D(6)  S(rJ]  j 

(24) 

where 

Pah»  »  [/  -  A(0)(Aw(0)A(0))-'Aw(0)]  (25) 

S(r„)  -  diag  (r,  (/„),  s2(tj,  •  •  •  ,  *,(!,)}  (26) 

D(6)  *  l <f(0,)  d(92)  •  •  •  d(dK)]  (27) 

with 

rf(0*)  »  [0  —jr  cos  (6k)$k  •  •  • 

-j(M  -  Drcosidt)*?-']7.  (28) 

2)  Known  Signal  Waveforms:  We  present  below  the 
CRB’s  for  the  four  cases  of  known  a,  unknown  real  a, 
unknown  complex  a,  and  ak  *=  ej6k,  k  «  1,  2,  •  • 4  ,  K, 
with  0*  unknown  and  real.  These  CRB’s  have  been  ob¬ 
tained  by  modifying  the  results  in  [17]  under  the  assump¬ 
tion  that  the  signal  waveforms  are  known.  The  Fisher  in¬ 
formation  matrix  for  the  general  case  where  a  is  unknown 
and  complex  may  be  found  first.  By  deleting  the  col¬ 
umns)  and  row(s)  of  this  Fisher  information  matrix  cor¬ 
responding  to  the  amplitude  or  phase  of  a,  the  Fisher  in¬ 
formation  matrices  for  other  assumptions  of  a  may  be 
found.  Detailed  derivations  of  the  results  below  may  be 
found  in  [15]. 

For  a  known,  it  can  be  shown  that  the  MSE  of  any 
unbiased  estimate  of  6  is  bounded  below  by  the  CRB 

_2 

CRB(0)  *  —  [r]  •'  (29) 

where 

T  =  Re  [  SH(tn)DH(9)D(9)S(tn)  j .  (30) 

For  a  unknown  and  complex,  the  MSE  of  any  unbiased 
estimate  of  6  is  bounded  below  by  the  CRB 

a*  tii 

CRB(0)  -  —  [r  -  Re(ArA''A)}“'  (31) 

where 

N 

A  -  2  Sff(OAw(0)D(0)S(O  (32) 

**  1 

N 

A  «  2  SH(t„)AH(9)M0)S(tn).  (33) 

m  m  I 

For  a  unknown  and  real,  the  MSE  of  any  unbiased  es¬ 
timate  of  9  is  bounded  below  by  the  CRB 
_2 

CRB(0)  -  j  {r  -  Re  (  A)r[Re  (A)] " 1  Re  (A)}  “ 1 .  (34) 


For  ak  •  e**,  k  ■  1,  2,  •  •  •  ,  JC,  with  0*  unknown 
and  real,  the  MSE  of  any  unbiased  estimate  of  9  is 
bounded  below  by  the  CRB 

J*  Til 

CRB(0)  -  y  [T  -  Im(A)r[Re(A)]_  Im(A)}-'.  (35) 

Comparing  the  bounds  in  (24),  (29),  (31),  (34),  and 
(35),  we  note  that  the  ratio  between  any  two  of  the  bounds 
is  independent  of  the  variance  of  the  additive  noise  or  the 
signal-to- noise  ratio  (SNR).  Also,  the  bounds  in  (29), 
(31),  (34),  and  (35)  will  not  change  as  long  as  S(t )  or  sk (/) 
-  akpk(t)  is  fixed  no  matter  how  we  define  ak  and  pk(t). 
When  5(r)  is  fixed,  die  SNR  of  each  incident  signal  sk(t) 
is  fixed. 

It  can  be  shown  easily  that  the  bounds  in  (24)  and  (31) 
are  the  same  when  the  number  of  samples  is  N  **  1 ,  as 
one  would  expect.  (For  N  «  1,  not  knowing  the  value  of 
complex  a  is  the  same  as  not  knowing  the  only  data  sam¬ 
ple  of  the  signals.) 

For  N  >  1  and  uncorrelated  signals,  i.e., 

N 

2  s*,(0j*j(0  =  o, 

M  ■  I 

k2  *  1,  2,  •  •  •  ,  K,  *|  *  k2  (36) 

we  can  show  that  the  CRB(0)  is  a  diagonal  matrix  when 
the  signal  waveforms  are  known.  For  a  known  and  a  un¬ 
known  and  real, 

CRBW  *  N(M  -  \)M(2M  -  1)t* 

diag  [pi  cos4  0,  *  ’  PK  cos2  0,] 

(37) 

where  Pk  is  the  average  power  of  the  Jtth  incident  signal, 
i.e., 

1  " 

P*  «  -  S  \sk(t„)\\  (38) 

Ar  I 

For  a  unknown  and  complex  and  ak  «  e**,  *  *  1,2, 
•  •  •  ,  AT,  with  0*  unknown  and  real, 

CRB(5)  “  N(M2  -  1)Mt2 

^P|  COS2  0|  *  *  Pg  cos2  0jf]‘ 

(39) 

Note  that  for  this  case  of  uncorrelated  known  waveforms, 
the  CR  bound  of  an  angle  estimate  is  independent  of  the 
presence  of  all  other  incident  signals,  no  matter  how 
closely  spaced  these  other  signals  are.  Note  also  that  the 
CR  bounds  for  the  cases  of  known  and  unknown  phases 
of  the  incident  signals  sk(t)  differ  by  a  factor  2(2A#  - 
l)/(M  +  1),  as  seen  from  (37)  and  (39).  For  large  M, 
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2(2Af  —  l)/(Af  +  1)  is  about  6  dB.  This  6  dB  improve* 
ment  when  a  is  known  or  unknown  real  is  consistent  with 
the  CR  bounds  obtained  for  the  frequency  estimate  of  a 
single  sinusoid  in  Gaussian  noise  derived  in  [18].  This 
improvement  occurs  because  signal  arrival  angles  depend 
on  the  phase  differences  of  the  signals  received  at  different 
sensors  and  knowing  the  phases  of  the  signal  waveforms 
helps  improve  the  angle  estimates.  Note  also  that  the  kth 
diagonal  element  of  the  right  side  of  (39)  is  the  same  as 
the  CR  bound  for  the  case  of  a  single  signal  with  unknown 
waveform  arriving  from  0*  [17],  This  result  shows  that  for 
the  case  of  a  single  incident  signal,  the  CR  bounds  are  the 
same  for  the  case  of  unknown  waveform  and  for  the  case 
of  known  waveform  with  a  unknown  and  complex  or  a 
«  eiB,  with  (3  unknown  and  real.  Finally,  we  note  that  as 
for  the  case  of  unknown  signal  waveforms,  the  CR  bounds 
for  all  of  the  known  waveform  cases  are  inversely  pro¬ 
portional  to  the  number  of  data  samples  N. 

For  coherent  signals,  we  can  show  that  the  CR  bounds 
are  also  inversely  proportional  to  N.  For  this  case,  the  CR 
bounds  go  to  infinity  as  the  angle  separation  between  two 
signals  goes  to  zero.  It  can  also  be  shown  that  the  CR 
bound  for  the  case  of  known  coherent  signal  waveforms 
with  a  unknown  and  complex  is  the  same  as  the  CR-bound 
for  unknown  coherent  signal  waveforms,  i.e.,  (31)  and 
(24)  are  the  same  for  coherent  signals. 

IV.  Maximum  Likelihood  Angle  Estimation  for  a 

Signal  with  Known  Waveform  in  the  Presence 
of  Interfering  Signals 

We  next  consider  estimators  for  a  desired  signal  with 
known  waveform  in  the  presence  of  interfering  signals  and 
derive  CR  bounds  for  these  estimators. 

A.  Angle  Estimation  Algorithms 

The  desired  angle  estimate  may  be  obtained  by  aug¬ 
menting  the  IQML  algorithm  and  by  using  the  known  de¬ 
sired  signal  waveform  to  determine  which  angle  corre¬ 
sponds  to  the  desired  signal.  The  angle  estimate  may  also 
be  obtained  by  a  maximum  likelihood  estimator  that  prop¬ 
erly  incorporates  the  known  desired  signal  waveform  in 
die  estimation  process. 

1 )  The  IQML  Algorithm  with  Signal  Correlation:  The 
approach  we  consider  below  is  similar  to  Method  A  and 
is  called  Method  C.  In  this  approach,  we  first  obtain  the 
angle  estimates  0,,  *  *  *  ,  from  the  IQML  algorithm 
and  compute  Sk(t),  k  *  1,  2,  •  •  •  ,  K,  as  in  Section 
m-Al.  Next  let  Qk  be  the  square  of  the  magnitude  of  the 
cross  correlation  between  each  Sk(t)  and  the  desired  signal 
waveform  P\ ( t )  normalized  by  the  power  of  Sk(t) 

N  .t 

JE  p  *  (»„)  f*  (r„)  I 

(40) 

S  |x*(/.)|2 
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Since  the  desired  signal  is  assumed  uncorrelated  or  almost 
unconelated  with  the  interfering  signals,  the  estimate  of 
the  desired  signal  angle,  0j,  is  the  element  in  the  set  [0|, 
92 ,*•*,?*}  that  corresponds  to  the  maximum  {$,,  fc, 
•  •  •  ,  fa).  (The  rest  of  the  angles  in  the  set  [8,,  92,  •  •  •  , 
9K)  are  the  interfering  signal  angles.) 

2)  A  Maximum  Likelihood  Algorithm  that  Incorporates 
the  Known  Waveform:  Now  we  present  an  ML  algorithm 
that  incorporates  the  known  desired  signal  waveform  from 
the  beginning.  We  shall  refer  to  this  method  as  Method 
D.  It  is  easy  to  show  that  in  order  to  include  the  known 
signal  waveform  in  the  estimation  process,  we  should 
minimize  the  quantity  [15] 


a  =  -  £  x 
H  N,-, 

/*(*■) 4M#/  >*/(*«)  *=  tr{P )RI} 

(41) 

where  9,  =  [02 

03  ‘  *  *  flaf. 

*/(*«.)  = 

Jt(0  -  «(0,)a,p,(r.) 

(42) 

Pah*i)  “ 

/  -  A  (0/)  [AH(0/) A  (0;)]~ 1  AH(0i) 

(43) 

and 
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1  N 

-  £  x,  (0x^(0  • 

yv  a  «  1 

(44) 

The  algorithm  we  propose  for  minimizing  q  is  again  an 
iterative  approach  similar  to  the  alternating  maximization 
approach  of  Ziskind  and  Wax  [7].  At  each  iteration,  a 
minimization  is  performed  first  with  respect  to  a ,  (if  a , 
is  unknown),  then  with  respect  to  0,  and  finally  with  re¬ 
spect  to  0,  [15]. 

As  the  first  step  m  the  (i  +  l)st  iteration,  we  fix  0,  and 
0 1  .  If  at)  is  known,  we  simply  set 


However,  if  is  unknown,  we  minimize  q  with  respect 
to  a*'  +  By  substituting  (42)  in  (41)  and  setting  deriva¬ 
tives  with  respect  to  the  appropriate  variables  to  zero,  it 
is  easy  to  show  that  if  a,  is  unknown  and  real. 


„«+!) 
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(46) 

If  ot  is  unknown  and  complex, 

N 

m"{9f)PAt.v jo,  £  p*(K)*(U) 
aV" - -  (47) 
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and  if  a,  «  e*'  with  0,  unknown  and  real. 
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(48) 
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where 

fit*1'  «  S  pf  <0*(0  j.  (49) 

For  the  second  step  in  the  (i  +  l)st  iteration,  we  solve 
for  0/ +  0  by  fixing  a +  u  and  0 (/\  For  this  step,  we  min¬ 
imize  f  by  applying  the  IQML  algorithm  to  x}/*l)(/J, 
where 

xjf  *  “(O  -  x(f„)  -  a(0?)a?  +  X)px  (r„).  (50) 

In  this  case,  the  initial  polynomial  for  the  IQML  algo¬ 
rithm  is  chosen  so  that  its  zeros  are  e"'**l*#*>,  k  =  1,2, 

For  the  last  step  of  the  (t  +  l)st  iteration,  we  fix 
«f  +  ,)  and  0/ +  ,)  and  then  find  0?  +  l).  0(/  +  0  is  the  value 
of  0,  that  minimizes 

9(,+  l>(0i)  =  tr{#V(#r))*«*  •)(0i)}  (51) 

The  required  solution  for  0(,'  +  ,)  is  obtained  with  a  one- 
dimensional  search.  We  limit  the  search  domain  to  (0(,°  — 
7.  0{°  +  7),  where  y  is  chosen  according  to  our  confi¬ 
dence  in  0|°. 

To  summarize,  the  ML  algorithm  that  utilizes  the 
known  desired  signal  waveform  consists  of  the  following 
steps: 

1)  Initialize:  Let  i  »  0  and  obtain  0°  and  0?  using  the 
IQML  algorithm,  as  described  in  Method  A. 


6)  Check  convergence:  if  |0j<*,)  -  0‘°|  <  «3,  let  J,  - 
0(i°,  otherwise,  let  i  *  i  +  1  and  go  to  (2).  (<}  is  a  suitable 
small  constant.  J|  is  the  final  estimate  of  0t.) 

This  algorithm  is  again  bound  to  converge  to  a  local 
minimum  [7].  However,  as  usual,  there  is  no  guarantee 
that  it  will  converge  to  the  global  minimum.  Neverthe¬ 
less,  in  the  examples  we  have  tried,  it  always  converges 
to  the  proper  result  in  a  small  number  of  iterations  due  to 
good  initial  angle  estimates  obtained  with  the  IQML  al¬ 
gorithm.  In  general,  the  number  of  iterations  required 
drops  as  the  angle  between  the  desired  and  the  interfering 
signals  becomes  larger.  In  our  simulation  examples,  fewer 
than  10  iterations  were  needed.  The  number  of  iterations 
required  by  the  IQML  algorithm  in  Step  4  was  fewer  than 
5. 

B.  Cramer-Rao  Bounds 

Using  the  results  in  [17],  we  may  obtain  Cramer-Rao 
bounds  (CRB’s)  for  any  unbiased  estimator  of  0!  for  the 
case  of  known  desired  signal  waveform  [15]. 

If  a,  is  known,  it  can  be  shown  that  the  MSE  of  any 
unbiased  estimate  of  0  is  bounded  below  by  the  CRB, 

CRB(0)-y^S  f(rjJ  ‘  (52) 

where 

f(/„)  *=  Re[SH(/.)Dw(0)Pj4M„)D(0)S(r.)J.  (53) 

If  <X|  is  unknown  and  complex,  the  MSE  of  any  un¬ 
biased  estimate  of  0  is  bounded  below  by 
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2)  Update  a  j,  +  0  from  (45)  if  at  is  known,  (46)  if  ai 
is  unknown  and  real,  (47)  if  ct|  is  unknown  and  complex, 
or  (48)  if  ati  *=  eJBl  and  /3,  is  unknown  and  real. 

3)  Compute  l\t„)  using  (50). 

4)  Compute  0/,+l>  by  applying  the  IQML  algorithm  to 

♦«>(,„). 

5)  Find  9((  +  0  that  minimizes  q{i*  ,)(0,)  in  (51). 


where 

/&)  -  SH(t„)DH(e)PAHtl)a(6l)sl(tm)  (55) 

and 

|i|(tll)|2«w(0,)PAi(,,)a(0,).  (56) 

If  art  is  unknown  and  real,  the  MSE  of  any  unbiased 
estimate  of  0  is  bounded  below  by 


Finally,  if  at  »  e*'  with  0,  unknown  and  real,  the  MSE  of  any  unbiased  estimate  of  #  is  bounded  below  by 
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Comparing  the  bounds  in  (24),  (S2),  (37),  (54),  and 
(58),  we  note  again  that  the  ratio  between  any  two  of  the 
bounds  is  independent  of  the  variance  of  the  additive  noise 
or  the  signal-to-noise  ratio.  Also,  the  bounds  in  (52),  (57), 
(54),  and  (58)  are  independent  of  a,  as  long  as  s,(r)  is 
fixed  so  that  the  SNR  of  the  desired  signal  is  fixed. 

It  again  can  be  shown  that  the  bounds  in  (24)  and  (54) 
are  the  same  when  N  *  1 ,  as  one  would  expect.  For  N  > 
1,  we  can  show  that  the  CR  bounds  for  all  cases  of  the 
known  desired  waveform  are  inversely  proportional  to  the 
number  of  data  samples  N. 

Also,  by  using  P[AlAi\*.  *  PAf  +  “  7-  where  * 

PA*  Aly  it  can  be  shown  from  (54)  and  (24)  that  the  CR 
bounds  for  the  desired  angle  estimate  are  the  same  for  the 
cases  of  known  and  unknown  desired  signal  waveform 
when  a i  is  unknown  and  complex. 

Finally,  it  can  be  shown  from  (52)  and  (58)  that  for  the 
cases  of  a  single  interfering  signal  with  at  known  or  with 
oi|  «  e but  0X  unknown  and  real,  the  CR  bounds  for 
the  desired  angle  estimate  will  remain  finite  even  as  the 
direction  of  the  interfering  signal  approaches  that  of  the 
desired  signal.  However,  as  the  directions  of  two  or  more 
interfering  signals  approach  the  direction  of  the  desired 
signal,  the  CR  bounds  for  the  desired  angle  estimate  will 
go  to  infinity  for  all  assumptions  of  a(. 

V.  Typical  Results 

In  this  section,  we  show  typical  performance  changes 
that  result  when  all  known  signal  waveforms  or  the  known 
desired  signal  waveform  are  incorporated.  The  examples 
illustrate  the  conditions  under  which  incorporating  knowl¬ 
edge  of  the  known  signal  waveforms  in  the  ML  estimator 
can  improve  the  accuracy  of  the  angle  estimates  or  the 
desired  angle  estimates.  For  the  curves  below,  each  in¬ 
cident  signal  is  a  BPSK  (binary  phase-shift  keyed)  signal 
modulated  by  one  period  of  a  31-b  pseudonoise  (PN)  se¬ 
quence  [4].  The  incident  signals  i*(f),  *  *  1,2,  have  unit 
power  at  each  sensor  and  are  sampled  at  a  rate  of  one 
sample  per  bit.  For  the  case  of  unknown  complex  a,  we 
assumed  a  «  [2e*/4  For  the  case  of  un¬ 

known  real  a,  we  assumed  a  *  [2  2]r.  For  the  case  of 
at  *  with  unknown  veal  0k,  we  assumed  0  * 
(v/4  -*/3]r.  Note  that  the  gains  a  are  set  at  the  given 
values  for  the  simulations  and  the  waveforms  pk(t) 
changed  accordingly,  and  the  incident  signals  s*(f)  are  as¬ 
sumed  the  same  for  different  values  of  a.  The  SNR  at  each 
sensor  output,  defined  as  —10  log|0  a 2  dB,  is  assumed  to 
be  20  dB.  The  number  of  data  samples  is  assumed  N  ■ 


31  and  the  number  of  sensors  is  assumed  M  *  10.  Thus 
the  Rayleigh  angle  resolution  limit  for  the  array  is  2/(M 
-  1)  rad  or  12.73°. 

We  first  consider  the  case  of  multiple  signals  with 
known  waveforms.  For  the  curves  below,  it  is  assumed 
that  two  signals  arrive  from  0,  m  30°  and  02  *  (30  - 
A0)°,  so  AS  is  die  angle  separation  between  the  signals. 
For  the  first  series  of  curves,  the  two  known  signal  wave¬ 
forms  are  from  two  different  PN  sequences  with  low  cross¬ 
correlation.  Thus  the  incident  signals  are  almost  uncor¬ 
related  (or  noncoherent).  Fig.  1  shows  the  CR  bounds  for 
the  root-mean-square  errors  (RMSE’s)  of  i.e.,  the 
square  root  of  the  MSE’s  of  as  a  function  of  Ad.  (The 
curves  for  the  other  angle  estimates  are  similar.)  Fig.  1 
shows  that  incorporating  the  known  signal  waveforms 
significandy  improves  the  CR  bounds  for  especially 
for  small  AS.  For  this  case  of  known  waveforms,  the  CR 
bounds  for  9,  depend  litde  on  A0,  as  discussed  in  Section 
OH-B.  Fig.  1(a)  shows  that  for  large  A0,  where  the  inci¬ 
dent  signals  have  litde  effect  on  each  other,  the  improve¬ 
ment  due  to  incorporating  the  known  signal  waveforms  is 
about  6  dB  when  a  is  known  or  unknown  and  real.  How¬ 
ever,  Fig.  1(b)  shows  that  litde  improvement  is  obtained 
for  large  AS  when  a  is  unknown  and  complex  or  when  a* 
«  e**,  4*1,2,  with  the  0t  unknown  and  real.  These 
results  are  again  consistent  with  the  discussion  in  Section 
m-B. 

Fig.  1  also  shows  the  performance  results,  i.e.,  the 
RMSE’s,  for  Methods  A,  B.  1,  and  B.2  obtained  by  using 
50  Monte  Carlo  simulations  with  independent  trials.  The 
convergence  constants  used  in  the  iterative  algorithms 
were  chosen  to  be  t ,  *  ej  *  0.005°.  We  note  that  the 
ML  estimates  from  Methods  B.l  and  B.2  are  very  close 
to  the  best  unbiased  estimates  one  can  get.  (Because  of 
the  limited  number  of  Monte  Carlo  simulations,  die  RMSE 
curves  may  occasionally  foil  below  the  CRB’s.)  Note  also 
that  comparing  the  performance  of  Method  A  with  that  of 
Methods  B.l  and  B.2  is  similar  to  comparing  the  CR 
bounds  for  9t . 

Fig.  2  shows  the  average  number  of  iterations  needed 
to  obtain  convergence  in  Methods  B.l  and  B.2.  Note  that 
Method  B.l  requires  fewer  iterations  than  Method  B.2 
when  a  is  known  or  unknown  and  real.  For  small  AS  and 
a  known  or  unknown  and  real,  Method  B.2  is  not  as  at¬ 
tractive  as  Method  B.l  since  the  number  of  iterations  re¬ 
quired  by  Method  B.l  is  less  than  half  as  much  as  re¬ 
quired  by  Method  B.2.  On  the  other  hand.  Method  B.2 
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Fig.  I .  Root-meaa-squaie  error*  and  the  corresponding  CR  bound*  of  I, 
versus  Ad  for  multiple  noncoherent  signal*  with  known  waveforms.  Solid 
curve:  known  signal  waveforms;  dashed  curve:  unknown  signal  wave¬ 
forms.  Symbol  o:  Method  A;  symbol  x:  Method  B.I;  symbol  +:  Method 
B.2.  For  known  signal  waveforms,  we  assume  (a)  a  known  or  a  unknown 
real,  and  (b)  a  unknown  complex  ora*  ■  #**,  4*1,2,  with  fit  unknown 
real. 


requires  fewer  iterations  thin  Method  B.I  when  a  is  un¬ 
known  and  complex  or  when  o *  «  k  -  1,2,  with  0k 

unknown  and  real,  especially  for  small  AB.  For  the  latter 
two  types  of  a.  Method  B.2  is  more  attractive  since  it  can 
be  used  to  compute  angle  estimates  in  parallel  during  each 
iteration. 

For  the  second  series  of  curves,  the  two  known  signal 
waveforms  are  from  two  identical  PN  sequences,  so  the 
incident  signals  are  coherent  (perfectly  correlated).  Ex¬ 
cept  for  the  signal  coherence,  all  parameters  used  below 
are  the  same  as  above.  The  case  of  a  unknown  and  com¬ 
plex  will  not  be  shown  below  since  as  shown  in  Section 
QI-B  that  for  this  case,  the  CR  bounds  are  the  same  for 
known  and  unknown  waveforms. 

Fig.  3  shows  that  the  CR  bounds  for  the  RMSE’s  of 
9i  for  coherent  signals  with  known  waveforms  are  func¬ 
tions  of  A$.  This  result  occurs  because  since  the  known 
waveforms  are  identical  for  this  case,  they  cannot  be  used 
to  distinguish  the  incident  signals.  Figs.  3(a)  and  (b)  show 
again  that  for  large  A$,  where  the  incident  signals  have 
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Fig.  2.  The  aumber  of  iieretious  versus  AS  for  multiple  uoocobcreut  sig¬ 
nals  with  known  waveforms.  Solid  curve  with  symbol  x:  Method  B.I; 
solid  curve  with  symbol  +  :  Method  B.2.  For  Methods  B.I  and  B.2.  we 
assume  (a)  a  known  or  a  unknown  teal,  aad  (b)  a  unknown  complex  or  «, 
*  r*.  4*1,2,  with  fit  unknown  teal. 


little  effect  on  each  other,  the  improvement  due  to  incor¬ 
porating  the  known  signal  waveforms  is  about  6  dB  when 
a  is  known  or  unknown  and  real.  However,  Fig.  3(c) 
shows  that  little  improvement  is  obtained  for  large  A 9 
when  a*  «  f*.  k  «■  1,2,  with  die  0k  unknown  and  real. 
Fig.  3  also  shows  that  for  small  A0,  the  lowest  CR  bound 
is  achieved  when  o  is  known.  Fig.  3(b)  and  (c)  show  that 
for  small  A 8  with  coherent  known  waveforms,  the  CR 
bound  for  ak  ■  e*  with  0k  unknown  and  real  may  be 
lower  than  die  one  for  a  unknown  and  real.  This  result 
shows  that  the  knowledge  of  die  amplitudes  of  the  inci¬ 
dent  signals  sk(t)  may  be  used  to  better  distinguish  closely 
spaced  coherent  incident  signals.  Fig.  3  also  shows  the 
performance  results  for  Methods  A,  B.I,  and  B.2.  Note 
that  the  ML  estimates  from  Methods  B.  1  and  B.2  are  very 
close  to  the  best  unbiased  estimates  one  can  get.  Our  sim¬ 
ulations  show  that  the  avenge  number  of  iterations  needed 
for  both  Methods  B.I  and  B.2  and  for  all  cases  of  a  is  no 
more  than  6.  Our  simulations  also  show  that  the  average 
number  of  iterations  required  by  Methods  B.I  or  B.2  is 
almost  the  same  for  the  case  of  coherent  signals.  For  this 
case,  therefore.  Method  B.2  is  more  attractive  since  it  can 
be  used  to  compute  angle  estimates  in  parallel  during  each 
iteration. 

We  next  consider  the  case  of  a  signal  with  known  wave- 
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Fig.  3.  Root-meaa-aqaare  anon  aad  the  cotnepoadiag  CR  bond*  of  9,  Fig.  4.  Root-meaa-aquare  anon  aad  the  cona^oudiag  CR  bouads  of  foe 
varan*  At  tor  multiple  cchareauifBati  with  kaowa  waveform*  ■  Solid  carve:  desired  I,  versus  A#  for  the  desired  signs]  with  knows  waveform  is  the 
knows  sigasl  waveforms;  dashed  carve:  —know  signal  wavcforme.  Syw-  gnetect  of  a  eiagle  jatrtftring  eignsl.  Solid  curve:  known  desired  signal 
M  o:  Method  A;  symbol  x:  Method  B.l;  symbol  4:  Method  B.2.  For  waveform;  dashed  carve:  unknown  desired  signal  waveform.  Symbol  o: 
known  signal  waveforms,  we  assume  (a)  «  knows,  (b)  e  unknown  reel,  Method  C;  symbol  •:  Method  D.  For  known  desired  signal  waveform,  we 
and  (c)  «t  -  *m.  *  -  1,2,  with  fit  unknown  real.  ammne  (a)  a,  known,  (b)  a,  unknown  real,  and  (c)  a,  -  **'  with  fi, 

unknown  real. 

font  in  the  presence  of  interfering  signals  that  are  almost 

uncorrelated  with  (be  desired  signal.  Since  the  CR  bounds  4,  it  ic  assumed  that  the  desired  signal  Arrives  from  0j  ~ 
are  the  game  for  unknown  desired  signal  waveform  and  30*  and  die  single  interfering  signal  arrives  from  02  *  (30 
for  known  desired  signal  waveform  with  a,  unknown  and  —  Ad)*,  so  Adis  the  angle  separation  between  the  desired 
complex,  as  discussed  in  Section  IV-B,  we  will  not  show  and  interfering  signals.  Fig.  4  shows  the  RMSE’s  re¬ 
curves  for  this  case  of  at  unknown  and  complex.  In  Fig.  tained  with  Methods  C  and  D  and  the  corresponding  CR 
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bounds  for  the  desired  angle  estimate  I,  as  a  function  of 
Aft.  The  convergence  constant  used  in  Method  D  was  cho¬ 
sen  to  be  <)  »  0.005®.  Note  that  the  ML  estimates  ob¬ 
tained  from  Methods  C  and  D  are  very  close  to  the  best 
unbiased  estimates  one  can  get.  Figs.  4(a)  and  (c)  show 
that  the  CR  bounds  for  the  desired  ft,  remain  finite  for  a, 
known  and  act  *  e*0'  with  unknown  and  real  even  as 
A ft  approaches  zero,  as  discussed  in  Section  IV-B.  This 
result  shows  that  closely  spaced  desired  and  interfering 
signals  can  be  distinguished  by  knowing  the  desired  sig¬ 
nal  i|  (/)  or  knowing  the  waveform  and  amplitude  of  j,  (r). 
For  small  Aft,  Fig.  4  shows  that  the  smallest  CR  bound  is 
achieved  when  a,  is  known.  Figs.  4(b)  and  (c)  show  that 
for  small  Aft,  the  CR  bound  for  a,  «  e*6'  with  &x  un¬ 
known  and  real  may  be  lower  than  the  one  for  a,  unknown 
and  real.  Figs.  4(a)  and  (b)  shows  again  that  for  large  Aft, 
where  the  interfering  signal  has  little  effect  on  the  desired 
signal,  the  improvement  due  to  incorporating  the  known 
desired  signal  waveform  is  about  6  dB  when  at  is  known 
or  unknown  and  real.  Fig.  4(c)  shows  that  little  improve¬ 
ment  is  obtained  for  large  A  ft  when  a,  »  e*'  with  the  0, 
unknown  and  real. 

We  also  considered  an  example  where  the  desired  sig¬ 
nal  arrives  from  ft,  =  30°  and  two  interfering  signals  ar¬ 
rive  from  ft2  =  (30  -  Aft)°  and  ft3  =  (30  -  2Aft)#,  so  A ft 
is  the  angle  separation  between  the  signals.  Moreover,  the 
interfering  signals  are  assumed  coherent.  Our  numerical 
results  show  that  when  the  directions  of  the  two  interfer¬ 
ing  signals  approach  the  direction  of  the  desired  signal, 
i.e.,  Aft  approaches  zero,  the  CR  bounds  for  all  assump¬ 
tions  of  a,  go  to  infinity,  as  discussed  in  Section  IV-B. 

VI.  Conclusions 

We  have  presented  maximum  likelihood  algorithms  that 
incorporate  knowledge  of  multiple  known  signal  wave¬ 
forms  with  known  or  unknown  gains  or  a  known  desired 
signal  waveform  with  a  known  or  unknown  gain  into  the 
process  of  estimating  the  signal  angles  with  uniform  lin¬ 
ear  arrays.  These  algorithms  avoid  the  complexity  of  a 
multidimensional  search.  For  the  case  of  multiple  signals 
with  known  waveforms,  we  presented  two  algorithms  that 
compute  the  ML  estimates  iteratively  and  converge  in  a 
few  iterations.  For  the  case  of  a  desired  signal  in  the  pres¬ 
ence  of  interfering  signals,  we  presented  an  algorithm  that 
transforms  the  multidimensional  search  problems  into  an 
iterative  one-dimensional  search  problem.  For  compari¬ 
son,  we  have  also  used  the  IQML  algorithm  augmented 
to  determine  which  signal  waveform  corresponds  to  which 
estimated  angle  or  to  extract  the  desired  signal  angle. 
Curves  were  presented  that  compare  the  performance  of 
the  ML  estimators  with  each  other  and  also  with  the  IQML 
algorithms.  Both  the  actual  performance  and  the  Cramer- 
Rao  bounds  were  shown  under  several  assumptions  for 
the  signal  gains  or  the  desired  signal  gain.  These  curves 
show  the  conditions  under  which  incorporating  the  mul¬ 
tiple  known  signal  waveforms  or  the  known  desired  signal 
waveforms  in  the  estimators  improves  the  angle  esti¬ 
mates. 


Appendix 

In  this  Appendix,  are  consider  the  case  of  one  incident 
signal  with  known  waveform  p(t).  For  this  case,  both  a 
and  ft  are  scalars.  The  maximum  likelihood  (ML)  esti¬ 
mates  of  a  (if  a  is  unknown)  and  ft  are  found  by  mini¬ 
mizing  the  quantity  (see  (16)) 
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(59) 

Dropping  all  terms  not  involving  a  and  ft,  we  get 
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A.  Unknown  ft 

The  value  of  9  that  minimizes  q  is  found  by  setting  the 
derivative  of  (60)  with  respect  to  ft  to  zero.  Setting  dq/dO 
to  zero  yields 
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M 
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where 


To  obtain  the  appropriate  solution  to  (60),  we  must  take 
into  account  the  assumed  form  of  a.  For  the  simplest  case, 
when  a  is  known,  we  obtain  the  ML  estimate  of  ft  by 
finding  the  zeros  of  (63)  and  then  using  (64). 

When  a  is  unknown  and  complex,  setting  dq/(d  Re 
(a))  and  dq/(d  Im  (a))  to  zero  and  solving  for  the  result¬ 
ing  a  gives 

Substituting  (65)  into  (63)  for  a  and  canceling  unneces¬ 
sary  terms  yields 

m  m 

E  2  (m,  -  m2)y*lymjzm'~">  -  0.  (66) 

•I  “  1  m2- I 

In  this  case  the  ML  estimates  for  ft  and  a  are  found  by 
solving  for  the  zeros  of  (66)  and  then  using  (64)  and  (65) 
to  get  o  and  ft. 
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When  a  is  unknown  and  real,  the  o  in  (63)  can  be  can¬ 
celed.  Thus  for  this  case  we  have 
u  m 

L  (m  -  DySz*'1  -  E  (m  -  l)y„z-<"_,)  -  0. 

■■i  ««i 

(67) 

Setting  dq/da  to  zero  and  solving  for  the  resulting  a  gives 

“  “  Re  ”]  <68) 
The  zeros  of  (67)  along  with  (64)  and  (68)  then  give  the 
ML  estimates  of  a  and  8. 

Finally,  when  a  *  eje  with  0  unknown  tud  real,  (63) 
can  be  rewritten  as 
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Setting  dq/d(i  to  zero  and  solving  for  the  resulting  eJ2° 
gives 
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The  resulting  a  is  therefore 

a  «  exp  |>  arg  £jZ  y*z_<"_,,jj.  (71) 

Substituting  (70)  into  (69)  for  eiV  and  canceling  unnec¬ 
essary  terms  yields  the  same  equation  as  (66).  From  the 
zeros  of  (66),  we  obtain  the  ML  estimates  of  a  and  8  from 
(64)  and  (71). 


(2)  1.  Ward  aad  »  T.  CetfM.  Jr,  “Hick  ttooegbpat  slotted  ALOHA 
packet  radio  ictwotb  with  adaptive  arrays,"  IEEE  Trans  Comm**.. 
to  be  published. 

(3)  I.  Ward  aad  It.  T.  Compton,  It.,  “High  throughput  uttlorted  ALOHA 
packet  radio  networks  with  adaptive  arrays,"  IEEE  Trans.  Comm an., 
submitted  for  publication. 

(4)  S.  W.  Golomb.  Shift  Register  Sequences  Saa  Francisco.  CA:  Hol¬ 
den- Day,  1967. 

|S)  J.  F.  Bbhme,  “Estimation  of  source  parameters  by  maximum  likeli¬ 
hood  aad  nonlinear  regression,' '  ia  ft roc.  KASSft  S4,  1984,  pp. 
7.3.1-7.3.4. 

(6]  Y.  Bresler  aad  A.  Macovski,  “Exact  maximum  likelihood  parameter 
estimation  of  superimposed  exponential  signals  in  noise,"  IEEE 
Traits.  Acoust. ,  Speech,  Signal  Processing,  vol.  ASSP-34,  pp.  1081- 
1089,  Oct.  1986. 

P]  1.  Ziskind  and  M.  Wax,  “Maximum  likelihood  localization  of  mul¬ 
tiple  sources  by  alternating  projection,"  IEEE  Trans.  Acoust ,  Speech. 
Signal  Processing,  vol.  ASSP-36,  pp  1S33-1S60,  Oct.  1988. 

(8)  R.  O.  Schmidt,  “Multiple  emitter  location  and  signal  parameter  es¬ 
timation,"  IEEE  Trans.  Antennas  Propag.,  vol.  AP-34,  pp.  276-280, 
Mar.  1986. 

|9]  R.  Roy  and  T.  Kailath,  “ESPRIT— Estimation  of  signal  parameters 
via  rotational  iavariance  techniques,*’  IEEE  Trans.  Acoust. .  Speech. 
Signal  Processing,  vol.  37,  pp.  984-995,  July  1989. 

|I0)  P.  Stoics  and  A.  Nehorai,  “Performance  study  of  conditional  and 
unconditional  direction -of-arrival  estimation,”  IEEE  Trans.  Acoust. , 
Speech.  Signal  Processing,  vol.  38,  pp.  1783-1795,  Oct.  1990. 

Ill)  M.  Feder  and  E.  Weinstein,  “Parameter  estimation  of  superimposed 
signals  using  the  EM  algorithm,"  IEEE  Trans.  Acoust. .  Speech.  Sig¬ 
nal  Processing,  vol.  36,  pp.  477-489,  Apr.  1988. 

(12}  M.  1.  Miller  and  D.  R.  Fuhrmann,  “Maximum-likelihood  narrow- 
band  direction  finding  and  the  EM  algorithm,"  IEEE  Trans.  Acoust., 
Speech,  Signal  Processing,  vol.  38,  pp.  1560-1577,  Sepl.  1990. 

(13]  R.  Ku  mare  tan.  L.  L.  Scharf,  and  A.  K.  Shaw,  “An  algorithm  for 
pole-zero  modeling  and  spectra)  analysis."  IEEE  Trans.  Acoust., 
Speech,  Signal  Processing,  vol.  ASSP-34.  pp.  637-640,  June  1986. 

(14]  M.  Wax  and  T.  Kailath,  "Detection  of  signals  by  information  theo¬ 
retic  criteria,”  IEEE  Trans.  Acoust. .  Speech.  Signal  Processing,  vol. 
ASSP-33,  pp.  387-392,  Apr.  1985. 

(15]  J.  Li.  “Array  signal  processing  for  polarized  signals  and  signals  with 
known  waveforms,”  Ph.D.  dissertation,  Ohio  State  University,  Co¬ 
lumbus,  OH,  Mar.  1991. 

1 16]  S.  U.  PiUai,  Array  Signal  Processing.  New  Yoik:  Springer-Verlag, 
1989. 

(17]  P.  Stoics  and  A.  Nehorai,  “MUSIC,  maximum  likelihood,  and  Cn- 
mer-Rao  bound."  IEEE  Trans.  Acoust.,  Speech.  Signal  Processing, 
vol.  37.  pp.  720-741.  May  1989. 

(18]  D.  Rife  and  R.  Boorstyn,  “Single-tone  parameter  estimation  from 
discrete-time  observations."  IEEE  Trans.  Inform.  Theory,  vol. 
IT-20,  pp.  $91-598,  Sept.  1974. 


B.  Known  8 

For  the  case  where  8  is  known  and  a  is-  unknown,  a 
may  be  estimated  from  (63),  (68),  or  (71)  when  a  is  un¬ 
known  and  complex,  unknown  and  real,  or  a  *  ejS  with 
0  unknown  and  real,  respectively.  In  these  equations,  the 
z  is  computed  with  (64)  by  using  the  known  8. 
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EM  Diffraction  by  a  Resistive  Strip  Attached  to  an 
Impedance  Wedge 
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Abstract-The  high  frequency  electromagnetic  diffraction  by  a  finite  length  resistive  strip 
attached  to  a  wedge  with  equal  impedance  faces  is  presented.  The  problem  considered 
is  two  dimensional  where  the  incident  field  is  a  plane  wave  polarized  TM  or  TE  to  the 
axis  of  the  wedge.  Since  the  scatterer  has  two  points  of  diffraction,  the  original  problem 
can  be  first  broken  up  into  two  simpler  canonical  problems  which,  due  to  the  symme¬ 
try  of  the  scatterer,  can  be  obtained  by  a  proper  combination  of  special  cases  of  the 
well  known  Maliuzhinets  impedance  wedge  solution.  A  uniform  asymptotic  solution  of 
these  two  canonical  problems  is  developed  which  is  continuous  across  the  various  shadow 
boundaries.  This  analysis  also  takes  into  account  interactions  between  the  two  points  of 
diffraction  and  points  of  reflection  up  to  third  order  where  spectral  techniques  are  used  to 
obtain  the  fields  which  are  multiply  diffracted  and  reflected  as  well  as  transmitted  across 
the  resistive  strip.  Incorporating  these  higher  order  interactions  enhances  the  accuracy 
of  the  solution.  Several  numerical  results  are  presented  including  comparisons  with  an 
independent  moment  method  solution. 


I.  INTRODUCTION 

For  many  applications,  it  is  desirable  to  reduce  or  modify  the  electromagnetic 
scattering  characteristics  of  a  wedge  shaped  object.  If  the  surface  of  the  scatterer 
is  conducting,  it  may  be  coated  with  radar  absorbing  materials  to  reduce  its 
scattering.  Such  thinly  coated  conducting  surfaces  can  often  be  approximated  in 
the  analysis  by  a  Leontovich  (impedance)  boundary  condition  on  the  wedge  faces. 
Although  coating  the  surface  will  reduce  the  specular  component  of  the  scattered 
field,  it  may  have  little  effect  on  the  field  which  is  diffracted  from  the  wedge  tip. 
Attaching  resistive  cards  to  the  edges  of  scatter ers  is  a  well  known  technique  for 
reducing  scattering  and  was  very  successfully  applied  to  reduce  the  echo  width 
of  a  semi-infinite  perfect  electric  conductor  (PEC)  half  plane  [1-2].  It  seemed 
appropriate  to  extend  the  use  of  resistive  cards  for  reducing  the  scattering  from 
the  wedge  tip.  Therefore,  the  configuration  chosen  in  this  paper  [3]  is  a  wedge 
with  impedance  faces  with  a  resistive  card  attached  to  the  wedge  tip  (Fig.  1). 

To  analyze  this  configuration,  the  method  used  is  the  Uniform  Geometrical 
Theory  of  Diffraction  (UTD).  This  is  a  high  frequency  technique  which  is  useful  if 
the  size  of  the  scatterer  is  on  the  order  of  a  wavelength  or  larger,  as  opposed  to  a 
numerical  technique,  such  as  the  method  of  moments,  which  is  primarily  useful  at 
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low  frequencies.  Compared  to  numerical  techniques,  UTD  provides  better  physical 
insight  into  the  scattering  mechanisms  of  the  object.  It  also  allows  us  to  reduce 
the  original  configuration  into  a  number  of  simpler  configurations.  Therefore,  the 
solution  can  be  obtained  by  a  superposition  of  solutions  to  more  fundamental, 
canonical  problems.  Keeping  in  mind  that  in  the  high  frequency  regime,  the 
scatterer  depicted  in  Fig.  1  has  two  points  of  diffraction,  i.e.,  Q\  and  Q2,  the 
two  fundamental  problems  to  be  solved  are  the  scattering  from  a  semi-infinite 
(half  plane)  resistive  sheet  with  Ql  at  its  edge,  and  a  semi-infinite  resistive  sheet 
attached  to  an  impedance  wedge  at  Q%.  Note,  as  shown  here,  the  solution  for  the 
former  can  be  obtained  from  a  special  case  of  the  latter. 


Figure  1.  Resistive  strip  attached  to  a  wedge  with  impedance  faces. 

It  is  worth  pointing  out  that  the  original  god  was  to  obtain  a  solution  for  the 
wedge  in  Fig.  1  with  difference  impedance  values.  However,  it  turns  out  that 
the  problem  of  diffraction  by  the  junction  of  a  resistive  half  plane  and  impedance 
wedge  with  different  impedance  values  on  its  faces  yields  a  second  order  functional 
difference  equation  for  which,  to  the  best  knowledge  of  the  present  authors,  no 
solution  has  been  found.  Thus,  the  next  logical  step  was  to  assume  that  the  faces 
of  the  wedge  have  equal  impedance  values.  However,  due  to  the  symmetry  of  the 
scatterer,  it  will  be  shown  here  that  it  is  not  necessary  to  do  a  complete  analysis  of 
the  mixed  boundary  value  problem  for  the  junction  problem.  Instead,  the  solution 
for  the  resistive  half  plane  to  impedance  wedge  (with  equal  impedances  on  both 
faces)  junction  can  be  obtained  by  an  appropriate  combination  of  special  cases  of 
the  well  known  Maliuzhinets  solution  to  a  wedge  with  different  impedances  [4]. 
Once  the  canonical  solution  to  the  junction  problem  has  been  solved,  that  solution 
can  then  be  used  as  a  building  block  to  construct  the  solution  to  the  more  complex 
geometry  of  Fig.  1.  A  special  case  of  the  resistive  half  plane  to  impedance  wedge 
junction  is  the  planar  junction  of  a  resistive  half  plane  to  an  impedance  (equal 
impedances  on  both  faces)  half  plane  which  corresponds  to  n  =  1  in  Fig.  1. 
This  latter  geometry  is  analyzed  by  Uzgoren  et  al.  (16)  by  means  of  the  Wiener- 
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Hopf  technique  which  is  suitable  for  planar  geometries.  It  can  be  shown  that  the 
solution  obtained  here,  which  is  based  on  the  Maliuzhinets  method,  reduces  to  the 
simpler  case  considered  in  [16].  Furthermore,  note  that  in  the  geometry  depicted 
in  Fig.  1  the  resistive  strip  is  of  finite  length,  whereas,  in  [16]  only  a  resistive  half 
plane  is  considered. 

Since  there  are  two  points  of  diffraction,  namely  Q\  and  Q2  in  Fig.  1,  multiple 
diffraction  mechanisms  between  these  points  will  be  included  in  this  analysis.  This 
is  handled  by  a  spectrally  extended  ray  technique.  Note  that  in  this  analysis,  the 
interaction  of  the  fields  that  diffract  from  the  resistive  edge  and  the  fields  reflected 
from  the  wedge  faces  are  also  taken  into  account. 

This  paper  is  organized  as  follows.  In  Section  II,  the  method  of  analysis  and  the 
solution  for  the  two  canonical  geometries,  i.e.,  resistive  half  plane-wedge  junction 
and  resistive  half  plane  by  itself,  will  be  discussed.  In  Section  III,  the  multiply 
diffracted  fields  will  be  analyzed  by  means  of  a  spectrally  extended  ray  technique. 
In  Section  IV,  numerical  results  will  be  presented  and  a  brief  discussion  on  the 
physical  interpretation  of  the  results  will  be  given.  Finally,  in  Section  V,  some 
concluding  remarks  will  be  given.  Throughout  this  report,  it  is  assumed  that  the 
fields  have  an  e~tu>i  time  dependence. 

II.  METHOD  OF  ANALYSIS 

As  pointed  out  in  the  previous  section,  the  original  problem  depicted  in  Fig.  1 
can  be  solved  by  first  solving  two  canonical  problems.  The  first  fundamental 
problem  to  be  solved  is  the  diffraction  from  a  semi-infinite  resistive  sheet  attached 
to  an  impedance  wedge  for  a  plane  wave  incident  field  (see  Fig.  1  with  L  — » 
00).  This  is  a  two-dimensional  scalar  problem  since  the  incident  field  has  no  2- 
dependance  and  can  either  be  TM2  or  TE*.  Using  cylindrical  coordinates,  the 
wedge  axis  is  coincident  with  the  z-axis,  the  resistive  sheet  is  in  the  xz  -plane, 
and  the  angles  <f>  and  tf>'  are  measured  positive  from  the  resistive  sheet.  The 
angle  between  the  resistive  sheet  and  the  wedge  face  is  mr.  Note  that  —nit  < 
<t>  <  nr,  whereas,  without  loss  of  generality,  it  is  assumed  that  0  <  4>t  <  nit. 
The  wedge  faces  are  impenetrable  with  a  surface  impedance  Zw,  whereas  the 
resistive  sheet  is  a  penetrable  surface  with  a  surface  resistance  Rq.  For  purposes  of 
analysis,  a  somewhat  more  general  problem  depicted  in  Fig.  2(a)  will  be  considered 
in  this  section.  The  scatterer  of  Fig.  1  can  be  recovered  by  letting  Rc  go  to 
infinity.  The  analysis  of  this  problem  can  be  further  simplified  by  using  an  even 
and  odd  mode  analysis.  The  equivalent  problems  obtained  in  Fig.  2(b)  are  derived 
taking  into  account  that  the  resistive  boundary  condition  states  that  the  tangential 
electric  field  is  continuous  across  a  resistive  sheet;  whereas,  the  discontinuity  of 
the  tangential  magnetic  field  is  proportional  to  the  tangential  electric  field,  i.e., 

nx(!+-£-)  =  0 

fi  xn  x  E  = -Ran  x  (B+ —  H~)  (1) 

where  the  subscripts  (+)  and  (— )  denote  the  top  and  bottom  faces  of  the  resistive 
sheet,  respectively.  Also,  n  is  a  unit  vector  normal  to  the  surface  of  the  resistive 
sheet  directed  from  the  (— )  side  to  the  (+)  side,  and  "E  and  ~R  are  the  electric 
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and  magnetic  fields,  respectively.  Figure  2  shows  how  the  original  problem  is 
decomposed  into  a  superposition  of  the  even  excitation  and  odd  excitation  cases. 
The  even  excitation  case  is  then  equivalent  to  mounting  the  resistive  sheet  over 
a  PEC  ground  plane  for  the  TE*  case  or  a  perfect  magnetic  conductor  (PMC) 
for  the  TM*  case.  The  odd  excitation  case  is  equivalent  to  the  even  one  except 
that  the  PEC  and  PMC  ground  planes  are  interchanged.  The  canonical  problem 
now  to  be  solved  is  the  scattering  from  a  wedge  with  different  impedance  faces, 
where  the  solution  is  valid  in  the  region  0  <  ^,  <j>'  <  nir .  The  superposition 
of  the  even  and  odd  cases  results  in  a  solution  to  the  original  problem  where 
the  resulting  scattered  field  is  valid  everywhere  in  the  region  -nr  <  ^  <  nir. 
Note  that  the  even  and  odd  mode  analysis  shows  that  the  second  order  functional 
difference  equation  alluded  to  in  section  I  for  a  wedge  with  different  impedance 
faces  must  reduce,  for  the  configuration  shown  in  Fig.  1,  to  two  uncoupled  first 
order  functional  difference  equations  similar  to  those  obtained  by  Maliuzhinets  [4]. 


Figure  2.  Even  and  odd  mode  analysis,  (a)  Original  configuration,  (b) 
Equivalent  configuration  where  Za  =  1Rq,Z\,  =  0  and  Zc  = 
2Rc. 


Diffraction  ky  a  Strip  Attached  to  a  Wedge 


377 


Now  the  solution  to  the  problem  of  the  scattering  from  a  wedge  with  impedance 
faces  Za  and  Zw,  where  4>  is  measured  from  wedge  face  Za  and  ranges  in  values 
from  <(>  =  0  to  <f>  =  nw  at  the  impedance  face  Zw,  will  be  briefly  reviewed.  The 
faces  of  the  wedge  satisfy  the  impedance  or  Leontovich  boundary  condition,  given 
by 

'E-4>(4>'E)  =  ±4>xTIZi 


)  =  :f*xEy;  ; 


where  4>  is  the  unit  vector  normal  to  the  impedance  faces  t  (t  =  a  for  ^  =  0, 
i  =  w  for  «t>  —  nir),  Yj  =  1/Z,.  As  stated  above,  when  the  fields  have  no 
z  -dependance,  it  can  be  shown  that  the  problem  can  be  reduced  to  two  scalar 
problems,  namely,  TM,,.Et  ^  0 ,HZ  =0  and  TE2,EZ  =  0,HZ  ^  0.  Thus,  let  us 
define  the  scalar  function  U  as  follows 

Usz{h\  for  TE/  <3) 

The  technique  used  to  solve  the  resulting  scalar  problem  is  that  which  was 
developed  by  Maliuzhinets  [4].  This  method  consists  of  expressing  the  total  field 
as  a  spectrum  of  plane  waves  which  can  be  written  as  an  integral  over  a  spectral 
function 

U(p ,  4)  =  §1  j  ~  -  4,  ve’h)e~itpce*ada  (4) 

where  p  is  the  distance  from  the  tip  of  the  wedge  to  the  point  of  observation  and 
it  is  assumed  that  the  incident  field  is  given  by 

Um\p ,  <t>)  =  l/0e-,'*'co‘<*-*')  (5) 

The  spectral  function  U  in  (4)  can  be  written  as  follows: 

„(«)  (6) 

m 

sm(n)  —  cos(  n) 

The  function  can  be  written  in  terms  of  the  well  known  Mali- 

uzhinets  function  4>n(°<)  [4]  and  is  given  by 

*(a,  v*a'h,  v'J1)  =  ipn  (a  +  y  +  vl'h  -  V>„  (a  +  ^  -  i >l'h  + 

'  (a  “  T  +  t/"h  ~  \ )  (a  ”  T  ”  v™h  +  I)  ^ 


where 


sini/  =  /  Vo/Ztt'W  for  TMt,  v  —  v* 
\  Za,who  for  TE*,  v  =  vk 


and  T)0  is  the  free-space  intrinsic  impedance.  The  integration  path  in  (4)  is  along 
the  twofold  Sommerfeld  contour  7  shown  in  Fig.  2  of  [6].  This  means  that  the 
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scattered  field  from  an  interior  impedance  wedge  in  the  form  of  a  spectral  integral 
is  available  for  further  analysis. 

II. A  Junction  of  Impedance  Wedge  and  Resistive  Half  Plane 

The  next  step  is  to  combine  the  even  and  odd  solutions  as  depicted  in  Fig.  2 
to  obtain  the  fields  for  the  wedge-resistive  half  plane  junction  Q%  shown  in  Fig.  1 
with  L  — >  oo.  Keeping  in  mind  that  the  origin  of  the  coordinate  system  is  <?2 
and  the  angles  4>  and  4>'  are  measured  from  the  face  of  the  R0  resistive  strip, 
the  total  field  can  be  written  as  follows  (-nr  <  <j>  <  nsr,  0  <  $  <  nir) 

U(P,  *)  =  1 5  [£"(«  +  ~-  I^U  S'h)  +  sgn  (4>)V°(*  +  ^  -  |*|,  v‘*)\ 

•  e-ikpc<*adQ  (1Q) 

where  sgn(x)  is  the  sign  function  defined  as  follows 


sgn(x)  =  {  j 


-1  for  x  <  0 
1  for  x  >  0 


The  spectral  functions  Uv'°(a,  u)  are  given  by  (Za  =  2Ra) 

Tr  fro/ .  _.h\  _  va  >  vw) 

TEl-  ) 


Uv(  a,uh)  =  - 


«n(|^)  “  f  -  4>')^n{~vt  +  f  -  ^) 


FM®) 


TMZ:  Uv(a,ve)  =  U°(a,vh) 

U°(a  u‘)  =  M°  ~  y  +  <  ~  ~  ¥  ~  v~  +  (12) 

Note  that  in  (12)  the  expression  for  Uv(a,  ve)  for  the  TM*  case  is  obtained  from 
the  previous  expression  for  U°(a,  vh)  for  the  TE2  case  with  vh  replaced  by  ve. 

Although  (10)  cannot  be  evaluated  in  closed  form,  having  this  integral  in  the 
form  of  a  spectrum  of  plane  waves  is  particularly  useful  for  evaluating  multiply 
diffracted  fields  as  will  be  seen  later.  An  alternative  and  more  useful  representation 
of  this  integral  can  also  be  obtained  (shown  in  the  next  section)  by  deforming  the 
original  contour  7  into  two  steepest  descent  contours. 

II.B.Asymptotic  evaluation  of  Diffracted  Field 

The  integral  in  (10)  is  now  evaluated  asymptotically  by  deforming  the  Som- 
merfeld  contour  as  shown  in  Fig.  4  of  [6]. 

Contributions  from  integrating  along  the  SDP  gives  the  diffracted  field, 
U\p,  4>),  while  the  residues  from  encircling  the  G.O.  and  S.W.  poles  give  rise 
to  the  G.O.  and  surface  wave  fields,  UG0(p,4>)  and  t^'W‘(p,^),  respectively. 
The  total  field  can  then  be  expressed  as 

U(p,  *)  =  UG °(p,  4>)  +  Vs  w(p,  *)  +  V\p ,  *) 


(13) 
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To  somewhat  simplify  the  analysis  that  follows,  it  is  assumed  that  ^  <  n  <  1  in 
the  rest  of  this  paper.  Note  that  in  most  practical  applications  ^  <  n. 

Thus,  the  G.O.  field  is  given  by 

for  0  <  d  <  nr  : 

VG0(p,  d)  =  £/“c(p,  <j>)  +  \  [r(d',  v\'h)  1]  lf0e-^co,(^')5(ir 

+  r (nir  -  v‘*)  +  4>' -  [2 n  -  1]*) 

+  ir(n*  +  4>\  <*)  Vo  [r(d#,  *:•*)  =F  1]  e-ikp^-*'~^) 

■  S(<f>  -  4>  -  [2n  -  1]*)  S(-4  +  4>'  +  rur)  +  |r(nir  -  «/**) 

•  Vo  [r(2nir  -  i/*-A)  T  l]  e-<*Pc“<*-*'+2n')S(^  -  *'  +  ns) 

-S(-^  +  ^-(2n-l)s)  ;  |™*|  (14) 

for  —  ns  <  4>  <  0  : 

VG  O  (p,  *)  =  |  [1  ±  T(d',  «**)]  t/oe-Vc°.(-4+4')5(s  +  <t>  -  4f) 

+  ir(ns  +  4>\  «£*)  I1  ±  r(<*',  **k)]  Uoc-ikpeo*-+-+'-in*) 

.  S(-d  (2n  -  l)s)  5(s[l  -  n]  -  *') 

+  ~r(ns  -  d',i£*)  [i  ±  r(^,^’A)]  u0t-ikpc<*{-+-4'-*n*) 

4b 

•  S(<f>  +  <!>'  —  (2n  —  l]s)S(^  —  [2n  —  l)s)  ;  |™*J  (15) 

where  S(z)  is  the  unit  step  function  defined  as  follows 

*M={?  fol  *  >  0  06) 

and  r(d'<  v)  is  the  FVesnel  reflection  coefficient,  namely 


r(^/,  v) 


sin  —  sin  v 
sin  4>i  +  sin  v 


(17) 


It  is  noted  that  the  expressions  in  (14)  and  (15)  would  include  additional  multiple 
reflected  terms  for  values  of  n  less  than 

A  surface  wave  pole  arises  from  the  singularity  in  the  function  ¥(a  +  3f  — 
d,  I'd,  i^)  which  occurs  in  the  spectral  function  given  in  (12).  If  this  pole  is 
captured  by  the  contour,  it  corresponds  to  a  surface  wave  propagating  along  the 
face  of  the  wedge  which  is  given  by 
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TMi  : 


l /*■"■<*#)- 


TE,: 


pS *W).ew 

■  [C(/.^)  +  *e»(*)'-:.((i'.‘'i)]«"“'“*“!-s(l+l-^)  (18) 

where  v*,  =  +  «w,  o^  =  -&£*  -  »  +  M  -  nr,  =  nr  +  »£*  + 

«gn(*C?)  arccos  (  — ^  t  ll  J  and  r,„  is  the  residue  for  the  corresponding  spectral 
\  cosh  i tjj  / 

function  given  in  (12)  evaluated  at  a  =  ow  with  Zu,  as  the  impedance  of  the 
wedge  face,  namely 

»'»*)  =  JigM®  -  <*«*)  Uv<0  (<*  +  Y~  1^’ *'*’*)  (19) 

To  simplify  the  evaluation  of  the  diffracted  field,  the  two  SDP  contours  shown  in 
Fig.  4  of  [6]  are  shifted  so  as  to  combine  them  into  a  single  SDP  contour  in  the 
w  plane  where  the  saddle  point  is  at  u>  =  |<£|.  The  diffracted  field  can  then  be 
written  as 

UdM)  =  J  \  +  tikp^-\d\)^ 

sDpm 

(20) 

where  the  contour  SDP(\tj>\)  is  from  [<£— r/2+»oo]  to  [^+jt/2— ioo],  The  spectral 
functions  ,<(>')  can  be  written  in  terms  of  the  Maliuzhinets  functions  and 

a  summation  involving  cotangent  functions  [5] 

TM, : 

*S(f) 


6n9(!f  -  4?,  14,  -  w,  v£,  v*,) 

S  Zj  fifjA(ei“,  'j<t>',  C  O  001 


TE*: 


BIM')  =  fa«(«,^ 

^*“♦0 

■®S(w»^)  —  Jim^  B|(u;,  ^) 


(21) 


■H-i 


for  t  =  1 
for  i  =  2 


where 


(22) 


(23) 
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ud 

=  C\(v„uw)  -  CjK,  v„)  [«m(^7n)  -  «n(u»/n)] 

+  «a(^7n)  «n (w/n) 

=  eo.  (^)  cot  (£) 

f,,  , )  "W— («») 

Note  that  in  (21)  the  expression  for  **„)  for  the  TE,  ease  is  obtained 

from  the  previous  expression  for  *£,«,)  for  the  TM  *  ease  with  v'w 

replaced  by  v*  w.  The  limit  in  (21)  should  be  taken  taking  into  account  that 

,Ma)  =  0{exp|^|}  as  |/ma|  — *  oo.  The  integral  given  in  (20)  can  now  be 
evaluated  asymptotically  using  the  Van  der  Waerden  method  [7].  The  function 
I?2(u>,  4>')  is  an  analytic  function  except  for  some  real  and  complex  ample  poles. 
The  real  poles  arise  from  the  cotangent  functions  which  correspond  to  the  G.O. 
poles  and  are  located  at  ui  =  r  -  4>\  <*>2  =  — *  +  4',  «*>3  =  ~4>  +  (2n  —  l)x, 
u>4  =  — u>3  and  <*>5  =  —<f>'  -  (2n  —  l)x.  The  complex  pole  which  is  closest 
to  the  saddle  point  comes  from  the  function  ♦(*!?  —  w,  ua,  uw)  and  occurs  at 
«6  =  —Vw  —  nic  —  ic.  This  pole  corresponds  to  a  surface  wave  traveling  away  from 
the  edge  along  the  wedge  face. 

The  asymptotic  evaluation  of  (20)  yields  (|d|  <  nr;  0  <  $'  <  nr)  for  large  kp 


VaM)~Umc(Q  2) 


+55b£2[*-^]} 


where  the  diffraction  coefficient  is  given  by 

_i»/4 


The  residues,  r/,  are  determined  by 

*i  *  Ji™(  »  ~  «l)  ^B$(w,*')  +  sgn(d)^B§(w,/)^ 

and 

where  wj  is  &  pole  and  JF(x)  is  the  well  known  transition  function  given  by 

00 

T(x)  =  2iJZtiz  j  «“**  dt  ;  -3r/2  <  arg(*)  <  x/2 


(24) 

(25) 

(26) 
(27) 


(28) 
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Due  to  the  presence  of  the  square  root  function  y/x,  a  branch  cut  is  introduced 
in  the  z  -plane  so  that  f(x)  will  be  a  single  valued  function.  Therefore,  the 
argument  of  x  is  restricted  to  the  interval  indicated. 


II.C  Shadow  Boundaries  for  G.O.  Fields 


For  the  interior  wedge  shown  in  Fig.  3  for  which  £  <  n  <  1,  where  one 
of  its  faces  can  transmit  electromagnetic  fields,  there  will  be  numerous  shadow 
boundaries  due  to  reflections  from  and  transmission  through  the  wedge  faces.  The 
location  of  a  shadow  boundary  corresponds  to  the  point  at  which  a  G.O.  pole  is 
captured  by  the  contour  shown  in  Fig.  4  of  [6].  Note  that  IS.B.  will  denote  an 
incident  shadow  boundary,  RnS.B.  a  single  reflection  shadow  boundary  from  face 
n,  and  Rn  TnS.B.  a  double  reflection  shadow  boundary  from  face  n  to  face  m. 
The  resulting  location  of  the  shadow  boundaries  is  shown  in  Fig.  3  for  a  wedge 
angle  ni r.  It  is  observed  that  for  the  shadow  boundary  R%,  the  field  is  first 
reflected  by  face  2  and  transmitted  by  face  1,  while  for  the  R$S.B.,  the  field  is 
first  transmitted  by  face  1  and  then  reflected  by  face  3. 


s  s.s.  •Kznscno*  swoon  soonbwt 
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Figure  3. 


Shadow  boundaries  for  an  interior  wedge  with  face  1  able  to 
transmit  EM  fields.  Note  that  —nx  <  4>  <  nx  and  0  <  4>'  < 


nx. 


su 
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II. D  Result!  for  Resistive  Sheet  to  Wedge  Junction 

Now  the  bistatic  scattering  from  the  PEC  wedge,  resistive  sheet  configuration 
shown  in  Fig.  3  with  n  =  0.75  and  p  —  2X  will  be  examined.  For  this  case  the 
incident  field  is  TMZ,  and  the  incidence  angle  is  120°.  For  this  incidence  angle, 
there  are  four  shadow  boundaries  and  they  are  located  at  4  —  —60°,  -30°,  30°, 
and  60°.  A  plot  of  the  total  field,  as  well  as  the  G.O.  and  diffracted  fields,  is 
shown  in  Fig.  4(a).  Here  it  is  clearly  seen  how  the  diffracted  field  compensates  for 
the  discontinuities  that  occur  in  the  G.O.  field  at  the  shadow  boundaries  which 
results  in  a  continuous  total  field. 


Figure  4.  Bistatic  scattering  for  an  incident  TMX  field  for  the  configura¬ 
tion  of  Fig.  2  where  Rq  =  150  0,n  =  0.75  and  p  =  2A.  (a) 
#  =  120°.  (b)  =  30°. 
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Next,  the  same  configuration  but  for  an  incidence  angle  of  30°  will  be  ex¬ 
amined.  In  this  case  there  are  three  shadow  boundaries  and  the  incident  field 
penetrates  the  resistive  sheet  and  reflects  from  the  lower  wedge  face  resulting  in 
a  shadow  boundary  at  ^  =  —120°  (see  Fig.  3(c)).  The  corresponding  field  plot 
is  shown  in  Fig.  4(b)  for  the  diffracted,  G.O.,  and  total  fields.  As  in  the  previous 
case,  the  diffracted  field  compensates  the  G.O.  field  at  the  shadow  boundaries 
including  the  one  at  ^  =  —120°,  indicating  that  the  solution  is  valid  in  the  region 
4  <  0. 

II. £  Two-part  Resistive  Half  Plane  Problem 

The  second  canonical  problem  to  be  solved  is  the  diffraction  from  the  point  Qj 
in  Fig.  1  with  L  — *  oo,  i.e.,  the  half  plane  problem.  However,  the  more  general 
problem  of  scattering  from  the  planar  junction  at  Q\  between  two  semi-infinite 
resistive  strips  as  shown  in  Fig.  2(a)  with  L -*  oo  (where  L  is  the  length  of  the 
resistive  strip  Ra),  will  be  considered  first.  The  solution  for  the  resistive  half 
plane  by  itself  with  its  edge  at  Qi,  can  be  obtained  by  letting  the  value  of  JZc 
go  to  infinity.  This  two-part  problem  was  obtained  previously  by  H.  C.  Ly  [8] 
and  Rojas,  et  al.  [9,10].  However,  for  determining  multiple  diffraction  between  a 
resistive  card  junction  and  the  impedance  wedge  junction,  it  is  more  convenient  to 
have  the  spectral  solution  for  the  resistive  card  junction  in  terms  of  the  solution 
of  the  impedance  wedge  junction.  Another  reason  for  considering  this  problem  is 
to  show  that  it  can  also  be  obtained  by  a  proper  combination  of  the  well  known 
Maliuzhinets  wedge  solution.  To  accomplish  this,  the  even  and  odd  mode  analysis 
shown  in  Fig.  2  is  used.  The  solution  can  now  be  obtained  from  the  superposition 
of  the  even  and  odd  mode  solutions  for  an  impedance  wedge  with  an  interior 
wedge  angle  of  x  (n  =  1).  It  is  worth  noting  that  since  Zj  =  0  for  the  TM*  odd 
case  and  the  TE,  even  case  (see  Fig.  2(b)),  there  is  a  diffracted  field  contribution 
only  for  the  TM*  even  case  and  for  the  TE*  odd  case.  The  other  two  cases 
only  contribute  G.O.  fields.  Simplifying  the  spectral  function  defined  in  (21) 
with  n  =  1,  the  following  spectral  function  for  the  two-part  resistive  geometry 
of  Fig.  2(a)  is  obtained,  where  the  resistive  strip  Ra  is  assumed  to  be  infinitely 
long, 

•®tm,te(w>  ^i) = *rwi) 


where  the  origin  of  the  coordinate  system  is  Q i  and  the  angles  <j>\  and  4>'\  are 
measured  from  the  face  of  the  Ra  resistive  strip.  The  total  field  can  then  be 
written  as  follows 

U™'TE(pl,<h)  = 

SDP(  |*|) 


(30) 
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The  geometrical  optics  field  is  given  by 

I®te(m,*i)  =  Ufae(«,#i)SWi)  + 

•  { in+'l^)  -  «gn(^,K]  S(*  -  l^il  -  #',) 

+  [r(^',^-*)-sgn(^)C]S(|^|  +  ^-*)} 


where  pi  is  the  distance  from  Q\  to  the  paint  of  observation  and 


f  —1  TEX  case  with  +\  <  0 
\  1  otherwise 


,  J  1  for  TM* 
C  \-l  lor  TEX 


(31) 

(32) 


This  spectral  function  can  now  be  used  in  conjunction  with  the  spectral  function 
obtained  in  (21)  to  obtain  the  multiple  diffraction  coefficients. 


m.  MULTIPLE  DIFFRACTION 

Once  the  limit  Ac  — *  oo  is  taken  in  (29)  and  (30),  the  two  single  diffraction 
coefficients  for  Qi  and  Q2  in  Fig.  1  are  obtained.  In  addition  to  these  single 
diffraction  terms,  there  is  also  multiple  diffraction  that  can  occur  between  Qi  and 
Q%.  For  this  analysis,  the  double  and  triple  diffraction  terms  which  are  shown  in 
Fig.  5  are  being  considered. 

DOUBLE  DIFFRACTION  TRIPLE  DIFFRACTION 


Figure  6.  Multiple  diffraction  between  wedge  tip  Qj  and  resistive  strip 
edge  Qi. 
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Since  the  field  which  is  diffracted  from  the  first  diffraction  point  is  in  general  not 
ray  optical  at  the  second  point  of  diffraction,  the  multiple  diffraction  coefficient 
cannot  be  obtained  by  successive  application  of  the  single  diffraction  coefficient. 
Instead,  the  spectrally  extended  ray  technique  developed  by  Tiberio  and  Kouy- 
oumjian  [11,12,13]  is  used.  In  this  method,  the  field  which  is  diffracted  from  the 
first  diffraction  point  is  expanded  into  a  spectrum  of  plane  waves  and  each  plane 
wave  component  is  multiplied  by  the  diffraction  coefficient  of  the  second  point  of 
diffraction.  The  spectral  integral  is  then  evaluated  asymptotically  which  yields 
the  correct  multiple  diffraction  coefficient. 


III.A  Evaluation  of  Doubly  Diffracted  Field 


The  configuration  which  is  used  to  solve  for  the  doubly  diffracted  field  is  shown 
in  Figs.  5(a), (c).  For  a  field  incident  on  Q  i  with  incidence  angle  ,  its  scattered 
field  can  be  represented  by  a  spectrum  of  plane  waves  with  complex  scattering 
angle  w.  Next,  this  scattered  spectral  component  is  considered  to  be  incident 
on  Q2  with  incidence  angle  —  u  and  scatters  with  an  angle  of  4>.  The  far- zone 
doubly  diffracted  field  can  now  be  written  as  a  spectral  integral  with  the  SDP 
passing  through  the  origin,  namely 


vUi+J i)  =  - 


6U'DC(Qi  )e™!*f(p) 

iiriV2irfc  ”™ 


SDP(Q) 


(33) 

where  /(y)  =  exp  (iky)/y/y.  The  contour  SDP(O)  is  from  [— £  +  too]  to  [$  — 
too]  and  the  superscripts  “t>”  and  “o”  correspond  to  the  TMZ  and  TE*  cases, 
respectively.  The  integral  given  by  (33)  is  now  evaluated  asymptotically  by  first 
mapping  into  the  u  -plane,  where  u  =  v/5«cp(t>/4)  sin(a>/2)  and  then  using  the 
modified  Pauli-Clemmow  method.  The  resulting  doubly  diffracted  field  can  be 
written  as  follows 


Ufa*,* i)  -  lf“c«?i)Pi2(*,*i)/0>)/(I)  (34) 

where  the  double  diffraction  coefficient  is  given  by 

<t>\)  =  [-*»' ^i(^) 'Pnij)  A  8in(^i/2)(l  +  cos  i£)] 


•  |l6 irkn7  V>i(— 1  +  »£)*. i(-*j  +  y  -  1© 


■Gjm 
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_ -^l(j)Wl($)u|  sin# _ 

16*in2  M-+'i  +  $  +  •*)  ^  -  ■*) *?($  +  «*) 


where 


‘  *(¥  -  W.»*.«4)*(¥.«*.»*>M«*/S) 

2  /  M  N  \ 

•Eei  II (-uL) £ ^i1  - ®i(W) 

j=  1  \m=l  nasi  J 

GjM)  =  2  [c2(*/„ I/.)  +  sin  (2^!)]  cot  (2-t^i) 
+  A(«j-|^|,0,  !/«,*/«)  esc2 


^ n  04.-4.) 

mrrl.m^n 


(35) 

(36) 

(37) 


The  poles  in  the  u  -plane  are  then  tabulated  accordingly; 

u1  =  v/2e<’/4sin([|*|-ir)/2) 

u2  =  v/2e,>/4sin([(2n  -  1)*  -  |d|]/2) 

u3  -  ^  sin([(2n  -  l)ir  +  |*|]/2) 

«4  =  V2eiT/4  sin([^i  -  w]/2)  1  ' 

«5  =  \/2e,T/4  sin([-i/0)/2) 

«6  =  V2e‘>/4sin([(4n  -  l)x  -  |*|]/2) 

The  indices  used  in  the  summation  and  product  terms  of  (35)  are  defined  in 
Table  1  for  fi  =  |^|.  Using  reciprocity,  the  doubly  diffracted  field 
from  Q%  to  Q\  is  given  in  (34)  with  Q\,  p  and  Z?i2(^,^j)  replaced  by  <?2,  p\ 
and  I>2i(^i,d')’  respectively,  where 

^2l(^l ,  <t>')  =  4i)  (39) 


Table  1.  Indices  used  to  identify  corresponding  poles  in  the  u  -plane. 
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OI.B  Triple  Diffraction 

Here,  the  far- zone  fields  which  are  triply  diffracted  from  Qi  and  from  Qi  (see 
Fig.  5(b), (d))  are  determined.  The  spectral  representation  for  the  field  diffracted 
from  Qi  is  given  by 

= 6—^x)mnPx)  J 

SDP(  0) 

•ett£eo,wdu»  (40) 

where  X>™,TE  (u>,  ^j)  is  the  double  diff action  coefficient  for  the  field  incident  on 
Q  i  with  incidence  angle  4>\  and  diffracted  from  Qi  with  a  complex  scattering 
angle  u>,  and  Hj^G^il,  —  u)  is  the  spectral  function  for  the  field  incident  on  Q\ 
with  incidence  angle  —u  and  diffracted  with  angle  4\  (By  for  TMr  and  By 
for  TEZ).  Likewise,  one  gets  the  following  for  the  field  triply  diffracted  from  Qi 

Vin(4>,  4>')  -  f(p)  J  Bv7'°(\*l  -u)  1>™TE( u,,  *') 

SDP(  0) 

-eikL“»"du  (41) 

The  asymptotic  evaluation  of  (40)  and  (41)  are  conducted  in  the  same  manner 
as  for  the  double  diffraction  case.  For  the  evaluation  of  the  diffraction  coefficient 
from  point  Q\,  the  poles  arise  from  the  single  diffraction  term  from  Q j,  given 
by  the  term  2?}’°(|^i|,  —w)  in  (40).  The  resulting  triply  diffracted  field  from  Q\ 

~  tf“c((?i)Dm(^i>i)/(pi)/2(I)  (42) 

where 

D™(6  d>' )  6^e'*/A V’i(f) V>S(f ) «5  ”^(f»»)  «n(^i/2)  nnQfr  1/2) 

121  8n\*k)Wtf($  +  vl)  *2(^,.$,.C)tfiH*i|  +  f  +  W.) 

_ (l4-cosQ2AD(^)Ar(i^|) 

tfiH^il  +  *?-»£)  M-+i  +  §  +  *!)ifa(-*'i  +  -  *£) 

■  [-C'<**>^(s)“‘(s)+J“*(5r) 

-2C2(>'., «.)««:’  (£)] 


_ crtV/2) _ 

sin^i  sin^i|cos3(nx)  A^(^)  Ar(|^i|) 

*  tfi(-l*i!  +  $  +  +  ¥  -  W’ty,*,*) 
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[2co*(s)-JC2<^'*'i)c“,(s) 

-C,M,Oc«5  (£)“*  (I;)]  («) 

The  term  U5  is  defined  in  (38).  The  function  A^(^)  is  associated  with  the 
double  diffraction  term  while  Ar(|^i|)  is  associated  with  the  triple  diffraction 
term.  These  functions  are  defined  as  follows; 

a  Vi) = £  Y^1  -  n*i*n)\ 

n=l 


VD  -  (tfi7 
*n  —  lun  ~  u3  ) 

2 

A7'(kl|)=2y„7'(1-^(.iluj[  )] 


n  -  **?) 

|_m=l,m/n 


-1 


Yr  -  (,J7 
*n  —  lun  _u2  ) 


n 


[m=l,m^n 


-1 


(44) 


For  the  function  A D{4>\),  there  are  three  poles  in  the  u -plane  which  came  from 
the  evaluation  of  the  double  diffraction  term  Dj2°(w,^j)  in  (40)  and  they  are 
given  by 


uf  =  sm((^i  -  w]/2) 

tif  =  sflj'H  sin([2n  -  l]*/2)  (45) 

uf  =  V5e,T/4  sin(  [- 1/0]  /2) 

For  the  term  Ar(|^i|),  the  two  poles  from  Bj’°(|^i|,  — w)  are  being  included, 
namely 

«[  =  v^e*'/4  sin((|^i  |  -  x]/2) 

uj  =  V5e,T/4  sin((-i/o]/2)  ^ 


The  evaluation  of  the  field  triply  diffracted  from  junction  Qi  is  slightly  more 
complicated  because  the  poles  arise  from  the  term  Bfy° (M,  —u)  in  (41),  which  is 
the  single  diffraction  from  the  wedge-resistive  strip  junction.  This  term  has  more 
poles  than  the  single  diffraction  term  from  point  Q\.  Thus,  the  triply  diffracted 
field  U21 2(^>  t')  fr*®1  Qi  **  given  ty  (42)  with  Qj,  p\  and  i?i2l(^lt^i)»  *e- 
placed  by  Q2,  p  and  £212(^1  respectively,  where 
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512n<(irjb)V2  *(!£  -  «*)  ¥( -  |*|,  »*,  *«) 

_ ^V2eW4y,4($)^16(>)u4 _ 

256n4(*fc)3/2  #(  g*  _  ^ti/*,i£)¥(^  -  M,  «/*,»<£)  tan2(»^/2) 


<«) 

Again,  the  term  U5  is  defined  in  (38).  The  function  Af  (^')  is  associated  with 
the  double  diffraction  term  while  Aj(|^|)  is  associated  with  the  triple  diffraction 


term.  These  functions  are  defined  as  follows: 

A?  I 


kj(«  -  ( n  (-<■£>  E  O  -  r(*i»£)\  I  G,(« 

\m=l  n=l  / 


ns-(«£-<,> 


n  («£-«i)i 


1-1 


(48) 


Pn  Pm 

[msl.mftn 

where  a  =  D  and  0  —  4'  for  the  double  diffraction  term,  a  =  T  and  0  =  |^| 
for  the  triple  diffraction  term,  and  Gj(0)  is  defined  in  (36).  The  poles  for  the 
double  diffraction  term  A f(4')  are 

uf  =  V/2e,'/<  an([4>'  -  w]/2) 
uf  =  V2tiwf*  sin(((2n  -  l)x  -  *'j/2) 
uf  =  V'2e*>/4  sin([(2n  -  1)*  +  *']/2) 
uf  =  -v^e’>/4 
uf  =  \/2e‘*/4  sm([-*'„]/2) 
uf  =  V5e,'/48in([(4n  -  l)*  -  <f>'}/2) 

The  indices  used  in  the  summation  and  product  for  the  term  Aj>(4')  are  defined 
in  Thble  1  for  0  =  4'-  Similarly,  the  poles  for  the  triple  diffraction  term  Aj(|^|) 


(49) 
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are 

«1  =  «in([|^|  -  irJ/2) 

4  =  n(((2n  -  1)*  -  |*|]/2) 

u\  —  %/2e''/4  sin([(2n  -  1)*  +  |d|]/2)  (50) 

«£  =  v^e,r/4«in([-i/a]/2) 

u\  -  y/2e**^  sin([(4n  -  l)x  -  |^Q/2) 

The  indices  used  in  the  summation  and  product  for  the  term  Aj(|^|)  are  defined 
in  Table  2. 


j 

Ml 

M 

km  (m  =  1,M) 

N 

Pn  (n  ®=  1,  N) 

1 

I* 

<  2v(2n  - 1) 

1 

2 

2 

2,5 

1 

M 

>  2w(2n  - 1) 

2 

2,6 

3 

2,5,6 

2 

H 

I  <  2ir(l  —  n) 

2 

1,3 

3 

1,3,5 

2 

Ml  >  2*(1  -  n) 

1 

1 

2 

1,5 

Tfeble  2.  Indices  used  to  identify  corresponding  poles  in  the  u  -plane  for 
the  term  Ajd^l). 


III.C  Reflection  from  Wedge  fhces 

In  addition  to  the  multiple  diffraction  between  the  resistive  half  plane  edge 
Q\  and  the  resistive  card-wedge  junction  Q2,  the  fields  can  also  reflect  from 
the  wedge  faces.  The  incident  ray  can  first  reflect  from  the  wedge  face  and  then 
diffract  from  the  resistive  half  plane  edge  Q\  and  vice  versa.  Figure  6  shows  the 
various  diffraction  and  reflection  mechanisms  that  were  included  in  this  analysis. 

The  field  which  is  singly  diffracted  from  Q  j  can  then  reflect  from  the  wedge 
face  and  vice  versa  (Fig.  6(a)).  The  incident  field  can  also  reflect  from  the  wedge 
face  first  then  diffract  from  Q 1  then  reflect  again  (Fig.  6(b)).  Finally,  the  field 
can  doubly  diffract  from  Qi  to  Q\  and  then  reflect  (Fig.  6(c))  and  vice  versa. 
The  reflected  field  is  obtained  by  multiplying  the  field  by  the  appropriate  FYesnel 
reflection  coefficient  when  it  reflects  from  the  wedge  face.  The  FYesnel  reflection 
coefficient,  r(^',i/),  is  defined  in  (17)  where  d*  is  the  angle  between  the  ray 
and  the  wedge  face  and  sin  v  is  defined  in  (9).  Reflections  from  the  wedge  face 
introduce  shadow  boundaries  into  the  scattered  field.  The  total  field  at  these 
shadow  boundaries  is  then  compensated  for  by  the  appropriate  multiple  diffraction 
term. 


UI.D  Double  Diffraction  Compensation  to r  Shadow  Boundary  of  Single 
Diffraction  Term 

For  the  configuration  shown  in  Fig.  7,  where  the  feces  of  the  wedge  are  PECs, 
it  is  assumed  that  n  =  .6,  Ra  ■=  100ft,  and  L  =  1 X.  It  is  of  interest  to  examine 
the  back  scattered  case  for  a  TM*  field  which  is  singly  diffracted  from  Qi  and 
reflected  from  the  wedge  face  as  well  as  the  field  which  is  reflected  from  the  wedge 
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face  and  diffracted  from  Q  i .  This  field  has  a  shadow  boundary  at  =  144° 
as  shown  in  Fig.  8.  Also  shown  in  Fig.  8  is  the  field  which  is  doubly  diffracted 
from  Q\  to  Qi  and  from  Q?  to  Q\.  The  doubly  diffracted  field  exhibits  a 
slope  discontinuity  at  the  shadow  boundary  which  is  due  to  the  G.O.  pole  u  — 
-(2n-l)ir+|^|  (where  4>  =  crossing  the  saddle  point  when  4>  —  (2n— l)x. 

This  slope  discontinuity  in  the  diffracted  field  compensates  the  diffracted-refiected 
and  the  reflected-diffracted  fields  at  the  shadow  boundary  resulting  in  a  total  field 
which  is  uniform  across  the  shadow  boundary. 


Figure  6.  Diffracted-refiected  and  reflected-diffracted  fields. 
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Figure  7.  Backseat  ter  ray  paths  for  singly  diffracted  field  reflecting  from 
wedge  face,  reflected  field  diffraced  from  edge  Q\,  and  double 
diffracted  field. 


Figure  8.  TM*  back  scatter  singly  and  doubly  diffracted  fields  correspond¬ 
ing  to  the  configuration  shown  in  Fig.  7  with  Ra  —  100ft  and 
L  =  1A. 
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UI.E  Triple  Diffraction  Compensation  for  Shadow  Boundary  of  Double 
Diffraction  Tferm 

Considering  the  same  configuration  from  the  previous  example,  the  bistatic  case 
shown  in  Fig.  9  will  now  be  examined.  Here  a  field  with  incidence  angle  4>\  =  100° 
is  considered  which  is  doubly  diffracted  from  Q%  to  Q\  and  then  reflected  from 
the  wedge  face  with  a  shadow  boundary  at  4>i  =  144°.  Also  included  in  the 
analysis  is  the  field  which  is  incident  at  —  100°  and  triply  diffracted  from  Q 2. 
A  plot  of  both  of  these  components  as  well  as  the  total  field  is  shown  in  Fig.  9. 
As  was  the  case  in  the  previous  example,  the  slope  discontinuity  in  the  triply 
diffracted  field  compensates  the  doubly  diffracted-reflected  field  at  the  shadow, 
boundary. 

III.F  Surface  Wave  Fields 

As  noted  in  Section  II,  the  faces  of  the  wedge  can  support  surface  wave  fields, 
whereas,  the  resistive  strip  cannot  because  Ra  is  real  while  Zw  can  be  complex. 
The  surface  wave  fields  are  excited  by  the  fields  incident  on  the  resistive  strip- 
wedge  junction  (Qz)  and  travel  along  both  faces  of  the  wedge.  In  (18),  the  surface 
wave  fields  excited  by  the  incident  field  of  (5)  are  given.  However,  additional  sur¬ 
face  waves  are  excited  by  the  multiple  diffracted  fields  incident  at  Q%.  Therefore, 
the  total  surface  wave  field  is  the  superposition  of  all  these  surface  wave  compo¬ 
nents.  Since  the  far- zone  fields  are  of  interest  in  this  paper,  the  surface  wave  fields 
are  not  important,  except  on  the  faces  of  the  wedge  =  ±nw)  for  the  lossless 
case  (Zw  purely  imaginary).  Thus,  they  are  neglected  in  the  present  analysis. 


4|(M0SBS) 


Figure  9.  TMt  bistatic  doubly  diffracted-reflected  and  triply  diffracted 
fields  with  <t>'  =  100°,  R*  =  100ft  and  I  =  1A. 
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To  verify  the  aolutions  developed  in  the  previoua  sections,  a  comparison  was  made 
with  a  moment  method  solution  [15].  Since  this  moment  method  solution  is  for 
a  resistive  card  attached  to  a  semi-infinite  PEC  half  plane,  only  the  limiting  case 
of  the  present  UTD  solution  for  a  wedge  angle  n  =  1  can  be  checked.  The 
configuration  that  was  used  is  shown  in  Fig.  1,  for  which  the  incident  field  is  TM* 
or  TE*,  n  =  1,ZW  *=  0  and  where  the  hack  scattered  field  is  being  considered. 
For  the  TM*  case,  R*  =  500ft,  and  for  the  TE*  case,  J2a  =  ijf/(4  x  500)ft. 
Since  the  scattered  field  is  a  function  of  sin  v  of  (9),  consider  the  values  of  smv 
in  the  three  regions  of  the  configuration:  free- space  (air),  resistive  card  (R*), 
and  PEC  half  plane  (PEC).  For  the  TM*  case,  the  values  for  sini/*  are  0  (air), 
tio/ 1000  (J2a),  and  oo  (PEC),  while  for  the  TE*  case,  the  values  for  sin  t/*  are 
oo  (air),  tfo/1000  (fZo),  and  0  (PEC).  Therefore  the  TM*  and  TE*  cases  are 
mirror  images  of  each  other.  The  results  are  given  in  Fig.  10,  and  they  show 
excellent  agreement  between  the  TM*  moment  method  and  UTD  solutions.  As 
expected,  the  TE*  UTD  solution  is  a  mirror  image  (with  respect  to  90°)  of  the 
TM*  solution. 


Figure  10.  TM*  ( Rq  —  500ft),  and  TE*  (Rc  =  70.94ft)  baclcseatter 
echo  width  for  UTD  vs.  moment  method  solution  for  the  con¬ 
figuration  shown  in  Fig.  1  with  n  *=  1,  Zw  =  0,  and  L  «  1A. 
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An  efficient  method  for  numerically  computing  the  Maliuzhinets  functions  de¬ 
fined  in  (8)  was  obtained  from  the  following  relation  developed  by  Bernard  [14] 
in  which  the  function  is  expressed  as  a  product  of  Gamma  functions  aver  a  finite 
number  of  terms  with  a  remainder  that  can  be  expressed  as  an  integral 

fif  r»  (i+jiu. })/,,) _ _ 
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Since  the  integral  is  rapidly  convergent  due  to  the  exponential  term  in  the  in¬ 
tegrand,  the  upper  limit  can  be  truncated  at  a  reasonable  finite  value  allowing 
for  efficient  numerical  evaluation  of  the  integral.  Three  terms  were  used  in  the 
product  of  the  Gamma  functions  and  the  limits  of  integration  were  from  0  to  1. 
The  integration  was  carried  out  using  an  8-point  Gaussian  integration  routine. 

The  first  case  that  is  considered  is  the  badcscattered  echo  width  for  a  PEC 
wedge  with  a  one  wavelength  long  resistive  strip.  The  configuration  is  shown 
in  Fig.  1  with  a  TM,  incident  field,  Zw  =  0  and  n  =  0.8.  The  results  are 
shown  in  Fig.  11  for  a  case  with  no  resistive  strip  and  then  for  three  different 
resistance  values.  Incorporating  the  resistive  strip  to  the  wedge  introduces  a 
specular  component  to  the  scattered  field  which  is  indicated  by  the  increased  echo 
width  around  =  90°.  For  badcscattered  angles  dose  to  endfire,  i.e.,  for  4>\  dose 
to  180°,  the  effect  of  the  strip  is  to  reduce  the  echo  width  of  the  wedge.  The 
same  configuration  is  also  examined  for  a  TE*  incident  field  (Fig.  12).  For  this 
case,  a  PEC  wedge  with  a  one  wavelength  resistive  strip  of  resistance  Ra  —  lOOfl 
is  compared  to  a  PEC  wedge  alone.  The  resistive  card  has  little  effect  at  endfire 
which  is  expected  since  the  electric  field  is  normal  to  the  resistive  sheet  at  this 
point.  However,  as  in  the  TM*  case,  there  is  a  strong  reflected  field  at  *=  90°. 

For  the  next  case,  the  same  geometry  as  in  Figs.  11  and  12  is  considered  for  a 
TM,  incident  field  but  the  resistance  value  is  held  constant  at  J?<,  =  100ft  while 
the  length  of  the  strip  is  varied  (Fig.  13).  As  expected,  increasing  the  length  of 
the  strip  increases  the  specular  component  around  —  90°  but  also  decreases 
the  echo  width  near  endfire. 
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Figaro  IS.  TMZ  backseat  ter  echo  width  for  the  configuration  shown  in 
Fig.  1  with  various  values  of  L,  R*  «  100ft,  as  0,  and 
n  as  0.8. 

Another  ease  to  be  considered  is  the  effect  of  adding  an  impedance  surface  to 
the  wedge  faces.  The  incident  field  is  TMX,  n  =  .8,  and  the  surface  impedance  is 
Zw  —  37.7~tl88.5n.  The  back  scattered  echo  width  is  shown  in  Fig.  14.  Compared 
to  the  PEC  wedge,  the  impedance  wedge  has  a  reduced  echo  width  near  endfire 
by  about  4  dB.  Incorporating  a  one  wavelength  resistive  strip  of  Ha  =  100ft  to 
the  impedance  wedge  further  reduces  the  echo  width  by  approximately  9  dB.  A 
bistatic  TM*  case  is  shown  in  Fig.  15(a)  where  incident  field  is  near  endfire  at 
d'i  *  179.5°.  Incorporating  the  impedance  surface  and  the  resistive  strip  reduces 
the  echo  width  throughout  the  range  of  observation  angles  —180°  <  4i  <  —36° 
and  36°  <  4l  <  160°.  Note  that  in  the  angular  region  enclosed  by  the  wedge, 
i.e.,  —36°  <  4l  <  66°,  the  field  is  exactly  sero  as  expected.  The  same  case  is  also 
examined  for  TE*  polarisation  (see  Fig.  15(b)).  The  effect  of  adding  the  surface 
impedance  is  to  cause  the  field  to  vanish  along  the  wedge  faces,  however,  it  has 
almost  no  effect  in  the  regions  —180°  <4i<  —36°  and  36°  <  #1  <  180°.  These 
results  also  show  that  the  addition  of  a  resistive  card  has  almost  no  effect  for 
the  TE*  case.  Finally,  Fig.  16  shows  the  TM,  backseat tered  echo  width  for  an 
impedance  wedge  with  a  resistive  card  attached  to  its  tip  (Fig.  1)  for  two  different 
wedge  angles.  As  expected,  the  badcscattered  field  near  4l  —  180°  is  decreased 
by  decreasing  the  interior  wedge  angle  (increasing  n). 
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Figure  14.  TM,  backscatter  echo  width  for  the  configuration  shown 
Fig.  1  comparing  the  effect  of  adding  an  impedance  surface 
the  wedge  faces  and  then  a  resistive  strip.  R •  =  100(2,  L 
1A,  n  =  0.8,  and  Zw  =  37.7  -  *188.5(2. 


figure  15.  Bistatic  echo  width  for  the  configuration  shown  in  Fig.  1  com¬ 
paring  the  effect  of  adding  an  impedance  surface  to  the  wedge 
faces  and  then  a  resistive  strip  where  Ra  m  100(2,  L  m  1A,  n  = 
0.8,  Zw  =  37.7  —  *188.5(2,  and  +[  =  179.5°,  (a)  TM,. 
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Figure  IB.  Bistatic  echo  width  for  the  configuration  shown  in  Fig.  1  com¬ 
paring  the  effect  of  adding  an  impedance  surface  to  the  wedge 
faces  and  then  a  resistive  strip  where  Ra  —  100ft,  L  —  1  A,  ns 
0.8,  Zw  m  37.7 -tl88.5ft,  and  4>\  =  179.5°  (b)  TEZ. 


Figure  16.  TM*  backscatter  echo  width  for  the  configuration  shown  in 
Fig.  1  for  two  wedge  angles  with  Ra  —  100ft,  L  =  1A,  and 
Zw  =  37.7-  *188.50. 


Diffraction  kg  •  Strip  Attacked  to  •  Wedge 
V.  CONCLUSION 


401 


A  uniform  asymptotic  solution  for  the  scattering  from  an  impedance  wedge  (with 
equal  impedances  on  both  faces)  attached  to  a  resistive  strip  was  presented.  Using 
an  even  and  odd  mode  analysis  allowed  the  solution  of  this  problem  to  be  obtained 
from  the  solution  of  the  much  simpler  configuration  of  an  impedance  wedge  with 
different  impedance  faces.  The  incident  field  is  a  plane  wave  either  TM,  or 
TEX  and  the  asymptotic  evaluation  for  the  scattered  field  is  valid  across  the 
shadow  boundaries.  Since  there  are  two  points  of  diffraction,  multiple  diffraction 
between  these  points  up  to  third  order  was  included  in  this  analysis.  Also  included 
in  the  analysis  were  reflections  from  the  wedge  faces  of  the  diffracted  fields  as 
well  as  fields  that  are  first  reflected  and  then  diffracted  which  introduced  shadow 
boundaries  in  the  scattered  field.  Careful  accounting  of  the  G.O.  poles  when 
determining  the  multiple  diffraction  terms  compensated  for  the  presence  of  these 
shadow  boundaries. 

One  of  the  potential  applications  for  the  solutions  developed  here  is  that  they 
can  be  used  as  design  tools  for  reducing  the  echo  width  of  wedge  shaped  structures. 
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